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HISTORY 


van der Waerden, B.L. Die Astronomie der Pythagoreer. 

Verh. Nederl. Akad. Wetensch. Afd. Natuurk. Reeks 1. 

20, no. 1, 80 pp. (1951). 

Nach der Musiktheorie [Hermes 78, 163-199 (1943); 
diese Rev. 8, 189] und der Zahlentheorie [Math. Ann. 120, 
127-153, 676-700 (1949); diese Rev. 9, 483; 10, 667] der 
Pythagorier untersucht Verf. nun ihre Astronomie. Im Ge- 
gensatz zur Schule der “Aufklarung” (Anaxagoras, Demo- 
krit usw.), die die Bewegungen der Himmelskérper Aqua- 
torial zerlegte und mechanisch erklarte, findet man bei den 
Pythagordern friihzeitig die Lehre von der Géttlichkeit der 
Himmelskérper und das Verstandnis fiir die Bedeutung der 
Ekliptik. Dass die Erde urspriinglich im Mittelpunkt und 
ruhend gedacht wurde, beweist die Beschreibung durch zwei 
Bewegungen und die Zuordnung der siebensaitigen Lyra zu 
den Himmelskérper. Die pythagordischen Ansichten hin- 
sichtlich der Abstande der Himmelkérper lassen sich kaum 
rekonstruieren ; méglicherweise wurden sie als proportional 
den Umlaufszeiten angenommen. Dem Mond wurde wahr- 
scheinlich der héchste Ton der Lyra zugeordnet. 

Von pythagoraischem Ursprung soll nach Verf. auch die 
Epizyklentheorie sein (wenigstens fiir Merkur, Venus und 
Sonne). Wenn man die ‘‘Wirtel’’ des Modells in Platons 
“Staat”’ als Kugelschalen auffasst, so ist die Dicke der 
Wirtel in der Tat wesentlich fiir die Unterbringung der 
Epizyklen. Man findet die Epizyklentheorie ausdriicklich in 
einem Fragment aus dem Platoniker Derkyllides, der ein 
Buch iiber die “Spindel” und die ‘‘Wirtel’’ geschrieben hat; 
und die schwierige Stelle im Timaeus iiber die Bewegung 
von Merkur und Venus wird nach dieser Auffassung villig 
verstandlich (xixdov lévras=Kreise, die einen Kreis gehen; 
tvarriay divayw, namlich der Epizykeln). Ein sehr originelles 
Resultat! 

Gegen das Ende von Platons Leben scheint eine nicht mehr 
geozentrische Theorie aufgekommen zu sein; das war 
miglicherweise die Theorie des Pythagoraers Hiketas, die 
Verf. identifiziert mit der bei Aristoteles als philolaisch 
erwahnten. Auch die Achsendrehung der Erde scheint eine 
pythagoriische Theorie zu sein (Ekphantos). Auch dieser 
Theorie ergibt sich dann historisch zwanglaufig das System 
des Heraklides von Pontus [Verf., Ber. Verh. Sachs. Akad. 
Wiss. Leipzig. Math.-Nat. K1. 96, 47—56 (1944); diese Rev. 
8, 1891], bei dem die Sonne sich noch auf einem willkiirlichen 
Kreise um den Mittelpunkt der Welt -bewegt (der auch 
Bahnmittelpunkt fiir die anderen Kérper ist). Den letzten 
Schritt zum heliozentrischen System tut jedenfalls Aris- 
tarchos. Mit einigen Bemerkungen iiber die Weiterentwick- 
lung der geozentrischen Auffassung wird die Arbeit beschlos- 
sen. Die wichtigsten Litteraturstellen sind in Ubersetzung 
in die Arbeit aufgenommen. 

H. Freudenthal (Utrecht). 


Vedova, G.C. Notes on Theon of Smyrna. Amer. Math. 
Monthly 58, 675-683 (1951). 





*Luckey, Paul. Die Rechenkunst bei Gamiid b. Mas‘id 
al-KaSi mit Riickblicken auf die fltere Geschichte 
des Rechnens. Deutsche Morgenlandische Gesellschaft, 
Kommissionsverlag Franz Steiner GmbH., Wiesbaden, 
1951. x+143 pp. 

This excellent work is based mainly on the Miftah al- 
Hisab (The Key to Reckoning), an Arabic treatise on com- 
putation written by the Iranian, Kashi (d. 1429), the last 
first-rate mathematician of the Islamic period. The author, 
however, does not confine himself to the Miftah, but dis- 
cusses also the work of Kiishyar bin Labban (fl. c. 1000) and 
other medieval computers. On the other hand, several sec- 
tions of the Miftab are not touched upon, either as being 
irrelevant or as having previously been studied (cf. these 
Rev. 9, 484). [In this connection, the existence should be 
noted of an as yet unpublished thesis of the American Uni- 
versity of Beirut, The extraction of the n-th root in the 
sexagesimal notation, by A. Dakhel, a critical edition of part 
of the Miftah. ] 

Most of the work under review has to do with KaAshi's 
operations with numbers expressed as pure sexagesimals, 
and with his invention and applications of decimal fractions. 
Other topics discussed are: operations with common frac- 
tions, Kashi’s table of binomial coefficients, and his com- 
putus of exponents. An appendix gives the Arabic and 
Persian originals of manuscript passages quoted. 

E. S. Kennedy (Tehran). 


Coolidge, J. L. The origin of polar coordinates. 
Math. Monthly 59, 78-85 (1952). 


Pannekoek, Antonie. The origin of astronomy. Monthly 
Not. Roy. Astr. Soc. 111, 347-356 (1951). 


Amer. 


Severi, Francesco. Intuizionismo e astrattismo nella mate- 
matica contemporanea. Atti del Terzo Congresso dell’ 
Unione Matematica Italiana, Pisa, 1948, pp. 27-40. 
Casa Editrice Perrella, Rome, 1951. 1600 Lire. 
Expository lecture. 


Varga, Ott6. Differentialgeometrische Ergebnisse sow- 
jetischer Mathematiker. Mat. Lapok 2, 190-218 (1951). 
(Hungarian. Russian and German summaries) 


Bouligand, G. A propos de l’analyse géométrique. Arch. 
Internat. Hist. Sci. (N.S.) 4, 884-896 (1951). 


~Sirokov, P. A., and Kagan, V. F. Stroenie neevklidovoi 
geometrii. [The construction of non-Euclidean geom- 
etry}. Gosudarstv. Izdat. Tehn.-Teor. Lit., Moscow- 

Leningrad, 1950. 182 pp. 

This booklet is the first in a series on the geometry of 
Lobachevsky and the development of his ideas. It has been 
written for a broad class of readers in easy understandable 
language. Though rather elementary, it contains many 
interesting historical data. It consists of two papers. The 
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first has been written by the late Sirokov and gives a short 
and elegant modern treatment of the fundamentals of the 
Lobachevsky geometry. This paper has been reprinted from 
“N. I. Lobachevsky (1793-1856), Sbornik statel’’, pp. 19-55 
[Izdat. Akad. Nauk SSSR, 1943]. 

The second paper deals with the construction of non- 
Euclidean geometry by Lobachevsky, Gauss and Bolyai. 
This is a reprint from Akad. Nauk SSSR. Trudy Inst. 
Istorii Estestvoznaniya 2, 323-389 (1948) [these Rev. 
11, 150]. H. A. Lauwerier (Amsterdam). 


Lavrent’ev, M. A., and Lyusternik, L. A. Nina Karlovna 
Bari. Uspehi Matem. Nauk (N.S.) 6, no. 6(46), 184-185 
(1 plate) (1951). (Russian) 


Gold, E. Obituary: Vilhelm Friman Koren Bijerknes, 
1862-1951. Obit. Notices Roy. Soc. London 7, 303-317 
(1 plate) (1951). 


*Blaschke, Wilhelm. Mathematik und Leben. Franz 
Steiner Verlag, G.m.b.H., Wiesbaden, undated. 70 pp. 
DM 5.40. 

A collection of several public lectures: Mathematik und 

Leben (1940); Leonardo und die Naturwissenschaften 

(1927); Kepler und Galileo (1946); Um die Welt (1933). 


“Cantor, Georg. Contributions to the founding of the 
theory of transfinite numbers. Translated, and provided 
with an introduction and notes, by Philip E. B. Jourdain. 
Dover Publications, Inc., New York, N. Y., 1952. 
ix+211 pp. Paperbound, $1.25; clothbound, $2.75. 
Reprint of a book out of print for some time [Open Court, 

Chicago, 1915 ]. Besides the rather lengthy notes of Jourdain 

[pp. 1-82], it contains translations of two of Cantor’s 

papers [ Math. Ann. 46, 481-512 (1895) ; 49, 207-246 (1897) ]. 


Whittaker, Edmund T. Obituary: Arthur William Con- 
way, 1875-1950. Obit. Notices Roy. Soc. London 7, 329- 
340 (1 plate) (1951). 


v *L’oeuvre mathématique de G. Desargues. Textes pub- 
liés et commentés avec une introduction biographique et 
historique par René Taton. Presses Universitaires de 
France, Paris, 1951. iv+232 pp. 


V *Casorati, Felice. Opere. Vol. I. A cura dell’Unione 
Matematica Italiana. Edizioni Cremonese della Casa 
Editrice Perrella, Roma, 1951. xiii+420 pp. 4,000 
Lire. 

These collected works will be issued in two volumes. This 
volume contains a list of Casorati’s published works, a 
reprinted essay on his life and works by E. Bertini [Ist. 
Lombardo Sci. Lett. Rend. Cl. Sci. Mat. Nat. (2) 25, 1206— 
1236 (1893) ], and those of his works which may be classified 
under (I) Discourses, (II) Geodesy, and (III) Theory of 
functions of complex variables. 


Cassina, Ugo. L’area di una superficie curva nel carteggio 
inedito di Genocchi con Schwarz ed Hermite. Ist. Lom- 
bardo Sci. Lett. Rend. Cl. Sci. Mat. Nat. (3) 14(83), 311- 
328 (1950). 


Tenca, Luigi. Guido Grandi, matematico cremonese 
(1671-1742). Ist. Lombardo Sci. Lett. Rend. Cl. Sci. 
Mat. Nat. (3) 14(83), 493-510 (1 plate) (1950). 





Cooper, J. L. B. Heaviside and the operational calculus. 
Math. Gaz. 36, 5-19 (1952). 


Hofmann, J. E. Neues iiber die niherungsweise Kreis- 
quadratur bei Huygens (1654). Math. Naturwiss. Un- 
terricht 4, 321-323 (1952). 


¥Polubarinova-Kotina, P. Ya. Zizn’ i deyatel’nost’ S. V. 
Kovalevskoi. (K 100-letiyu so dnya ro%deniya.) [Life 
and work of S. V. Kovalevskaya. (On the centenary of 
her birth.)] Izdat. Akad. Nauk SSSR, Moscow-Lenin- 
grad, 1950. 5ipp. 2 rubles. 


Kropp, Gerhard. Lalouvéres Quadratura circuli. Eine 
Studie zur Geschichte der Integralrechnung. J. Reine 
Angew. Math. 189, 1-76 (1951). 

In this article a detailed discussion of Lalouvéres’ Quadra- 
tura circuli is given for the first time. It is shown that this 
rather unknown Lalouvéres is a forerunner of the calculus 
of integration in the same sense as Cavalieri, Fermat, 
Kepler and others. Quadratura circuli is a large work of five 
parts covering 614 pages. The squaring of the circle is per- 
formed by using the center of gravity of the semicircle. 
Among the many volumes and centers of gravity which he 
finds we may mention the volume and center of gravity of 
the hyperboloid with one sheet. His methods are closely 
related to Archimedes’ methods. O. Schmidt. 


*Lobatevskii, N. I. Polnoe sobranie sotinenii. Tom 
tretii. Sotineniya po geometrii. [Complete Collected 
Work. Third Volume. Works on Geometry.] Gosu- 
darstv. Izdat. Tehn.-Teor. Lit., Moscow-Leningrad, 1951. 
(10 plates) 535 pp. 

This volume includes Lobatevskil’s “Imaginary geom- 
etry” with introduction and commentary by A. P. Norden 
and A. N. Hovanskil, his “Application of imaginary geom- 
etry to certain integrals’’ with introduction and commentary 
by B. L. Laptev, and his ‘“‘Pangeometry” with introduction 
and commentary by V. F. Kagan. 


McCrea, W. H. Obituary: Edward Arthur Milne, 1896- 
1950. Obit. Notices Roy. Soc. London 7, 421-443 
(1 plate) (1951). 


\*Loeuvre scientifique de Monge. Editée par René Taton. 


Presses Universitaires de France, Paris, 1951. ii+441 pp. 


Findlay Shirras, G. Newton, a study of a master mind. 
Arch. Internat. Hist. Sci. (N.S.) 4, 897-914 (1951). 


Eisele, Carolyn. The Liber Abaci through the eyes of 
Charles S. Peirce. Scripta Math. 17, 236-259 (1951). 


Sauvenier-Goffin, Elisabeth. Les manuscrits de Grégoire 
de Saint-Vincent. I, II, II, IV,V. Bull. Soc. Roy. Sci. 
Liége 20, 413-426, 427-436, 563-590, 711-732, 733-737 
(1951). 


Agostini, Amedeo. Problemi di massimo e minimo nella 
enza di E. Torricelli. Rivista Mat. Univ. 

Parma 2, 265-275 (1951). 

The correspondence of Torricelli with Ricci and Renieri 
contains the solutions of various problems on maxima and 
minima which are partly recorded in the tract De maximis 
and minimis. Many of these problems have been proposed 
by French mathematicians, especially by Fermat, but they 
are given extension both by Torricelli and Ricci and solved 
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by geometrical and not by analytical means. The author 
examines the Torricellean correspondence in order to fix the 
dates of the various solutions and to prove their independ- 
ence from foreign influences. The letters in which Torricelli 
announces the discovery of the point which in the modern 
geometry of the triangle bears his name have been lost, but 
the three demonstrations given at the end of De Maximis 
and minimis warrant his authorship. E. J. Dijksterhuis. 

Agostini, Amedeo. [1 “De tactionibus” di Evangelista 
Torricelli. Boll. Un. Mat. Ital. (3) 6, 319-321 (1951). 





Wolfowitz, J. Obituary : Abraham Wald, 1902-1950. Ann. 
Math. Statistics 23, 1-13 (1 plate) (1952). 


Menger, Kari. The formative years of Abraham Wald and 
his work in geometry. Ann. Math. Statistics 23, 14-20 
(1952). 


Tintner, G. Abraham Wald’s contributions to econo- 
metrics. Ann. Math. Statistics 23, 21-28 (1952). 


The publications of Abraham Wald. Ann. Math. Statistics 
23, 29-33 (1952). 


FOUNDATIONS 


V *Quine, Willard Van Orman. Mathematical logic. Re- 


vised ed. Harvard University Press, Cambridge, Mass., 

1951. xii+346 pp. $4.75. 

The most striking feature of the first edition of this well- 
known textbook [Norton, New York, 1940; these Rev. 2, 
65] was the method by which the traditional paradoxes 
were avoided. However, Rosser showed [J. Symbolic Logic 
7, 1-17 (1942); these Rev. 3, 289] that in this form of the 
theory of classes the Burali-Forti paradox could be derived. 
In the new edition the contradiction is avoided by the device 
proposed by Hao Wang [ibid. 15, 25-32 (1950); these Rev. 
11, 636], which consists in a slight modification of the 
axioms of membership. The proof of Gédel’s theorem has 
been made more easily accessible by an ampler exposition. 
A great number of minor changes and corrections have been 
made throughout the book. A. Heyting (Amsterdam). 


~*Curry, Haskell B. Lecons de logique algébrique. Gau- 


thier-Villars, Paris; E. 
163 pp. 1600 frs. 
Endlich einmal ein Buch iiber formale Logik, das nicht 
mit der ungliicklichen ‘‘Definition’’: Eine Aussage ist etwas, 
das entweder wahr oder falsch ist, beginnt. Das ist der 
These des Verf. zu danken, dass Mathematik nichts anderes 
als die Lehre von (beliebigen) formalen Systemen ist. Diese 
These hat Verf. in seinen Notre Dame Vorlesungen von 1948 
[A theory of formal deducibility, Univ. of Notre Dame, 
1950; diese Rev. 11, 487] entwickelt, und er legt jetzt die 
Ausfiihrung des aussagenlogischen Teiles—den er alge- 
braische Logik nennt—vor. Jedem, der formale Logik lernen 
will, ohne die Vorurteile der ‘‘zweiwertigen” Logiker (oder 
gar der “‘mehrwertigen”’) mitlernen zu wollen, sei dieses 
Buch dringend empfohlen. Es ist ohne Vorkenntnisse lesbar. 
Ein formales System wird in Kap. I definiert durch (1) 
Vorschriften dariiber, welche Objekte “‘Aussagen”’ sind, 
(2) Vorschriften dartiber, welche Aussagen ‘“‘Axiome”’ sind, 
und (3) Reglen a, ---,@,—+a nach denen aus den Axiomen 
weitere Aussagen als “Sdtze’’ abgeleitet werden. Es ist 
unwichtig, ob die Objekte Zeichen sind oder nicht. Auch auf 
die Metasprache, in der (1)—(3) dargestellt sind, wird nicht 
eingegangen. Von entscheidender Wichtigkeit sind jedoch 
die ‘“‘Episatze”. Diese werden allerdings nicht systematisch 
untersucht, sondern nur an den auftretenden Beispielen 
erdrtert. Enthalt ein formales System S eine Regel a:— <2, 
dann ist er ein Episatz, dass nach Hinzufiigung von a, zu S 
als Axiom a, ein Satz wird. Dieser Episatz wird aa, 
geschrieben. Entsprechend werden die elementaren Epi- 
aussagen @;, ---,@,}+a@ definiert. ala ist stets ein Episatz. 
Sind a,Has, a:4a; Episaitze, dann auch a,Ha,. Verf. 
beginnt daher mit der algebraischen Theorie der halbge- 
ordneten Mengen. Diese wird in Kap. II-V schrittweise 


Nauwelaerts, Louvain, 1952. 





aufgebaut. Durch Hinzufiigung der Axiome fiir Konjunk- 
tion A und Disjunktion v entstehen Halbverband und Ver- 
band. Die Entscheidungsverfahren fiir den freien Halbver- 
band und den freien distributiven Verband werden entwick- 
elt. Kap. IV behandelt die relative-pseudo-komplementaren 
Verbande. Mit einer Operation >, die aaxSbeoxSaDd 
erfiillt, nennt Verf. diese “implikativ’’. Die duale Operation 
(in umgekehrter Reihenfolge) heisst “‘Subtraktion”. Gilt 
das Peircesche Axiom (a)6)>asa, dann heisst der Ver- 
band “‘klassisch implikativ”’. 

Durch Auszeichnung eines Elementes f wird in Kap. V 
eine Negation definiert: 1a=a_)f. Speziell kann f=0 sein, 
d.h. fSx fiir alle x. So entsteht die “‘minimale’’, speziell die 
“intuitionistische” Negation. Bei klassischer Implikation 
heissen die Negationen “‘strikt”’ bzw. ‘“‘klassisch”’. Innerhalb 
dieses verbandstheoretischen Teiles gibt Verf. in IV, §§5, 6, 
eine fiir die Logik wichtige Interpretation des freien impli- 
kativen Verbandes. Hier handelt es sich um den Versuch, 
die Axiome aus den “Bedeutungen” von A, Vv, ) zu 
gewinnen. Das Hauptproblem bildet >, die ‘“Explikation der 
Implikation”. Zu den elementaren Epiaussagen eines for- 
malen Systems S werden weitere Epiaussagen hinzugenom- 
men, indem die Aussagen von S—diese seien hier Zeichen— 
mit A, V,_ zusammengesetzt werden. Welche Epiaussagen 
Episatze sind, werden definiert (!) durch die Gentzenschen 
Regeln, z.B. fiir >: 


A,atd 
Atta)Dd 


Atta Abie 
Ay bite 


Hierdurch ist nach dem Verf. zugleich die “Bedeutung” 
von > bestimmt. Auf Grund der ohne Beweis mitgeteilten 
Gentzenschen Hauptsatzes ist die Klasse der Episitze 
entscheidbar und eine elementare Epiaussage ist genau dann 
ein Episatz, wenn sie “‘wahr”’ ist. Ref. bezweifelt allerdings, 
dass durch Definitionen wie (G,), (G:) das Wahrheits- 
kriterium fiir die nicht-elementaren Epiaussagen gefunden 
werden kann. Z.B., wird a;)4ds, @2 a; a, a; deshalb 
“wahr” genannt, weil man—unabhangig von allen Defini- 
tionen von D—a;}+a; aus @,}+ a2 und alta, beweisen kann. 
(Vgl. hierzu die “konstruktive Begriindung der Mathe- 
matik” des Ref. [Math. Z. 53, 162-202 (1950); diese Rev. 
12, 469], die erst nach den Vorlesungen des Verf. erschienen 
ist.) Die Gentzenschen Regeln bediirfen selbst einer Recht- 
fertigung. Diese liegt darin, dass (G:), (G2) gerade die 
“charakteristischen Eigenschaften” von >, namlich Ab- 
trennungsregel und Deduktionstheorem, liefern. Aber auch 
Verf. betont, dass die Forderung dieser Eigenschaften 
begriindet werden miisste. 

Im Schlusskapitel werden einige Weiterentwicklungen der 
Aussagenlogik skizziert, u. a. die traditionelle Syllogistik, 


(G,) 





(G3) 
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die Modallogik und mehrwertige Wahrheitsfunktionen. 
Anhangsweise wird die klammerfreie Notation erértet und— 
leider zu kurz—der Zusammenhang der kombinatorischen 
Logik mit'der reinen Implikationslogik. P. Lorenzen. 


/ 

“ ¥von Wright, Georg H. An Essay in Modal Logic. Studies 
in Logic and the Foundations of Mathematics. North- 
Holland Publishing Co., Amsterdam, 1951. vii + 90 pp. 
9 florins. 

Modal logic is construed here in a somewhat broader sense 
than is customary. Four types of modal terms are dis- 
tinguished, the alethic (necessary, possible, contingent, im- 
possible), the epistemic (verified, undecided, falsified), the 
deontic (obligatory, permitted, indifferent, forbidden), and 
the existential (universal, existing, empty). The treatment 
of the ordinary (alethic) modalities is more or less standard, 
being akin to that of Lewis’ S4 and S5. The epistemic and 
deontic modalities are discussed somewhat informally with- 
out any attempt at axiomatization. Some interesting 
analogies and suggestions are brought out which should be 
useful as a basis for closer investigation. Informal decision 
procedures are indicated for the various “‘systems’’. The 
deontic concepts are undoubtedly of the greatest importance 
for the logical analysis of ethical terms. The epistemic con- 
cepts, on the other hand, seem to the reviewer in need of 
greater epistemological analysis before an adequate sys- 
tematization can be given. In particular, the manner in 
which these terms are to be interpreted must be carefully 
indicated. Also little seems to be gained by regarding 
“universal”, “empty”, etc., as modal terms. They are no 
dovot best handled by means of quantifiers in the usual way. 

R. M. Martin (Philadelphia, Pa.). 


Beth, E. W. A topological proof of the theorem of Léwen- 
heim-Skolem-Gidel. Nederl. Akad. Wetensch. Proc. 
Ser. A. 54=Indagationes Math. 13, 436-444 (1951). 

A set Uf of expressions of sentential logic is called a system 
if i) & includes the set of all theorems of (two-valued) 
sentential logic and ii) whenever X and XY are in YW, then 
Y is in U1. By a valuation we mean any function w assigning 
to every expression X and truth-value w(X) such that 1) for 
every X, w(X)=u or w(X)=», 2) w(X)=u if and only if 
w(X) =v, 3) w(X v Y) =0 if and only if w(X)=w(Y) =», 


4) w(X—VY)=w(Xv VY), w(X&Y)=w(X vf), 
w(X+ VY) =w(X- Y.&. YX). 


Let H(X) denote the set of all valuations w such that 
w(X)=u, H the set of all valuations. H can be considered 
as a neighbourhood space with H(X) as a family of neigh- 
bourhoods. With this topology, H can be shown to be 
homeomorphic to the Cantor ternary set. Let X(x) be any 
expression with the free variable x. A valuation is called 
normal if w((x)X(x)) = if and only if 


w(X (1)) =w(X(2)) =w(X(3)) =--- =u. 


We have then the following. Theorem 9.4: Every normal 
valuation w defines a denumerable model for those closed 
expressions X for which w(X)=u. Theorem 10.1: Let 
{Ci, ++, Ce, +++} be any set of closed expressions. Then the 
system of elementary logic generated by {Ci, ---, Ce, -+*} 
will be consistent if and only if there exists a normal valua- 
tion which satisfies {C;, ---, Cz, -- +}. By 10.1, if the system 
{Ci, --+, Ce, «-+} is consistent, then there exists a corre- 
sponding normal valuation. By 9.4, all such valuations de- 
fine a corresponding denumerable model. Thus every con- 
sistent system has a denumerable model, proving the 





Skolem-Loewenheim Theorem. The proof of 10.1 makes use 


of various topological properties of the space H, especially 
of the fact that H is compact. I. L. Novak. 


Schmidt, Arnold. Die Zulassigkeit der Behandlung mehr- 
sortiger Theorien mittels der iiblichen einsortigen Pridi- 
katenlogik. Math. Ann. 123, 187-200 (1951). 

In the ordinary first order functional calculus any object 
may appear as argument anywhere in any relation. How- 
ever, in a concrete mathematical theory, the objects may 
be divided into species (e.g. points, lines, planes in geom- 
etry). We may restrict the domain of well-formed formulae 
in the calculus by requiring such formulae to be “‘species- 
consistent” according to such a division, i.e. by permitting 
only objects of a given species to appear as mth arguments 
in a given relation. The author shows that any species- 
consistent statement which is provable in the ordinary 
calculus can also be proved by a chain of deduction in which 
species-consistent statements only appear throughout. This 
supplements an earlier and otherwise more detailed proof 
given by the same author [Math. Ann. 115, 485-506 
(1938) ], in which P. Bernays had detected a gap. The prob- 
lem had been discussed earlier by J. Herbrand in his thesis 
[ Paris, 1930]. 

The importance which is to be attributed to the concept 
of species-consistency would appear to depend on the theory 
under consideration since a division into species may range 
from a relatively unimportant classification (e.g. a division 
into straight lines and conics) to what is essentially a 
division into objects of different types. A. Robinson. 


Rose, Alan. Systems of logic whose truth-values form 

lattices. Math. Ann. 123, 152-165 (1951). 

Weil in der Physik nicht-distributive Verbande als 
“Quantenlogik” auftreten, halt Verf, es fiir méglich, dass 
Untersuchungen von “Wahrheitswertfunktionen”, deren 
Werte einen beliebigen Verband ¥ bilden, interessant sind. 
Ist 1 die obere Grenze von VU, dann wird, z. B., definiert 


w(p Ag) =w(p) Aw(Q), 
wove) =a?) v w(q), ies 

wenn , 
(>) = tw wenn w(p)=1. 
Verf. gibt nach J. Stupecki [Ann. Univ. Mariae Curie- 
Sktodowska. Sect. F. 1, 193-209 (1946); diese Rev. 10, 1] 
weitere primitive Funktionen an, so dass eine Basis aller 
Wahrheitswertfunktionen entsteht. Das System wird axio- 
matisiert und die deduktive Vollstandigkeit nach Rosser und 
Turquette [J]. Symbolic Logic 10, 61-82 (1945); diese Rev. 
7, 185] beweisen. Zum Schluss wird das System verbands- 
theoretisch charakterisiert. P. Lorenzen (Bonn). 


Rose, Alan. A lattice-theoretic characterisation of the 
X,-valued propositional calculus. Math. Ann. 123, 285- 
287 (1951). 

Die Methode des Verf. [siehe das vorstehende Referat ] 
sogenannte mehrwertige ‘‘Logiken"”, bei denen die “Wahr- 
heitswerte” einen beliebigen Verband bilden, verbands- 
theoretisch zu charakterisieren, wird auf den Fall ange- 
wandt, dass die ‘‘Wahrheitswerte”’ die rationalen Zahlen r 
mit 0=r=1 sind. P. Lorenzen (Bonn). 


Rose, Alan. The degree of completeness of a partial sys- 
tem of the 2-valued propositional calculus. Math. Z. 54, 
181-183 (1951). 

Zusa&tzlich zu einer Arbeit itiber Fragmente des Aussagen- 

kalkiils [J. Symbolic Logic 16, 204 (1951); diese Rev. 13, 
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309] beweist Verf., dass bei gewissen Fragmenten, die als 
primitive Funktionen nur die Aquivalenz und Nicht- 
Aquivalenz enthalten, nicht stark-vollstandig sind, genauer: 
der Vollstandigkeitsgrad nach Tarski [C. R. Soc. Sci. 
Varsovie 23, 22-29 (1930) ] ist 3. P. Lorenzen (Bonn). 


Gétlind, Erik. A Lesniewski-Mihailescu-theorem for m- 
valued propositional calculi. Portugaliae Math. 10, 97- 
102 (1951). 


Mihailescu’s generalization of a theorem by Lesniewski 
states that every truth function which contains negation S 
and equivalence C only, is a theorem if and only if negation 
and each variable occur an even number of times. The au- 
thor considers the corresponding problem for m-valued 
propositional calculi. The place of negation is taken by a 
number of propositional functions S; which have designated 
values for undesignated values of the argument and vice 
versa, and instead of equivalence there are propositional 
functions of two arguments C; which are designated when- 
ever the values of the arguments are either both designated 
or both undesignated. The author’s main result may be 
stated as follows. In a complete calculus any proposition, 
involving these connectives only, is a theorem whenever the 
proposition which is obtained by replacing all S; by S and 
all C; by C is a theorem in two-valued logic. He states his 
result in a slightly different way, but his argument is in fact 
just a straightforward reduction to the two-valued calculus. 

A. Robinson (Toronto, Ont.). 


Lorenzen, Paul. Algebraische und logistische Untersuch- 
ungen tiberfreie Verbinde. J.Symbolic Logic 16, 81-106 
(1951). 

In this paper, the author first considers various types of 
semi-lattices (partially ordered sets with cap-operation only) 
and lattices. The existence of minimal free lattices or semi- 
lattices of such types, over a given partially-ordered set, is 
established. Using these results, or the ideas on which these 
results are based, the author then shows that the calculus of 
propositions and the functional calculus—including the 
ramified theory of types but excluding the axiom of reduci- 
bility and the axiom of choice—are consistent (non-contra- 
dictory). These conclusions go beyond Gentzen’s classical 
result. The proofs presuppose the consistency of non- 
finitist statements in the meta-language, including the con- 
struction of an auxiliary calculus in which conclusions can 
be based on an infinite number of premisses. While limiting 
the absolute significance of a consistency proof, such argu- 
ments are of course quite customary in contemporary 
formal logic. A. Robinson (Toronto, Ont.). 


Lorenzen, Paul. Wher endliche Mengen. Math. Ann. 

123, 331-338 (1951). 

A theory of finite sets is developed independently of 
the concepts of a more general set theory. Ordered k-tuples, 
(x1, «++, Xx), called by the author systems, may be defined 
inductively. Each such system defines a set {x,, ---, xx}. 
Equality and the membership relation are defined for these 
sets. Following a discussion of order relations for the 
numerals of the author’s paper [Math. Z. 53, 162-202 
(1950); these Rev. 12, 469], a theory of ordinals for finite 
sets is discussed. An invariance principle is established, 
namely, that there exists no one-to-one correspondence 
between two sets {1, ---, &} and {1, ---, 2} if kel. 

D. Nelson (Washington, D. C.). 





Lorenzen, Paul. Mass und Integral in der konstruktiven 

Analysis. Math. Z. 54, 275-290 (1951). 

In the real number theory sketched in the author’s paper 
(Math. Z. 54, 1-24 (1951); these Rev. 13, 310] a system of 
levels of real numbers was characterized and properties 
analogous to the classical ones were established for real 
numbers of the finite levels. Here the author defines measure 
and the Lebesgue integral for this theory. The basic problem 
is to characterize these entities without recourse to the real 
numbers of the hyper-levels. This is accomplished by using 
rational elements wherever possible. An open set (possibly 
a hyper-set) is characterized as the union of a set (not a 
hyper-set) of open intervals of m-space. Among various 
structure theorems it is shown that every open hyper-set M 
may be expressed as the union of a sequence (not a hyper- 
sequence) of closed intervals with rational end points, dis- 
joint (except for end points). If in addition M is bounded it 
is called a B-set. Measure for these sets is defined in an 
obvious fashion. A bounded closed set is called a B-set. 
The measure of a B-set contained in an interval J is defined 
by: »B=yJ—p(I—B). A real number x is the measure of 
M if and only if there exists a sequence of B-sets, B*, and 
a sequence of B-sets, B*, such that for all k, B*CMCB*, 
and lim »B*=lim »B* =x. The sequences must not be hyper- 
sequences. A quasi-function is said to be measurable over a 
set M if for all rational r the measure of the set of all ¥ in 
M such that f(%) =r exists. The Lebesgue integral is defined 
in a straightforward manner for a measurable function 
| f(¥) | Sr, using rational subdivisions of the interval | y| =r. 
Familiar theorems on integration are shown. It is also shown 
that the space of those functions f; for which f? is integrable 
over M is complete with respect to a metric [ fu(fi—f2)*}". 

D. Nelson (Washington, D. C.). 


Schiitte, Kurt. Beweistheoretische Erfassung der unerd- 
lichen Induktion in der Zahlentheorie. Math. Ann. 122, 
369-389 (1951). 

Paper is concerned with a theory of deduction for a first 
order calculus which includes ordinary arithmetic. In addi- 
tion to the “cut” (a slight extension of the usual rule of 
deduction) other rules of procedure are introduced, which 
replace the familiar axioms of the calculus of propositions. 
“Infinite induction” appears as a configuration which in- 
cludes an infinite number of premisses. Thus proofs may be 
of transfinite length. (The precise position of truth and 
falsehood and of the relation of identity in this scheme is 
not clarified formally.) Author shows that, in any given 
proof, cuts can be eliminated, possibly by increasing the 
length of the proof. In a calculus which does not contain 
cuts consistency can then be established without difficulty 
by an inductive procedure. 

The paper is under the influence of the work of G. 
Gentzen. The more detailed (though still incomplete) for- 
malisation of the methods used brings out more clearly that 
consistency and w-completeness are ensured only by a 
mathematical approach of strongly transfinite character. 

A. Robinson (Toronto, Ont.). 


Schiitte, Kurt. Beweistheoretische Untersuchung der ver- 
zweigten Analysis. Math. Ann. 124, 123-147 (1952). 
This paper has as its aim a consistency proof of a part of 

analysis by an examination of the proofs in a branched 

theory of types in which a good deal of analysis can be 
developed. Proofs may be based on infinitely many hy- 
potheses provided certain constructive criteria are satisfied. 
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Gentzen’'s Schnitt 
MvA Av 
MvR 


is one of the rules of inference. Each formula of a proof has 
assigned to it a certain order in such a way that in using the 
rules of inference 


MvAvBvR AvAvMN 
MvBvAvN A%vN 


both the upper and lower formulas are assigned the same 
order, while in the other rules of inference the order of the 
conclusion is greater than the order of the premise. The 
order of a proof is the order of the last formula in the proof. 
We call «, a critical «number if 7=«,, where ¢, is the nth 
¢-number. The main elimination theorem states: Theorem: 
Every proof of order a can be replaced by a proof of order 
a' not using the Schnitt such that 1) if @ is a critical e-num- 
ber, then a=a', 2) if not, then a! is less than the smallest 
critical e-number larger than a. There is also an examination 
of transfinite induction in this system and a sketch of the 
development of such a formal system of branched analysis. 
I. L. Novak (Princeton, N. J.). 
Burks, Arthur W. The logic of causal propositions. Mind 

60, 363-382 (1951). 

By “causal necessity” and “causal possibility” the author 
denotes what are sometimes called physical modalities. The 
attempt is made in this paper to formulate rigorously a 
theory of physical necessity within the framework of a 
theory containing the truth functions, quantifiers, and the 
usual notions of logical modality. Most of the paper is 
informal prologomena to this “calculus of causal proposi- 
tions’. The basic assumptions concerning causal necessity 
are that if a proposition A is logically necessary then (in the 
sense of material implication) A is also causally necessary; 
that A is causally necessary materially implies A itself; 
a causally necessary proposition AB materially implies 
that if A is also causally necessary then B is also. The treat- 





ment of quantifiers is similar to that of Fitch [Portugaliae 
Math. 7, 113-118 (1948); these Rev. 10, 669]. The problem 
of adequately interpreting the notion of causal necessity, 
although discussed in the preliminary sections of this paper, 
is by no means solved. Many will find this notion in need 
of further analysis, here as in-allied formulations, e.g., that 
of Reichenbach [Elements of symbolic logic, Macmillan, 
New York, 1947, p. 392; these Rev. 8, 557]. 
R. M. Martin (Philadelphia, Pa.). 


*Dubarle, H. D. La logique symbolique d’inspiration 
nominaliste et sa signification philosophique. Congrés 
¥ International de Philosophie des Sciences, Paris, 1949, 
vol. II, Logique, pp. 55-67. Actualités Sci. Ind., no. 

1134. Hermann & Cie., Paris, 1951. 

This paper is concerned with the philosophical importance 
of the nominalistic views of Chwistek and Quine. The 
origins of the view are considered as well as its significance 
for symbolic logic. R. M. Martin (Philadelphia, Pa.). 


Biser, Erwin. Postulates for physical time. 

19, 50-69 (1952). 

Author regards “displacement” as a fundamental concept, 
interpretable as “transition from one state of a system to 
another’, and postulates that a temporal extension is 
generated if and only if a displacement occurs. Time is more 
than serial order, but has no independent existence, and is 
relative. C. C. Torrance (Monterey, Calif.). . 


Philos. Sci. 


Mohr, Ernst. Bemerkung zur Dimensionsanalysis. Math. 

Nachr. 6, 145-153 (1951). : 

Mathematical discussion of Bridgman’s theorem that 
homogeneous quantities may be characterized by the ‘‘abso- 
lute invariance of relative magnitude” [Dimensional 
analysis, Yale Univ. Press, 1922, p. 21]. Mohr’s main results 
are known; see A. Martinot-Lagarde [C. R. Acad. Sci. Paris 
223, 136-137 (1946) ], and G. Birkhoff [Hydrodynamics... , 
Princeton Univ. Press, 1950, p. 88, footnote 15; these Rev. 
12, 365]. G. Birkhoff (Cambridge, Mass.). 


ALGEBRA 


Usai, Giuseppe. Concordanze nelle disposizioni. Atti Ac- 

cad. Gioenia Catania (6) 7, 81-91 (1951). 

Coincidences are counted in permutations of m distinct 
things m at a time; a coincidence is an occurrence of element 
é in place i, i=1, ---, m. Hence this is a generalization of 
the classic probléme des rencontres. The author’s result for 
the number of such permutations with exactly k coincidences 
can be rendered briefly by 


m=(" A”—*(n—m)! 
| sg rea (n—m)! 


with A the usual finite difference operator. This is consistent 
with results previously given by Cotlar [Math. Notae 5, 
89-107 (1945); these Rev. 7, 242]. Tables of NM; are given 
for n= 3(1)10, m=1(1) n—1. J. Riordan. 


Riordan, John. The arithmetic of ménage numbers. 

Duke Math. J. 19, 27-30 (1952). 

Etant donnés m ménages assis autour d’une table ronde, 
de maniére qu'une dame soit toujours placée entre deux 
messieurs, soit u(, 7) le nombre des dispositions pour les- 
quelles il y a r maris, mais non plus, qui aient pour voisine 





leur propre femme. L’auteur donne d’abord la relation 
inverse de celle de Touchard: soit n!=> (?)u(n—k, 0), 
k=0, ---,; puis, plus généralement, U étant la fonction 
génératrice des u(m, r), 


al= =(7)a —1)"U»-+(0). 


Il en déduit, par rapport au module premier impair quel- 
conque , les congruences: u(p*+n,r)=—u(n,r) et 
u(p?-+n, p> +r) =u(n, r), OSrSn. Exemple: 
p=3; u(6,0)=80=2 (mod 3); 
u(15, 0) =164 806 435 783=—2 (mod 3). 


A. Sade (Marseille). 


Armsen, Paul. Verallgemeinerungen von Sequenzen in 
Permutationen. J. Reine Angew. Math. 189, 77-99 
(1951). 

The enumeration of permutations with k sequences is 
developed for the following: (1) sequences #, i+1 for i=1 to 
m—1, (2) the same, i=1 to n, (3) the same, i=1 to m and 
for circular permutations, (4) sequences 4, i+d, for i=1 to 
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n—d. For k=0, results for all four cases have been given 
by Whitworth [Choice and chance, 5th ed., Bell, London, 
1901, chap. 4], and it is known that in the form produced by 
the method of inclusion and exclusion these effectively give 
factorial moments for the corresponding distributions and 
hence the results for general &. The author prefers to develop 
his results by an elaborate scheme of mapping to the classical 
probléme des rencontres, with which there are strong 
connections. J. Riordan (New York, N. Y.). 


Connor, W. S., Jr. On the structure of balanced incom- 
plete block designs. Ann. Math. Statistics 23, 57-71 
(1952). 

Let No be the incidence matrix of ¢ blocks of a balanced 
incomplete block design with parameters », b, r, k, 4; put 
No’ No=S, and C,;=dRE,+1r(r —d)I:—rS; where E, is a t by 
t matrix whose elements are all equal to unity and J, at by ¢ 
identity matrix. The author proves (i) |C,|20 if t<b—», 
(ii) |C.| =O if t>b—v, and (iii) kr-*+*+*(r —d)** "|| GF.—0 | 
is a perfect integral square. Utilizing these results the 
author investigates the structure of designs of the series 
v=$k(k+1), b=$(k+1)(k+2), r=k+2, \=2 and proves 
the impossibility of the designs k=5, k=8 and k=6 of this 
series. The case k=6 requires in addition to the author's 
results also the theory of Hasse invariants. The significance 
of this paper lies in the fact that the author’s theorem is the 
first non-trivial result on the structure of unsymmetrical 
incomplete balanced block designs. H. B. Mann. 


Rédei, L. Eine Determinantenidentitit fiir symmetrische 
Funktienen. Acta Math. Acad. Sci. Hungar. 2, 105-107 


(195i). (German. Russian summary) 
Let p; (¢=0,1,---,m) denote the power sums and 
s, (¢=0,1, ---,) the elementary symmetric functions of 


the unknowns %:, ---,%,; let so=1 and s;=0 if i>mn. In 
analogy with the well-known formula | pi;+| = []sce(xi—2x)* 
it is proved that |s;.—Si2| =[]sce(1—xee). It is further 
shown how this enables the elementary functions of the 
products xg, to be expressed in terms of the s;. 

O. Taussky-Todd (Washington, D. C.). 


Goddard, L. S. Quadratic forms positive definite on a 
linear manifold. Proc. Cambridge Philos. Soc. 48, 70-71 
(1952). 

The author gives a simple proof of results recently given 

by Afriat [same Proc. 47, 1-6 (1951); these Rev. 12, 471]. 

J. A. Todd (Cambridge, England). 


Richardson, A. R. Compositions involving ternary cubics. 

Duke Math. J. 18, 595-598 (1951). 

Let (a), (8), (x) denote the row-matrices (a, a2, as), 
(61, Bs, Bs), (x, y, s), respectively. Let A(a), B(8), F(x) de- 
note 3-by-3 matrices whose elements are linear in the a’s, 
6's, and x, y, s, respectively, with coefficients in a commuta- 
tive and associative ring having a modulus. The author has 
proved that, if (x)A(a) = (a)F(x) and if (x) =(8)A*(a), where 
A* denotes the adjoint matrix, then f(x, y, s) =a(a)¢(8, a), 
where f(x, y, 3) =det F(x), a(a)=det A(a), and (8, a) is a 
polynomial in the a’s and 6’s [same J. 14, 27-30 (1947); 
these Rev. 8, 499]. In general, ¢(8, a) is very complicated. 
It is given explicitly here in two special cases, in the second 
of which f(x, y, 2)=x*+y'+s*. The author's identities B 
for this case would yield several infinite sets of rational solu- 
tions of x*+y*+s' =o, but he says that it seems improbable 
that all rational solutions arise thus. R. Hull. 





Abstract Algebra 


_ Aubert, Karl Egil. Sur les fondements d’une théorie des 
demi-treillis additifs. C.R. Acad. Sci. Paris 234, 30-32 
(1952). 

Aubert, Kari Egil. Eiéments résiduels dans les demi- 
treillis additifs. C. R. Acad. Sci. Paris 234, 280-282 

| (1952). 

The author defines an “additive demilattice” as a system 
L with a binary, commutative, associative and idempotent 
operation U, a “subtraction’”’ —, and a right-zero 0, such 
that:a—(bU c) =(a—b)v (a—c), (ab) —c=(a-—c)U (6-0), 
a—0=a, and 0Sa—a identically. He defines a+b as 
a—(0—b); if 0+a=a+0=<a for all aeL, then L is called 
“0-unitary’’. It is shown that these abstractions are appli- 
cable to quite diverse examples (subsets of a group, positive 
elements of an /-group, reflexive binary relations on a set). 
The “G-elements’’, which satisfy 0a and a—asSa, play a 
central role in the author's theory of additive demilattices; 
the main theorems are however quite complicated to state 
and interpret. A detailed exposition will appear elsewhere. 
G. Birkhoff (Cambridge, Mass.). 





Hashimoto, Junji. A ternary operation in lattices. Math. 

Japonicae 2, 49-52 (1951). 

The author solves Problem 64 of the reviewer's Lattice 
theory, 2d ed. [Amer. Math. Soc. Colloq. Publ. v. 25, New 
York, 1948; these Rev. 10, 673]. Almost identical solutions 
have been published also by R. Croisot [Canadian J. Math. 
3, 24-27 (1951); these Rev. 12, 472], M. Sholander [ibid. 3, 
28-30 (1951); these Rev. 12, 472], and P. Vassiliou [Publ. 
Nat. Tech. Univ. Athens no. 5 (1950); these Rev. 12, 472). 

G. Birkhoff (Cambridge, Mass.). 


Benado, Mihail. a-normality in the Jordan-Hélder theorem. 
Acad. Repub. Pop. Romfne. Bul. Sti. Ser. Mat. Fiz. 
Chim. 2, 557-560 (1950). (Romanian. Russian and 
French summaries) 

The author announces that any two e-normal chains, 
when refined by the intercalations of Zassenhaus, yield two 
refinements having the same length, and isomorphic interval 
sublattices. G. Birkhoff (Cambridge, Mass.). 


Nagata, Jun-iti. A characterization of the lattice of lower 
semi-continuous functions on 7)-space. J. Inst. Poly- 
tech. Osaka City Univ. Ser. A. Math. 2, 23-29 (1951). 
L’auteur considére sur un ensemble Z une structure d’en- 

semble réticulé (‘‘lattice’’) complet (toute partie majorée a 
une borne supérieure) distributif et ayant un plus petit 
élément 0, et une multiplication par les nombres réels 20, 
telle que a= entraine af=6f pour fel, f=g dans L en- 
traine afZag, a(8f) = (a8) f, et 1-f=f. Il donne un systéme 
de conditions nécessaires et suffisantes (trop compliquées 
pour tre reproduites ici), pour que L soit isomorphe (au sens 
de la structure précédente) a l'ensemble des fonctions posi- 
tives, bornées et semi-continues inférieurement sur un espace 
topologique satisfaisant a l’axiome 7}. J. Dieudonné. 


Schwab, Henri. L’algébre des chaines de contacts. Ann. 
Télécommun. 7, 2-16 (1952). 


Schwab, H. L’algébre des chaines de contacts. Rev. 
Gén. Electricité 61, 73-85 (1952). 
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Bourne, Samuel. On the homomorphism theorem for 
semirings. Proc. Nat. Acad. Sci. U. S. A. 38, 118-119 
(1952). 

A corrécted version of a homomorphism theorem given in 

a previous paper [same Proc. 37, 163-170 (1951); these Rev. 

13, 7]. N. H. McCoy (Northampton, Mass.). 


Amitsur, A: S. An embedding of PJ-rings. 

Math. Soc. 3, 3-9 (1952). 

Let R be a ring satisfying a polynomial identity and hav- 
ing no nilpotent ideals. The author proves that R can be 
embedded in a complete direct sum of finite-dimensional 
algebras of bounded order, and consequently is a subring of 
a matrix ring over a commutative ring. The main idea of the 
proof is to adjoin an indeterminate to R and prove that the 
resulting ring is semi-simple. I. Kaplansky. 


Proc. Amer. 


Johnson, R. E. The extended centralizer of a ring over a 
module. Proc. Amer. Math. Soc. 2, 891-895 (1951). 
Let R be a ring, and let M be a non-zero right R-module. 

Let M denote the set of all R-submodules of M. An R-homo- 

morphism a of a module M, in J? into M is called a semi- 

endomorphism of M. When sum and product are properly 

defined, the semi-endomorphisms of M form an algebra 4. 

Let I* be the set of modules N in M such that Nn N’ +0 

whenever N’ is a non-zero module in Jt. The set of a for 

which M, is in M* is a sub-algebra KR of W. The set of a in 
such that the kernel of a lies in P2* is an ideal H in KR, and 
the remainder class algebra is a regular ring called the ex- 

tended centralizer of R over M. 

If R is a ring, the right annihilator of an element a in R 
is a right ideal J, consisting of all x such that ax=0. The 
element a is called (right) singular if J, 10 for every 
non-zero right ideal J in R. The set of all (right) singular 
elements of R is an ideal called the (right) singular ideal of R. 
If Q is a ring with identity containing a ring R, then Q is 
called a (right) quotient ring of R if, for every a in Q, a0, 
there exist a, b in R, b0, such that aa=b. It is shown, in 
the event that the (right) singular ideal of R is zero and M 
is taken to be the additive group R* of R, that R is iso- 
morphic with a subring R* of the extended centralizer C of 
R over M and that C is a (right) quotient ring of R*. The 
complete theorem is the following: A ring R has a (right) 
regular quotient ring Q if and only if the (right) singular 
ideal of R is zero. Furthermore, Q, when it exists, is a sub- 
ring of the extended centralizer of R over Rt. It follows that 
every domain of integrity has a (right) regular quotient ring. 

F. Kiokemeister (Chicago, IIl.). 


Johnson, R. E. Prime rings. 

(1951). 

Prime rings, that is rings in which the zero ideal is prime, 
have been recently introduced by N. McCoy [Amer. J. 
Math. 71, 823-833 (1949); these Rev. 11, 311]. The author 
states that the present paper ‘‘is the beginning of a projected 
study of the structure of prime rings. Fundamental in this 
study is the concept of a prime r-ideal (= prime right ideal). 
An r-ideal J is prime if ABCI implies ACJ, A and B 
r-ideals with B#0"’. If I, I’ are r-ideals such that Jn J’ =0, 
and if for an r-ideal J” such that I” DI’, In J” =0 it follows 
that J” =J’, then J’ is called a complement of J. A comple- 
ment of any r-ideal in a prime ring R is a prime r-ideal. For 
any r-ideal J of R the intersection p(J) of all prime r-ideals 
containing J is the minimal prime r-ideal containing J, called 
the prime cover of J. For any r-ideal J of R the right 
annihilator r(J) =I" of the left annihilator J' of J is again 


Duke Math. J. 18, 799-809 





a prime r-ideal containing J. The author considers mappings 
I-—I* of the set W of all r-ideals of R into the set B of the 
prime r-ideals of R satisfying the following seven conditions: 
1). I*DI; 2) I**=I*; 3) if IDI’, then J*DI'*; 4) 0*=0; 
5) if In I’=0, then I*nm I’*=0; 6) al*C(al)*; 7) the set R 
of all closed r-ideals J (i.e. such. that J* = J) contains minimal 
nonzero elements, called the atoms of . The author shows 
that for J*=r(JZ) conditions 1-4 and 6 are satisfied, while 
for I*=p(J) conditions 1-6 hold in every prime ring. The 
atomic case (i.e. where all seven conditions hold) is realized 
for I* = p(J) if Rise.g. a primitive ring with minimal r-ideals 
or the ring of all » Xm matrices over the integers. The author 
shows that in the atomic case the set ® coincides with the 
set of all complements of the r-ideals of R. If further x0, 
then the r-ideal (xR)* is an atom if and only if the right 
annihilator of x is a maximal closed r-ideal. This implies, in 
particular, that if R is a (not necessarily commutative) 
domain of integrity, then ® consists just of the two elements 
0 and R. 

The set ® becomes a lattice (NU) if one defines 
Iu l’'=(I+1I')*; I, I’e&®R. By leaning heavily on results and 
concepts of the paper reviewed above the author shows that 
in the atomic case R has a regular quotient ring E such that 
the lattice R is isomorphic to the lattice of the principal 
r-ideals of E. This result is obtained as a special case of a 
more general theorem concerning the so called admissible 
R-modules. J. Levitski (Jerusalem). 


Jacobson, Nathan. Une généralisation du théoréme d’En- 

gel. C. R. Acad. Sci. Paris 234, 579-581 (1952). 

Let A be an associative ring with a set of operators which 
are commutative. We call a subset B weakly closed if 
ab+-y(a, b)ba is in B for every a and b of B where (a, 5) is 
in ®. The author shows that if A satisfies the minimal condi- 
tion for right -ideals and all elements of a weakly closed 
subset B are nilpotent the associative enveloping -subring 
B* of B is nilpotent. A. A. Albert (Chicago, IIl.). 


Murdoch, D. C. Contributions to noncommutative ideal 

theory. Canadian J. Math. 4, 43-57 (1952). 

This paper is based on a recent paper of the reviewer 
[Amer. J. Math. 71, 823-833 (1949); these Rev. 11, 311]. 
In particular, the terms m-system, prime ideal, and radical 
are used in the sense of that paper. If R is an arbitrary ring 
and M is a non-null m-system, a set N of elements of R is 
called a right M—n-system if NM and if for every meM, 
neN, there exists an element x of R such that nmxmeN. If a 
is an ideal in R and M is an m-system which does not meet a, 
the right upper isolated M-component u(a, M) of a is the 
set of all elements x of R with the property that every right 
M-—n-system which contains x meets a. It is shown that 
u(a, M) is an ideal in R and its complement in R is the 
uniquely determined maximal right M—n-system which 
does not meet a. The set of all elements x of R such that 
xRmCa for some element m of M is the right lower isolated 
M-component [(a, M) of a. The author discusses various 
relationships which hold between u(a, M) and [(a, M), and 
their relation to the familiar isolated component ideals in a 
coramutative ring. 

An element a of R is right prime to an ideal a if xRaCa 
implies that xea. An ideal q is said to be right primary if 
every element not in the radical of q is right prime to q. If 
the ascending chain condition holds for ideals in R, the 
radical of a right primary ideal is prime. This is also true if 
the descending chain condition holds for the ideals in R/c, 
for every ideal ¢ which is not prime. Now assume that the 
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ascending chain condition holds and that an ideal a is 
representable as the intersection of a finite number of right 
primary ideals. The author proves the usual uniqueness 
theorems which are known to hold in case R is commutative. 
However, in the noncommutative case the ascending chain 
condition is not sufficient to assure that every ideal can be 
so represented. N. H. McCoy (Northampton, Mass.). 


Goldhaber, J. K. The homomorphic mapping of certain 
matric algebras onto rings of diagonal matrices. Cana- 
dian J. Math. 4, 31-42 (1952). 

The matrices considered are square matrices of order n 
with elements in an algebraically closed field §. If the 
matrices A; (t¢=1, 2, ---,k) are such that their character- 
istic roots Ay; (j=1, 2, --+,#) may be so ordered that the 
characteristic roots of f(A1,As, ---,Ax) are f(A1j, Aaj, * + +» Aes) 
for every polynomial f with coefficients in §, the set (A,) 
is said to have the Frobenius Property. It is a well known 
theorem of Frobenius that commutative matrices always 
have this property. The reviewer has shown [Bull. Amer. 
Math. Soc. 42, 592-600 (1936) ] that a necessary and suffi- 
cient condition that the set (A,) have the Frobenius Prop- 
erty is that A,A,—A,A,(r,s=1,2,---,k) belong to the 
radical 9 of the algebra UW generated by the A; over §. The 
author gives a new proof of this result, for which a key 
lemma is the following. If A is an element of a matric algebra 
over §§ which contains the unit matrix, and N is an element 
of the radical of the algebra, then A and A+WN have the 
same characteristic function. Suppose that the set (A,) has 
the Frobenius Property, and let m.(m,) denote the nullity 
of the column (row) space of Jt. Then the matrices 
A; (i=1, 2, ---, &) have in common exactly n,(n,) linearly 
independent characteristic row (column) vectors. The proof 
of the existence of at least one such vector has been estab- 
lished by Drazin, Dungey and Gruenberg [J. London Math. 
Soc. 26, 221-228 (1951); these Rev. 12, 793]. 

The matric algebra & over § is said to have the property 
P, if the characteristic roots of every pair of matrices 
A;, AxeW may be so ordered that the characteristic roots 
of Ai+Az are Aiy+Ag (f=1, 2, ---,). The algebra has 
property P, if the characteristic roots of every finite set 
{Ai, «+-, Ax} of matrices of 9 may be so ordered that the 
characteristic roots of 5-4.10;A are Df.1asAi; (j =1, 2, - --, 2) 
for all ae}. The author shows that Po, P:, and the Frobenius 
Property are equivalent. The proofs are based upon a study 
of conditions under which a mapping of & onto a matric 
algebra § over § is actually a homomorphism onto 8 
modulo its radical. In particular, the matrices of algebra W 
will have the Frobenius Property if there exists such a 
homomorphism where 8 modulo its radical is a diagonal 
algebra. N. H. McCoy (Northampton, Mass.). 


Asano, Keizo. Uber Moduln und Elementarteilertheorie 
im Kérper, in dem Arithmetik definiert ist. Jap. J. 
Math. 20, 55-71 (1950). 

Let 0 be a Dedekind ring (i.e. a ring with unique decompo- 
sition of ideals into prime factors), and let I? be a finitely 
generated 0-module. In the first part of his paper, the author 
gives new and simpler proofs for the reviewer's results con- 
cerning the structure of I [cf. L’arithmétique sur les 
algébres de matrices, Actualités Sci. Ind., no. 323, Hermann, 
Paris, 1936] and establishes explicitly the link between these 
results and those of Steinitz [Math. Ann. 71, 328-354; 72, 
297-345 (1912)]. Let now M be regular (i.e. ax=0, a0 
implies x =0 if a is in 0, x in M), and let N, N’ be submodules 
of $M. The author says that Qt’ is divisible by Mt if there 





exists an endomorphism ¢ of Jt such that N’C¢(N). If ¢ 
may be taken to be an automorphism, then Jt’ is called 
A-divisible by 0’; if ¢ may be taken so that Jt’ = g(MN), then 
MN’ is called H-divisible by N. If the rank s’ of N’ is (strictly) 
smaller than that s of Jt, then these three conditions are 
equivalent to each other and to the condition that the E.D. 
(elementary divisors) ¢;’, ---,¢.’ of R’ (ie. the E.D. of 
M/N’) be divisible by the corresponding E.D. ¢;, - + -, e of 
MN (e; being a divisor of ¢;,;). If s=s’, the latter condition is 
still necessary for divisibility, but no longer sufficient: there 
must furthermore exist an integral ideal ¢ such that 
C(M’)C(M) ~c (where C(---) is the class of a module - - -) 
and (¢;’¢:~")---(e,’e,) =0 (mod c). If c=o, then MN’ is A- 
divisible by N, and conversely ; if ¢= (e;’¢:-*) - - - (e,’e.~"), then 
N’ is H-divisible by N (and conversely). For R’ to be equiva- 
lent to 9 (i.e. to be the image of 2 under an automorphism 
of M2), it is necessary and sufficient that ¢,// =e; (é=1, ---,s), 
C(N’) = C(N) ; this is also necessary and sufficient for M/N 
and 9/N’ to be isomorphic to each other. These results are 
then translated in terms of matrices. 

Let now D=D(m, n) be the set of all (m, »)-matrices 
with coefficients in 0, 0,.=D(m, m), 0,=0(n, m), so that D 
is 0,,-left-module and 0,-right-module. Let A, B be in 0; 
then A, B are called left- (resp., right-) equivalent if D/o,,A 
(resp , ©/A0,) is isomorphic as an 0,,-left-module (resp., as 
an 6,-right-module) to D/o,,B (resp., to O/Bo,). It is proved 
that chese two notions are equivalent to each other and to 
the usual equivalence of the matrices A, B. 

C. Chevalley (New York, N. Y.). 
Kaplansky, Irving. Representations of separable algebras. 

Duke Math. J. 19, 219-222 (1952). 

The first.part of the paper gives a new proof of the follow- 
ing theorem due to the reviewer and Kiokemeister [Trans. 
Amer. Math. Soc. 62, 404-430 (1947), Theorem 3.4; these 
Rev. 9, 407]. If V and W are vector spaces of countable 
dimension over a division ring, if A is the ring of all linear 
transformations on V, and if ¢ is a representation of A by 
linear transformations on W, then: (1) ¢ is faithful; (2) W 
is a direct sum of A-submodules isomorphic to V; (3) the 
weak topologies induced on A by V and W coincide. The 
second part of the paper gives the Hilbert space analogue 
of this theorem. R. E. Johnson (Northampton, Mass.). 


Lister, William G. A structure theory of Lie triple systems. 

Trans. Amer. Math. Soc. 72, 217-242 (1952). 

Let [ab] be the composition in a Lie algebra L, and T be 
a subspace of L closed with respect to [[ab]c]. N. Jacobson 
has called T a Lie triple system (L.t.s.) [Amer. J. Math. 71, 
149-170 (1949); these Rev. 10, 426]. Using anti-commuta- 
tivity and the Jacobi identity, he derived a set of five iden- 
tities involving the ternary composition [abc]=[[ab]c]. A 
vector space equipped with a trilinear composition [abc] 
satisfying these five identities may be called an abstract 
L.t.s. Jacobson has shown [Trans. Amer. Math. Soc. 70, 
509-530 (1951); these Rev. 12, 797] that any abstract L.t.s. 
T of characteristic #2 has a (1—1) embedding R (that is, 
R is linear and [xys]*=[[x*y"]s*]) in a Lie algebra 
L=T*®@[T*T*). Clearly L is finite-dimensional in case T is. 

The subject of this paper is a systematic investigation of 
(abstract) finite-dimensional L.t.s. over a field of character- 
istic 0. Analogues of the principal structure theorems for Lie 
algebras are proved, culminating in the classification of 
simple L.t.s. over an algebraically closed field. Many results 
concerning the universal Lie algebra of a L.t.s. (that is, the 
enveloping Lie algebra of the universal embedding), deriva- 
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tions of L.t.s., and completely reducible L.t.s. are obtained. 
Only the structure theory is summarized below. 

An ideal of a L.t.s. Tis a subspace V for which [V7T]S V. 
The ideals V of T are precisely the kernels of homomor- 
phisms, and T—V is defined in the obvious way. Write 
V®=[TVV]and VW =[TV®-» V*-), and call V solvable 
in case there is a positive integer k for which V™ =0. The 
radical R(T) is the unique maximal solvable ideal of T, and 
T is called semisimple in case R(T)=0. Then T—R(T) is 
semisimple, and R(T) is contained in any ideal V such that 
T— V is semisimple. A L.t.s. is semisimple if and only if it 
is the direct sum of simple ideals. By use of the second 
Whitehead lemma for Lie algebras the following analogue 
of Levi's theorem is proved: for any L.t.s. 7, there is a 
semisimple subsystem S such that T=R(T)@S. 

The following comprise all simple L.t.s.: (i) the L.t.s. of 
simple Lie algebras; (ii) the L.t.s. of elements skew-sym- 
metric relative to automorphisms of period 2 in simple Lie 
algebras. This theorem reduces the classification of simple 
L.t.s. over an algebraically closed field to a consideration of 
the algebras in the Killing-Cartan list and their automor- 
phisms of period 2. For example, it turns out that the simple 
Lie algebras of class A give rise to simple L.t.s., in addition 
to the algebras themselves, as follows: (i) the matrices 
of trace 0 skew-symmetric relative to the automorphism 
A—P,}AP,.,, where P,,, is the n-rowed diagonal matrix 
diag {J,, —Z,_-}; (ii) the symmetric matrices of trace 0; 
(iii) the symplectic symmetric matrices of trace 0 (m even). 
Similar explicit results are given for the simple L.t.s. belong- 
ing to the other infinite classes of simple Lie algebras. For 
simple L.t.s. belonging to the exceptional Lie algebras, a 
method is given for computing the multiplication tables. 
Since this method relies on a determination of simple L.t.s. 
over the field of complex numbers, the author proves that 
every simple L.t.s. over an arbitrary algebraically closed 
field Q has a rational multiplication table; this is sufficient 
for the extension of the results on complex simple L.t.s. to 
simple L.t.s. over. R. D. Schafer (Philadelphia, Pa.). 


Falk, Gottfried. Konstanzelemente in Ringen mit Differ- 

entiation. Math. Ann. 124, 182-186 (1952). 

Let § be the free polynomial ring in the noncommutative 
indeterminates x;, X2, ---, xX, with coefficients in the field K 
of real numbers. In § a differentiation can be defined. by 
assuming it to be linear, that dx,/dx;=éy, and that 
8( fg) /dx;= (af/dx,)g+ f(dg/dx,). An element h of § is said to 
be a constant element if dh/dx,;=0 (t=1, 2, ---,m). The 
set of all constant elements forms a subring of §. If 
(fg)=fg—zf, then it is easy to see that the simple com- 
mutators (x,, x;) are constant elements. The same is also true 
for the iterated commutators (x;, (x;, xx)), (x, (xj, (xn%1))), 
and so on. The author shows that the subring of § generated 
by these iterated commutators over K is exactly the subring 
consisting of the constant elements of {§. Some other related 
results are also obtained. N. H. McCoy. 


Nakayama, Tadasi. On derivation and cohomology in 
simple and other rings. I. Duke Math. J. 19, 51-63 
(1952). 

Soient A un anneau ayant un élément unité, C un sous- 
anneau de A contenant |’élément unité de A ; supposons que 
A, considéré comme C-module 4 droite, admette une base 
de n éléments. Alors |l’anneau des endomorphismes de ce 
C-module est un A-module a gauche admettant une base de 
n éléments; lorsqu'on peut prendre pour ces n éléments des 





endomorphismes qui sont des applications semi-linéaires de 
A dans lui-méme, quand on considére A comme A-module a 
gauche, on dit que C est un sous-anneau faiblement galoisien 
de A. Dans un autre travail [a paraitre ] l’auteur a montré 
que si A est un anneau simple de longueur finie, C un sous- 
anneau simple de longueur finie de A, qui est faiblement 
galoisien dans A, alors A, considéré comme bimodule a 
gauche (sur A) et a droite (sur C), est complétement ré- 
ductible. I] en déduit que dans les mémes conditions, si B 
est un anneau simple de longueur finie, intermédiaire entre 
A et C, le produit tensoriel A@cA est complétement ré- 
ductible quand on le considére comme bimodule sur A 
(a gauche) et sur B (a droite). De ce résultat, il tire, au 
moyen de !a théorie des groupes de cohomologie de dimen- 
sion 1, que toute dérivation de B dans A s’annulant dans C 
peut se prolonger en une dérivation intérieure de A (général- 
isation d'un théoréme classique sur les algébres simples de 
rang fini). Par des méthodes analogues, il montre que cer- 
tains groupes de cohomologie de dimension supérieure de B, 
a valeurs dans certains types de bimodules, sont nuls. 
J. Dieudonné (Nancy). 





Theory of Groups 


Bruck, R. H. Loops with transitive automorphism groups. 

Pacific J. Math. 1, 481-483 (1951). 

A loop with the ascending chain condition for normal sub- 
loops and with an automorphism group which is transitive 
on the non-zero elements is either a simple loop or an abelian 
group of type (p, p, ---, ). However, a simple loop need 
not have a transitive automorphism group. 

H. A. Thurston (Bristol). 


Dubreil-Jacotin, Marie-Louise, et Croisot, Robert. Sur 
les congruences dans les ensembles of sont définies 
plusieurs opérations. C. R. Acad. Sci. Paris 233, 1162- 
1164 (1951). 

Let E be a sub-demigroup of a demigroup G, such that 
xE = Ex for all xG, and let a=b (EZ) mean that ae=be* for 
some ¢, e*eE. It is shown that (2) is a congruence relation 
for a second binary operation @, if and only if, for any 
e, e*eE and x, yeG, there exist e’, e’’eE such that 


[ (xe) © (ye*) Je’ = (x @y)e”. 
This result is applied to congruence relations on /-groups, 


rings, multiplicative demilattices, and lattices. 
G. Birkhoff (Cambridge, Mass.). 


Teissier, Marianne. Sur la théorie des idéaux dans les 
demi-groupes. C. R. Acad. Sci. Paris 234, 386-388 
(1952). 

This paper is concerned with certain properties of ideals 
in a semi-group D, and is in three parts. In the first part, 
idempotent minimal left ideals of D are considered (G is 
idempotent if G’=G). It is observed that the relation 
GG’ #0 between such ideals is an equivalence relation. If G 
is such an ideal, the class of such ideals equivalent to G 
consists of all such ideals contained in GD, and GD is the 
union of such ideals. In the second part, the radical R of D 
is defined, as for rings, as the union of all nilpotent left (or, 
alternatively, right) ideals. In the last part, the minimal 
condition on left ideals is assumed to hold in D. It is shown 
that, in this case, D—R has no nilpotent ideals. Further, if 
D has no zero, the union of all minimal left ideals of D is 
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the minimal ideal T of D (Clifford, Amer. J. Math. 70, 
521-526 (1948), p. 522; these Rev. 10, 12] and T=GD for 
all minimal left ideals G. Finally, a left ideal M is termed 
a minor ideal if every proper sub-ideal of M is a union of 
minimal left ideals of D. By considering D—T it is shown 
that either M?= M or M*CT. If the former holds M contains 
only a finite number of minimal left ideals and if M’ is a 
minor ideal contained in MD, then M’ contains the same 
number of minimal left ideals. D. Rees. 


Thierrin, Gabriel. Sur les éléments inversifs et les élé- 
ments unitaires d’un demi-groupe inversif. C.R. Acad. 
Sci. Paris 234, 33-34 (1952). 

An inversive demigroup D has been defined by the author 
[same C. R. 232, 376-378 (1951); these Rev. 12, 389] to be 
an associative groupoid in which, corresponding to each x, 
there is an element x’, called an inversive element of x, 
such that xx’x=<x. If, furthermore, x’xx’=x’, x and x’ are 
said to be reciprocal. Every element x possesses a reciprocal 
element (namely, x’xx’’ when x’ and x” are inversive elements 
of x). If xx’x =x, the element x’x (the element xx’) is called 
a right (left) unitary element of x. The set of right (left) 
unitary elements of x in D is an inversive demigroup which 
is a right (left) anti-semigroup [see the following review ]. 

F. Kiokemeister (Chicago, Ill.). 


Thierrin, Gabriel. Sur une classe de demi-groupes in- 

versifs. C. R. Acad. Sci. Paris 234, 177-179 (1952). 

An anti-semigroup A is a demigroup (associative groupoid) 
in which xy = st and xz implies y=t. In A, xy=2t and y#t 
will imply x=z. A right (left) anti-semigroup is one in 
which xy=x (yx=x) for every x and y. Every anti-semi- 
group is either right or left. In fact, A is an anti-semigroup 
if and only if A is a groupoid in which either xy=< for all 
x, y or yx=x for all x, y. An anti-semigroup is an inversive 
demigroup [see the preceding review] in which each x 
possesses every y as an inversive element. 

F. Kiokemeister (Chicago, Ill.). 


Thierrin, Gabriel. Sur une classe de transformations dans 
les demi-groupes inversifs. C. R. Acad. Sci. Paris 234, 
1015-1017 (1952). 

If, in an inversive demigroup D, y’ is an inversive element 
of y [see the two preceding reviews ], then y’xy is called a 
right transform of x. The set of elements y’Dy is a sub- 
demigroup of D with right identity y’y. If yy’ commutes 
with every element of D, then y’Dy is inversive, y’y is also 
a left identity, and the transform defines a homomorphism. 
Other properties of the transform are stated. 

F. Kiokemeister (Chicago, IIl.). 


Thurston, H. A. Certain congruences on quasigroups. 

Proc. Amer. Math. Soc. 3, 10-12 (1952). 

A bi-unique correspondence is shown to exist between 
the reversible (i.e. normal) congruence relations on a quasi- 
group S and a subset of the normal subgroups of the trans- 
formation group of S. This correspondence is of such a 
character as to yield the theorem that any two reversible 
congruence relations on S are permutable [see Trevisan, 
Rend. Sem. Mat. Univ. Padova 19, 367-370 (1950); these 
Rev. 12, 313]. F. Kiokemeister (Chicago, IIl.). 


Todd, J. A. On a conjecture of D. E. Littlewood. Proc. 
Cambridge Philos. Soc. 48, 203 (1952). 
The simple group G of order 560 has a maximal subgroup 
A of order 12 such that the permutation representation of G 





afforded by the cosets of H has one irreducible constituent 
of multiplicity two. This is a counterexample to a conjecture 
of D. E. Littlewood [p. 14, The theory of group characters 
and matrix representations of groups, 2nd ed., Oxford, 1950; 
for a review of the first edition see these Rev. 2, 3] that if H 
is maximal in a group G then no irreducible constituent of 
the corresponding permutation representation has multi- 
plicity greater than one. R. M. Thrall. 


Zia-ud-Din, M. Groups and conjugate matrix solutions of 
equations. Proceedings of the First Pakistan Statistical 
Conference held in the University of the Panjab, Lahore, 
1950, pp. 63-65. Panjab University Press, Lahore, 1951. 
Let G be a finite group, let C; be the sum of all elements 

in the ith conjugate class of G (¢=1, ---,k). The C; are a 
basis for the center Z of G. It is pointed out how to obtain 
the irreducible representations of Z and the regular repre- 
sentation of Z in terms of the characters of G. Although 
these results are stated only for the symmetric group, they 
actually hold in general. R. M. Thrall. 


Ito, Noboru. A theorem on the alternating group U,(n=5). 
Math. Japonicae 2, 59-60 (1951). 
Proof that every element of %,,(m25) can be expressed as 
a single commutator [cf. O. Ore, Proc. Amer. Math. Soc. 2, 
307-314 (1951); these Rev. 12, 671]. G. Higman. 


Wielandt, Helmut. Uber das Produkt paarweise ver- 
tauschbarer nilpotenter Gruppen. Math. Z. 55, 1-7 
(1951). 

Let Gi, G2,---,Ge be pairwise permutable nilpotent 
groups. If each product G,G; is solvable then G=G,G;- - -G, 
is solvable; moreover, each Sylow subgroup P of G is a 
product P,---P, of pairwise permutable Sylow subgroups 
P; of G; (é=1, ---, &) and the Sylow subgroups of G corre- 
sponding to distinct primes are permutable. In particular, 
if G, is nilpotent, and if each of Go, ---, Gy is either abelian 
or of prime power order then G is solvable. If the G; are 
cyclic, if P;,---,P, are the distinct prime factors of the 
order of G, and if P; is a P;-Sylow subgroup of G then 
P,, P;P:z, ° -+, PP: . -P, are normal subgroups of G. 

R. M. Thrall (Ann Arbor, Mich.). 


‘ Douglas, Jesse. On finite groups with two independent 
generators. I. Proc. Nat. Acad. Sci. U. S. A. 37, 
604-610 (1951). 

Douglas, Jesse. On finite groups with two independent 
generators. II. Proc. Nat. Acad. Sci. U. S. A. 37, 

} 677-691 (1951). 

Douglas, Jesse. On finite groups with two independent 

generators. III. Exponential substitutions. Proc. Nat. 

Acad. Sci. U. S. A. 37, 749-760 (1951). 

Douglas, Jesse. On finite groups with two independent 
generators. IV. Conjugate substitutions. Proc. Nat. 

| Acad. Sci. U. S. A. 37, 808-813 (1951). 

Let a group G of order mn possess cyclic subgroups A and 
B, of orders m and n, respectively, and let the intersection 
of A and B consist of the unit-element only. If A and B are 
generated by a and }, respectively, then from the fact that 
A and B must be permutable it follows that there exist 
formulae ba*=a*®™}>¥@ and b¥a=a*™ be, Here @(x) and 
¢(y) are permutations of the residue classes modulo m and n, 
respectively. The idea of the author is to attack directly 
this permutational aspect of the situation. He shows that 
6(x) and g(y) determine the structure of the group G com- 
pletely; indeed b¥a* =a" b**™ and a*b¥a*bh* =a*t" prt" w 











622 _ MATHEMATICAL REVIEWS 


He determines properties of permutations which are neces- 
sary and sufficient to associate them with a group G in the 
manner indicated above. With the help of these criteria he 
finds many properties of groups which are the product of 
two permutable cyclic subgroups, e.g. that they are soluble. 
He determines the normalizers of A and B, respectively, 
also maximal Abelian subgroups and the order of the centre 
of G. The discussion is in permutational rather than group- 
theoretical language throughout. The extensive literature 
on permutable products of two cyclic groups is not taken 
into account. For a survey see, e.g., the paper of Wielandt 
reviewed above. K. A. Hirsch (London). 


Baer, Reinhold. Endlichkeitskriterien fiir Kommutator- 
gruppen. Math. Ann. 124, 161-177 (1952). 
Generalisations in two directions of the theorem that a 

group whose centre is of finite index has finite commutator 

subgroup [R. Baer, Trans. Amer. Math. Soc. 58, 295-347, 

348-389, 390-419 (1945); these Rev. 7, 371, 372; B. H. 

Neumann, Proc. London Math. Soc. (3) 1, 178-187 (1951); 

these Rev. 13, 316]. 

If A is a group of automorphisms of the group G, denote 
by G-'+4 the set of elements g-'g*, geG, aeA, and by F(A) 
the set of elements g such that g=g* for all a in A. Then the 
following statements are equivalent: (i) A and the index of 
F(A) in G are both finite; (ii) G-**4 and the index of F(A) 
in G are both finite; (iii) G~-**4 is finite and A is finitely 
generated; (iv) the index of F(A) in G is finite and the set 
g4 is finite for each g in G. Moreover, if the set of elements 
G~'+4 is finite, so is the subgroup it generates. Applications 
are given, e.g., to prove that if U, V, are subgroups of the 
same group, and at least one is normal, then if there are only 
a finite number of distinct commutators u~v"'uv, ueU, ve V, 
then the subgroup [U, V] they generate is finite. 

On the other hand, let the m-centre of a group G consist 
of those elements z such that (zg)"=2"g" and (gz)* = g*z* for 
all g in G, and let the n-commutator subgroup of G be the 
subgroup generated by (gh)"h-*g*, g, heG (cf. O. Griin, 
Math. Nachr. 3, 77-94 (1949); these Rev. 12, 240]. Then if 
the n-centre is of finite index, the n-commutator subgroup 
is finite. G. Higman (Manchester). 


Zappa, Guido. Sulla risolubilita dei gruppi finiti in iso- 
morfismo reticolare con un gruppo risolubile. Giorn. 
Mat. Battaglini (4) 4(80), 213-225 (1951). 

G. Birkhoff [Lattice Theory, 2nd ed. Amer. Math. Soc. 
Colloq. Publ. v. 25, New York, 1948, p. 99; problem 40; 
these Rev. 10, 673] has raised the following problem: Two 
groups G and H have isomorphic subgroup lattices and G is 
soluble. Is H also soluble ? The author obtains an affirmative 
answer under the restriction that G and H are finite groups. 
The method of proof is to establish the existence, in H, of 
subgroups of suitable indices and to apply the well known 
theorem of P. Hall [J. London Math. Soc. 12, 198-200 
(1937) ] that a group is soluble if and only if it has Sylow- 
complements for every prime divisor of its order. The same 
result has been obtained by M. Suzuki [Trans. Amer. Math. 
Soc. 70, 345-371, 372-386 (1951); these Rev. 12, 586, 587). 

K. A. Hirsch (London). 


Berlinkov, M. L. Groups po a compact lattice of 
subgroups. Doklady Akad. Nauk SSSR (N.S.) 82, 505- 
508 (1952). (Russian) 

The infinite sequence A, of subgroups of a group is 
called convergent if U*D,=()*S,, where Dasi=Q\n>nAni 

Sn41= {An, m>n}. This is the“ inclusion” topology which is 





defined generally in any complete lattice. If every infinite 
sequence of subgroups of G contains a convergent subse- 
quence, then G is called a ‘group with compact lattice” 
(g.c.L.). Such a group must be periodic. The following struc- 
ture theorem is stated. Let G be periodic. Then G is a g.c.l. 
if for each prime p there is a normal divisor H, such that 
G/H, is a g.c.l.; H, centralizes all elements of G which have 
order equal to a power of »; H, contains no element of 
order p. An example is given to show that a g.c.l. need not 
be a direct product. If a g.c.l. is locally normal, then it is a 
direct product FXH, where F is a (possibly void) direct 
product of »* groups for distinct primes, and no element in 
H has order divisible by any of these primes; moreover, 
every p-subgroup of H is finite. A g.c.l. which is solvable 
must have this form; more generally, so does a g.c.l. which 
has a solvable normal divisor with locally normal quotient 
group. The question of the existence of a g.c.l. which is not 
locally finite is left open. J. L. Brenner. 


Takahasi, Mutuo. Note on word-subgroups in free prod- 
ucts of groups. J. Inst. Polytech. Osaka City Univ. Ser. 
A. Math. 2, 13-18 (1951). 

If a set {W} of words W;= W,(x;) on letters x; and their 
inverses is given, then in a group G the set of elements 
W.(g;) for g; arbitrary in G generates a word subgroup W(G) 
in G. The derived groups and the groups of the lower central 
series of G are word subgroups. Word subgroups are fully 
invariant, and in a free group it is true that conversely every 
fully invariant subgroup is a word group. The author notes 
that if G is a free product []FAx, then for a word subgroup 
W(G), W(G)n A;=W(A;). This follows since there is a 
homomorphism of G which is a retract onto A;, mapping 
A, onto 1 for k#j and leaving elements of A; fixed. Hence 
if [[:Wdg)=a,eA;, then, mapping .G onto A;, ajW(A)). 
From this and the subgroup theorem for free products a 
number of results are derived, of which one is that the de- 
rived group of a free product of abelian groups is a free 
group. Marshall Hall (Washington, D. C.). 


Takahasi, Mutuo. Primitive locally free groups. J. Inst. 
Polytech. Osaka City Univ. Ser. A. Math. 2, 1-11 (1951). 
A group G is locally free if every finite set of elements 
generates a free group. If every such subgroup H can be 
embedded in a free subgroup F, with r generators, the least 
possible r is called the rank of G. Locally free groups of rank 
one are well known to be isomorphic to subgroups of the 
additive group of rational numbers. This paper studies 
locally free groups which are the free products of groups of 
rank one, and the author calls these groups completely re- 
ducible. It is shown that G is completely reducible of rank r 
if it contains a free subgroup H of rank r, such that for any 
free group K of rank r with GO KDH, the free generators 
of H may be taken as powers of an appropriate set of free 
generators for K. Marshall Hall (Washington, D. C.). 


Cernikov, S. N. On the theory of complete groups. In- 
finite groups with finite layers. Amer. Math. Soc. Trans- 
lation no. 56, 102 pp. (1951). 

Translated from Mat. Sbornik N.S. 22(64), 319-348, 101- 

133 (1948); these Rev. 9, 566. 


Mattioli, Ennio. Sopra un’altra proprieta di gruppi abeliani 
finiti. Ann. Scuola Norm. Super. Pisa (3) 5, 121-141 
(1951). 

Generalizing previous results [Ann. Scuola Norm. Super. 

Pisa (3) 3, 59-65 (1950); these Rev. 12, 155], the author 





_— *> ~~ es 46 OD 46 6 oe oO 


inite 
ibse- 
‘ice”’ 
ruc- 
z.c.l, 
that 
lave 
t of 
not 
isa 
rect 
it in 
ver, 
able 
hich 
jient 
not 


rod- 
Ser. 


heir 
ents 
‘(G) 
tral 
ully 


otes 
oup 
sa 
ing 


A,). 
isa 
de- 


nst. 
51). 
nts 


-ast 
ank 
the 
lies 
s of 


ik r 


141 





MATHEMATICAL REVIEWS 623 


proves that an abelian group G of type (1,1, ---, 1) and 
order p* can be decomposed into the product of »/(p+1) 
independent subgroups G;, each of type (1,1, ---,1) and 
order p?*', such that the product of the subgroups I'(G,) is 
contained in I'(G), where the notation I'(G) indicates a sub- 
group of G giving a certain coset-decomposition as described 
in the previous paper. He also proves that if P is the square 
of a prime number, h2=2, and N=(P*—1)/(P—1), then, 
from among the P* ordered P-sets of N different objects 
(with repetitions), a set of P¥—* can be chosen so that any 
other ordered P-set differs from one of them in just one 
place. H. A. Thurston (Bristol). 


Hajés, G. Sur la factorisation des groupes abéliens. 
Casopis P&st. Mat. Fys. 74 (1949), 157-162 (1950). 
(French. Czech summary) 

The author considers various problems connected with 
the factorisation of abelian groups and the filling of space 
by congruent hypercubes. Let A and B be two subsets of a 
given group G; then we write AB=G if corresponding to 
any geG there exist unique elements aeA, beB, such that 
ab=g, and we say that G is divisible by A and by B. A 
subset S consisting of elements 1, a, a’*, ---, a*—' is called a 
series; when k is the order of a, S is a cyclic subgroup and 
is then said to be periodic. More generally, a subset A is 
called periodic if aA = A for some aeG and A is then divisible 
by the cyclic subgroup generated by a. The Minkowski con- 
jecture concerning homogeneous linear forms is equivalent 
to the author’s theorem [Math. Z. 47, 427-467 (1941); these 
Rev. 3, 302] that if a finite abelian group is factorisable as 
G=S,S:---S, where S,, S2, ---,.S, are series, then at least 
one 5S; is periodic. Various extensions of this result are 
discussed, the most important being the following: (P) If 
G=AB, where G is a finite abelian group, then one of the 
two factors A, B is divisible by a group (other than the 
unit element 1). The truth or falsity of (P) for various kinds 
of abelian groups is considered. For a cyclic group G of order 
p” (p prime) it is shown that (P) is true. Let a generate G, 
and put A(x) = >-fusx**, B(x) = >-5..1x*/, where A and B con- 
sist of the elements a*‘(¢=1, 2, - - -,), a®i(j=1,2, ---,m) re- 
spectively. Then AB=G implies A (x)B(x) =0 (mod x*"—1). 
From this it is easily deduced that at least one of A(x), 
B(x) is divisible by the cyclotomic polynomial of degree 
p” (p—1), which implies that A or B is periodic. It is also 
known that (P) is true when G is of order p* and noncyclic 
[L. Rédei, Acta Math. 79, 273-290 (1947); these Rev. 
9, 271]. 

For infinite abelian groups (P) need not be true, and an 
example due to Szele of an infinite cyclic group factorisable 
into two factors A, B each containing an infinity of members 
and each not divisible by a group (#1) is given. However, 
if G is infinite and cyclic and if one of the factors, say A, 
is finite then the author proves that B must be a cyclic 
group and states that this has also been shown by de Bruijn. 
An example is constructed of a noncyclic group G possessing 
no element of finite order (other than 1) for which there 
exists a factorisation G=AB with finite A without B being 
cyclic. 

A method of constructing factorisations of finite abelian 
groups is given in which one factor is divisible by a group. 
The problem of factorisation is also formulated in terms of 
the associated group algebra, and is shown to be closely 
connected with that of finding all divisors of zero of the 
group algebra. That such divisors need not be periodic if G 





is cyclic of order Np" is shown by the example 
(a* — 2a*+-2a—1)(a*+-2a*+2a+1)=0 


for the group defined by a*=1; here neither factor is 
periodic. R. A. Rankin (Birmingham). 


Hajés, G. Sur le probléme de factorisation des groupes 
cycliques. Acta Math. Acad. Sci. Hungar. 1, 189-195 
(1950). (French. Russian summary) 

It is shown that the proposition (P) of the preceding re- 
view is false if G is a finite cyclic abelian group whose order 
is the product of three integers having no common factor, 
provided that at least two of these integers are composite. 
The given group G is represented as the factor group P/R 
of two suitably chosen translation groups. P consists of 
those translations which carry a unit hypercube x centred 
at the origin in n-dimensional Euclidean space into another 
congruent hypercube centred at some other lattice point. 
A larger paralleletope p contains and several other hyper- 
cubes of the first system, and the space is filled with 
paralleletopes congruent to p, the centres not necessarily 
forming a lattice, but such that R, the set of translations 
which transforms the new configuration (p) into itself, is a 
subgroup of P. The translations TeP for which Tx ep deter- 
mine a set A of cosets of P relative to R. Similarly, the 
translations TeP for which Tpe(p) define a set B of cosets 
relative to R. It is shown that G=AB and, by choosing the 
system (p) suitably, this result is used to prove the theorem 
stated. An alternative proof expressed purely in group- 
theoretical terms is also given. The simplest group satisfying 
the conditions is of order 180 and can be factorised into 
two non-periodic factors containing 6 and 30 elements 
respectively. R. A. Rankin (Birmingham). 


Rédei, L. Ein Beitrag zum Problem der Faktorisation von 
endlichen Abelschen Gruppen. Acta Math. Acad. Sci. 
Hungar. 1, 197-207 (1950). (German. Russian sum- 
mary) 

The two papers by Hajés reviewed above decide the truth 
or falsity of the proposition (P) (see first review) for finite 
cyclic groups of order m except when » is of the forms p*q’, 
p*ar, pars, where p, q, r and s are different primes and e, f are 
positive integers. The author proves that (P) is true for finite 
cyclic groups of orders p*, pg and pgr. The subsets A, B 
occurring in a factorisation G=AB are made to correspond 
to polynomials A(x), B(x) as described in the review of the 
first paper of Hajés. The relation A(x)B(x)=0 (mod x*—1) 
shows that A(x) =#,(x) f(x), B(x) =42(x)f2(x) where 


©, (x)Bo(x) =1+-2+2°+--- +x", 


and hence each polynomial #;,(x) consists of products of 
certain of the polynomials F,(x) for d|m, where F,(x) is the 
cyclotomic polynomial of the mth roots of unity. Several 
alternative possible factorisations have to be considered 
before itis possible to conclude that one of A and B is 
divisible by a group (#1), and the argument is too detailed 
to admit a brief description. R. A. Rankin. 


Higman, Graham. Unrestricted free products, and va- 
rieties of topological groups. J. London Math. Soc. 27, 
73-81 (1952). 

Let G,, aeA, be a set of groups indexed by the set A. The 
finite subsets of A form a directed set, if ordered by inclu- 
sion. For each finite subset r of A construct D,, the free 
product of the groups G,, aer. If rCs are finite subsets of A, 
then a natural homomorphism of D, onto D, is given by 
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mapping onto the identity those G,’s with aes, a non-er. 
These homomorphisms and the directed set determine the 
inverse limit of the groups D, and this is taken as the defini- 
tion of the unrestricted free product F of the groups G,. This 
is in analogy to the unrestricted direct product, which could 
be constructed in a similar way by using direct products. 
The unrestricted free product F contains the ordinary free 
product F* as a subgroup and F and F* will be equal only 
if A is finite. If A is infinite F can be regarded as the com- 
pletion of F* in terms of a subgroup topology as given by 
the reviewer [Ann. of Math. (2) 52, 127-139 (1950); these 
Rev. 12, 158] where we take as neighborhoods of the iden- 
tity the kernels of the natural homomorphisms mapping F 
onto D,. 

A number of results are found for the case in which F is 
the unrestricted product of a countable number of infinite 
cyclic groups. F is not a free group. The derived group is not 
closed. F contains a subgroup P which is not free but is such 
that the only freely irreducible subgroups of P are infinite 
cyclic groups. Marshall Hall (Washington, D. C.). 


Téyama, Hiraku. On Haar measure of some groups. 

Proc. Japan Acad. 24, no. 9, 13-16 (1948). 

The author obtains the following formula for the Haar 
measure of the unitary group, the unitary symplectic group 
and the orthogonal group of Xm matrices in terms of 
Cayley’s parametrization U=(£+iH)(E—iH)—, H, Her- 
mitian: 

d= |E+H?|~!*dh. 


Here E is the unit matrix, r is the dimension of the group, 

and dh stands for the product of the r differentials of the 

real and imaginary parts of the independent coefficients of H. 
A. M. Gleason (Washington, D. C.). 


Kosambi, D. D. Series expansions of continuous groups. 

Quart. J. Math., Oxford Ser. (2) 2, 244-257 (1951). 

This paper is primarily concerned with “transformation 
groups” which are realizations of the one-parameter real 
Lie group by mappings of a vector space V of elements ¢ 
upon itself, i.e. g¢—+T(¢, t). The functions involved in this 
mapping and the composition function for the group are 
assumed to be continuous and uniformly approximable by 
power series. Since the main purpose is to develop this 
theory by means of the algebra of operators, questions of 
convergence do not arise. First it is shown that from the 
above assumptions and the usual postulates for an abstract 
group it follows that the composition function for the group 
may be expressed as ¥(s, #)=s+# (this is the well known 
expression in canonical parameters, but obtained in a most 
direct and economical manner). Assuming the formal expan- 
sion of T(¢,t) = ¢+tKig+fK.e/2!+ - --, the set of operators 
1, Ki, Ks, --- define the transformation and it follows from 
the group property that K, is expressible as a polynomial of 
degree nm in K, with the coefficient of the highest power 1 
and no constant term. Then it follows that by an appropri- 
ate transformation these operators may be transformed into 
K,=L, K,=L" so that T(¢, t) = (exp tL) ¢. The author illus- 
trates these ideas by considering as the vector space V the 
space of integrable functions of a real variable and also the 
space of functionals or of distributions. The last part of the 
paper is devoted to applications of the operator L to differ- 
ential geometry. The operator L is what the reviewer called 
the Lie variation and what is now commonly called the Lie 
derivative. Although some definitions are inaccurately 





stated and some results improperly credited, the paper 
unifies and generalizes many mathematical concepts. 
M. S. Knebelman (Pullman, Wash.). 


Pernet, Roger. Un caractére topologique du groupe con- 
forme. C. R. Acad. Sci. Paris 233, 1340-1342 (1951). 
“‘Détermination, en vue d’extensions ultérieures, d’un 

caractére topologique du groupe conforme dans E;. Trans- 

formations induites sur le produit des deux structures fibrées 
triviales d’une sphére invariante.” (From the author's 

summary). S. Chern (Chicago, Ill.). 


Pernet, Roger. Une extension du groupe conforme. C-. 
R. Acad. Sci. Paris 233, 1419-1421 (1951). 
“Construction d’un groupe engendré par I’adjonction au 

groupe conforme d’un groupe de quasi-inversions et quasi- 

homothéties. Variétée homogéne associée. Applications 
diophantiennes.” (From the author’s summary). 
S. Chern (Chicago, IIl.). 


Hochschild, G. The automorphism group of a Lie group. 

Trans. Amer. Math. Soc. 72, 209-216 (1952). 

Let A(G) be the group of all continuous and open auto- 
morphisms of a locally compact group G, the topology of G 
being defined as usual using compact and open subsets of G. 
In the case of a Lie group G, the author proves the following 
results on A(G). Let Gp be the connected component of the 
identity in G, I(Go) the group of inner automorphisms of Gop 
and E(Go,G) the natural image of A(G) in A(Go). 1) If 
G=Gp», A(G) is isomorphic to the corresponding subgroup 
of automorphisms of the Lie algebra of G. 2) If G/Go is 
finitely generated, A(G) is a Lie group and has at most 
countably many components. 3) The natural mapping p of 
A(G) onto E(Go, G) is open if and only if E(Go, G) is closed 
in A(Go). 4) The same mapping p is also open, if G/Gp is 
finite and I(Go) is closed in A(Gp). K. Iwasawa. 


Abdelhay, J. Groupes normés. Revista Cientffica 2, 28- 

32 (1951). (Portuguese. French summary) 

Let T denote an additive group and X an arbitrary set. 
The author considers a function x-t on X XT to X such 
that (1) x-0=0, (2) (x-t:)-te=x-(t: +42), (3) t=0 if x-t=x 
for every x. Several very elementary theorems are proved, 
in some of which condition (3) is not required. In several 
places it is unnecessarily assumed that T is abelian. Sample 
theorem: In order that there be defined on T a norm |j¢|| 
with the usual properties, it is necessary and sufficient that 
there exist a metric space X and a function satisfying (1)—(3) 
such that the distance (x-t,x) is independent of x. This 
distance is then ||||. A. EZ. Taylor (Los Angeles, Calif.). 


Michiura, Tadashi. Remark on a representation of simply 
ordered groups. Nederl. Akad. Wetensch. Proc. Ser. A. 
54 = Indagationes Math. 13, 386-387 (1951). 

The known fact, that every continuously ordered group 
is isomorphic to the additive group G# of all real numbers, 
is deduced from the known fact that any Archimedean 
ordered group is isomorphic to a subgroup of G#. 

G. Birkhoff (Cambridge, Mass.). 


Matsushita, Shin-ichi. On the foundation of orders in 
groups. J. Inst. Polytech. Osaka City Univ. Ser. A. 
Math. 2, 19-22 (1951). 

L’auteur appelle “order bud” d’un groupe G, d’élément 
neutre ¢, tout sous-ensemble P de G tel que eeP et PPCP; 

si pour tout ¢, P est dit normal. I] montre (ce qui est im- 
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médiat) que pour que P normal soit tel que Pu P-'=G, il 
faut et il suffit que la relation de préordre “‘x~yeP” soit 
filtrante et donne quelques propriétés évidentes des ordres 
quotients sur G/Pn P— et G/Pu P-. J. Riguet 


Clifford, A.H. A noncommutative ordinally simple linearly 
ordered group. Proc. Amer. Math. Soc. 2, 902-903 
(1952). 

Il existe des /-groupes au sens de G. Birkhoff [Ann. of 
Math. (2) 43, 298-331 (1942), problem 5, p. 329; ces Rev. 
4, 3] (=groupes réticulés au sens de Bourbaki) qui ne 
possédent pas de l’idéaux propres, autrement dit qui sont 
simples en tant que /-groupes et B. H. Neumann a donné 
[Amer. J. Math. 71, 1-18 (1949), p. 16; ces Rev. 10, 428] 
un exemple d’un tel -groupe qui est méme totalement or- 
donné. L’auteur donne ici un exemple plus élémentaire d’un 
tel /-groupe en considérant le groupe G engendré par les 
génerateurs g(a) ot: aeQ (=ensemble des nombres rationnels) 
soumis aux relations de définition: g(a)g(8) = g(4(a+8))g(a) 
si a>. Pour tout élément aeG il existe une forme normale 
unique a=g(a;)™---g(a,)™” ot aeQ et od les m; sont 
entiers ~0 (l’existence est immédiate, l’unicité provient du 
fait que Q muni de la loi de composition a, B—+>}(a+ 8) est 
un quasi-groupe distributif) et on transforme G en /-groupe 
totalement ordonné en posant a>1 sim,>0. J. Riguet. 





Loonstra, F. The classes of partially ordered groups. 

Compositio Math. 9, 130-140 (1951). 

Soit G un /-groupe au sens de G. Birkhoff dont la loi de 
groupe est notée additivement et la relation d’ordre latticiel 
est notée =. Pour aeG on note |a| la borne supérieure de 
a et de —a. Soit H la relation transitive définie par:“‘ (a, b)eH 
si, et seulement si, il existe un entier mp» tel que, quel que 
soit l’entier n, n|b| <m|a|"’. Soit J la relation de préordre 
définie par: “‘(a, b)eZ si, et seulement si, il existe un entier n 
tel que |b| =n|a|."" On a évidement HCI. 

1) Supposons que G soit totalement ordonné par 3. 
Alors la relation (a, b)eH se réduit a la relation “‘b est in- 
comparablement plus petit que a” (au sens de G. Birkhoff 
[Lattice theory, rev. ed., Amer. Math. Soc., New York, 
1948, p. 225; ces Rev. 10, 673]). La relation d’équivalence 
(a, b)eIM I— se réduit a la relation “a et 6 sont du m@éme 
ordre de grandeur’ [op. cit., p. 228]. L’ordre quotient 
H/Ic\ I~ est total et il existe toujours un G tel que H/In I“ 
soit isomorphe a un ordre total donné. L’auteur montre ici 
que I/Ir\ I~ est un ordre total et que H est le complémen- 
taire de J-*. [Nota: Dans la définition de l’ordre de gran- 
deur a la p. 228, ligne 14 de G. Birkhoff [op. cit.], il faut 
inverser le sens des deux 3. ] 

2) Supposant que G est abélien, l’auteur démontre que 
I/Ir I~ est un ordre latticiel distributif, alors que H/In I> 
n'est pas en général latticiel. La caractérisation abstraite de 
l’ordre I/I7\ J est mise en question. J. Riguet (Paris). 


NUMBER THEORY 


Piz4, Pedro A. Powers of sums and sums of powers. 
Revista Soc. Cubana Ci. Fis. Mat. 2, 159-162 (1950). 
(Spanish) 

Let S,= 04.10". The author proves, by induction on x, 
that (S,)* = 09212-**"(9.2.1) - Sengi—n. For » =2 this becomes 
the well-known identity S;?= S;. H. W. Brinkmann. 


Piz4, Pedro A. Powers of sums and sums of powers. 

Math. Mag. 25, 137-142 (1952). 

Let S, be the sum of the mth powers of the first m positive 
integers. The author derives an identity expressing 5S," 
linearly in terms of the s, and gives various applications of 
this result [cf. the preceding review ]. 

H. W. Brinkmann (Swarthmore, Pa.). 


Kaprekar, D.R. Reversible number sets with equal sums 
of powers. Math. Student 18, 127-129 (1950). 
The author constructs palindromic numbers like 


9847653223567489 


which are such that when the digits are pointed off in pairs 
and placed in two sets: 


(I) 98, 47, 65, 32; (II) 23, 56, 74, 89 


the numbers in (I) and (II) have the same sum and same 
sum of squares. The examples are constructed from solutions 
of the Tarry-Escott problem. D. H. Lehmer. 


Venkatachalam Iyer, R. Reversible number sets with 
equal sums of like powers. Math. Student 18, 123-127 
(1950). 

The problem of the preceding review is extended to allow 

a cyclic permutation of the digits of one number. Thus in 

the case of the two numbers, 1356424675434532 and 

3564246754345321, we obtain the two sets (I) 13, 56, -- -, 32, 





(II) 35, 64, ---, 21 which have equal sums of kth powers for 
k=0, 1, 2, 3. D. H. Lehmer (Los Angeles, Calif.). 


*Liste des nombres premiers du onziéme million (plus 
précisément de 10 006 741 & 10 999 997) d’aprés les tables 
manuscrites de J. Ph. Kulik, L. Poletti et R. J. Porter. 
Imprimerie ‘‘Werto,”” Amsterdam, 1951. ii+25 pp. 
This list of primes is intended as an extension of Lehmer’s 

list and is arranged similarly. It is a compilation by N. G. 

W. H. Beeger taken from three manuscripts whose authors 

are given in the title. The number of primes listed is 61518; 

the number of primes in the 11-th million is 61938. 

D. H. Lehmer (Los Angeles, Calif.). 


Sierpinski, Waclaw. Un théoréme sur les nombres pre- 
miers. Matematiche, Catania 6, 138 (1951). 
Correction to an earlier paper [same journal 5, 66-67 
(1950); these Rev. 12, 590]. 


Yakovkin, M. V. Properties of numbers analogous to the 
theorem of Bézout. Mat. v Skole 1952, no. 1, 1-12 
(1952). (Russian) 


Obléth, Richard. Berichtigung zum Aufsatze “Uber die 
diophantische Gleichung x*—1=2y*.”.. Acta Math. Acad. 
Sci. Hungar. 1, 321-322 (1950). 

The earlier paper [Acta Math. Acad. Sci. Hungar. 1, 
113-117 (1950); these Rev. 12, 590] contained the proposi- 
tion that x*+-x+ 1 =}* has no non-trivial solution in integers, 
on which two other results were based. This is false, T. 
Nagell having pointed out the solution x = 313, v= 181. How- 
ever, all the other results in the earlier paper appear to be 
currect, new proofs being given in the present work. Thus 
it is shown that x*=!+2y* and x*=1+3,y* have no non- 
trivial solutions by a discussion of factorizations in the 
quadratic fields R(./—2) and R(./ —3). I. Niven. 
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Benner, Charles P. The solution of a Diophantine equa- 
tion. Proc. Amer. Math. Soc. 3, 41-43 (1952). 
An immediate generalisation of a result of A. A. Aucoin 
[Bol. Mat. 14, 36-39 (1941); these Rev. 2, 346]. 
J. W. S. Cassels (Cambridge, England). 


Moessner, Alfred. Sopra alcune equazioni diofantee. 

Boll. Un. Mat. Ital. (3) 6, 318-319 (1951). 

A two-parameter family of integral solutions is given for 
> 7..%/=0 with »=6, j=5, and a three-parameter family 
for the simultaneous system of equations with j=1, 3, and 
5, n=7. A one-parameter family is given for the simultane- 
ous system >-721(x,/—y,4) =0 with n=3, j=2 and 3. 

I. Niven (Eugene, Ore.). 


Moessner, Alfred. The identity 
6PD*=Ey'+Ey+---+Ee,", (v=1, 2, ---,6p—1). 


Math. Student 19, 48-49 (1951). 

Algebraic identities in the Euler tradition. J. Niven. 

Faircloth, O. B., and Vandiver,H.S. On certain Diophan- 
tine equations in rings and fields. Proc. Nat. Acad. Sci. 

U.S. A. 38, 52-57 (1952). 

Let f(x:, ---,%.) be a polynomial with coefficients in a 
finite field F(p") and let r;, ---,7, be a set of elements in 
F(p*) such that f(r, ---,7,) =0. The authors point out that 
the sum }-r;™r,™- - -r,™ extended over all solutions of the 
diophantine equation f(x:,---,x.)=0 (in F(p*)) can be 
evaluated by means of a certain summation over all the 
non-zero elements of F(p*). The authors evaluate this sum 
in the case of the diophantine equation ¢yx,™- - -c.x,”™=c 
by the use of cyclotomic methods and also state results 
concerning the number of solutions of this equation. 

H. W. Brinkmann (Swarthmore, Pa.). 


Duarte, F. J. Sur Péquation ¢*+7'+¢*=0. Ann. Soc. 

Sci. Bruxelles. Sér. I. 65, 87-92 (1951). 

The impossibility of finding rational integral solutions of 
the Fermat equation given in the title is proved in a simple 
fashion without using the method of descent. The main 
lemma used for this purpose deals with the general solution, 
in integers, of the equation Z*—3X YZ+X'+¥Y=T* 
(X YZT #0). H. W. Brinkmann (Swarthmore, Pa.). 


Rai, T. Easier Waring problem. J. Sci. Res. Benares 
Hindu Univ. 1 (1950-1951), 5-12 (1951). 
Let v() denote the least value of s such that every integer 
n (positive or negative) is represented in the form n= }-egn?, 
where each m, is a positive integer or zero, and ¢;= +1. The 
first part of this paper reproduces the work of Wright [J. 
London Math. Soc. 9, 267-272 (1934) ], Hunter [ibid. 16, 
177-179 (1941); these Rev. 3, 162] and Fuchs and Wright 
(Quart. J. Math., Oxford Ser. 10, 190-209 (1939); these 
Rev. 1, 69] for 2=k=S. The second part lists new identities 
which, with the results of Fuchs and Wright, lead to im- 
provements in the bounds of o() for 10=k=20. [The copy 
of the paper sent to the reviewer contains a handwritten 
correction to the entry for Cy, k=13, in Table 1, which is 
changed to read 13-2¢-3*-5*-11-17587125398885771389. ] 
R. D. James (Vancouver, B. C.). 


Rai,T. The number of representations of numbers as sums 
of powers. Math. Student 19, 33-36 (1951). 
Let ps,:%(") denote the number of representations of n 
as the difference of a sum of s kth powers and a sum of ¢ 
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kth powers. Using special algebraic identities, the author 
shows that each one of the expressions pz,26(#), p6,5,7(7), 
ps,4,8(") exceeds c log n/log log » for infinitely many n. [It 
may be remarked that for p¢ 5, 7(”) simple density arguments 
give much sharper results. ] Furthermore it is shown that 
infinitely many m can be represented as a sum of 6 8th 
powers in two essentially different ways. 
N. G. de Bruijn (Delft). 


BuhStab, A. A. On an asymptotic estimate of the number 
of numbers of an arithmetic progression which are not 
divisible by “relatively”small prime numbers. Mat. 
Sbornik N.S. 28(70), 165-184 (1951). (Russian) 

If 1 and k are relatively prime positive integers, let 
i(k, x,y) denote the number of positive integers in the 
progression kn+/ not exceeding x and free of prime factors 
less than y. The author has proved previously [Mat. 
Sbornik N.S. 2(44), 1239-1246 (1937) ] that if a is a fixed 
positive number greater than unity, then 


(*) walk, x, x/*) =p(a)x/{o(k) In x} +O(x{In x}-*”), 


where ¥(a)=1 for 1<a2 and ¥(a) =1+-fit-W(z)2-"'dz for 
a>2. In the present paper the author proves that there is 
a constant C such that 


|\W(a)—e7a| <exp { —a(In a+1n In a—1+C In In a/In a)}, 


where y is Euler’s constant. He does this by using an im- 
proved form of Brun’s method to get upper and lower esti- 
mates for r:(k, x, x/*) and then comparing these with (*). 
The weaker result ¥(a)=e—"a+O(1/I'(a)) has been given 
by de Bruijn [Nederl. Akad. Wetensch., Proc. 53, 803-812, 
p. 805=Indagationes Math. 12, 247-256 (1950), p. 249; 
these Rev. 12, 11], who also gives results on #;(k, x, ). 
P. T. Bateman (Urbana, Iil.). 


Amante, S. Condizioni di convergenza delle serie nu- 
merico-integrali. Matematiche, Catania 6, 85-96 (1951). 
The author continues his investigations of Cipolla’s calcu- 

lus of number-theoretical functions, in which 


(fXg)(n) = 2X S(n/d)e(@) ; 


a(n) =1 or 0 according as n=0 or 1; f" =f"xf, Pe=a. 
He proved [Rend. Circ. Mat. Palermo 60, 373-378 (1936); 
Matematiche, Catania 1, 217-219 (1946) ; these Rev. 9, 500] 
that (under the tacit hypothesis |f(1)|#R) the series 
(*) fa.f“(n) converges absolutely if and only if | f(1)| <R. 
To cover the excluded case, he now introduces r(m), the 
sum of the exponents of the different primes appearing in 
the factorization of m, and proves the following theorem. If 
m varies over the set of all integers having r(m)=s, and 
Dani(7)j!anf-?(1) converges absolutely for 7=0, 1, ---, 
r—i, but not for j7=r>0, then (*) converges absolutely if 
s<r, while if s=r it converges absolutely if and only if, for 
ail m in question, f(m)=0 for r(m) =1, 2, ---, [s/r]. 
R. P. Boas, Jr. (Evanston, Ill.). 


Whiteman, Albert Leon. Cyclotomy and Jacobsthal sums. 
Amer. J. Math. 74, 89-99 (1952). 
The Jacobsthal sum ¢,(m) is defined by 


wn -E()(), 


denotes the quadratic character of h with re- 
spect to p. E. Jacobsthal and others have shown that there 
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is a connection between these sums and a partition of p into 
quadratic summands. Here the author gives summation 
formulas for the ¢,(”), from which the mentioned connection 
can be concluded more precisely. H. Bergstrim. 


Erdés, P. Some problems and results in elementary 


number theory. Publ. Math. Debrecen 2, 103-109 
(1951). 
Let ~1<$2<-~+- denote a sequence of primes such that 


also let 0; <02< --- denote the integers which are either not 
divisible by ; or are divisible by p?. Then it is proved that 


log 0; 
log log 9; 
for infinitely many #. A corollary of this result is 


‘ log u; 
ig — Uy > ¢———————_ 
a7 (log log s,)' 
where “,;<u,<--- denotes the sequence of integers x*+-’. 
It is remarked that the latter result can be proved (without 
Brun’s method) by making use of Landau’s theorem that the 
number of integers x*+*St is O(t/(log t)'*). (The formula 
Uiz1—tu;<cu?!/* which is due to Chowla and Bambah is 
easily obtained.) 

In the next place let s;:<s,<--- denote the sequence of 
squarefree integers. The author states that he can prove 

LX (Seyi —Se)* = Cax+o(x), 
*%41<* 

for a<A, where A is a certain constant between 2 and 3. 
The proof is given for a=2. L. Carlits. 


Mikolés, Miklés. Farey series and their connection with 
the prime number problem. II. Acta Sci. Math. 
Szeged 14, 5-21 (1951). 

Let p, be the rth (positive) fraction in the Farey series of 
order x and let (x) be the number of fractions (not ex- 
ceeding unity) in the series. Continuing the work of an 
earlier paper [Acta Univ. Szeged. Sect. Sci. Math. 13, 93- 
117 (1949); these Rev. 11, 645] the author proves the fol- 
lowing theorems. (1) If ¥(x) denotes the logarithm of the 
least common multiple of the positive integers not exceeding 
x, then SP log p, = —&(x) +4y(x) +O(x exp { —c(log x)*}), 
where c is a positive constant and y is the same exponent 
that appears in the error term of the prime number theorem. 
(2) The Riemann hypothesis is true if and only if the rela- 
tion 2? log p, +(x) — 4¥(x) = O(x***) holds for any posi- 
tive value of «. [The author claims that this statement is 
still correct if y(x) is replaced by x, but the reviewer does not 
understand how the Riemann hypothesis would follow from 
the validity of the relation 24 log p, +(x) — $x =O(x***) 
for every positive ¢]. (3) Asymptotic formulas exist for 
Xp, as x @ , \ being any fixed positive number. (4) If 
\>1, B>0, and f(t) is a non-negative decreasing function 
defined for 0<#X1, then D%f(p,)~Bx**' as x if and 
only if JO~POFMOTD AOE as t—0. 

P. T. Bateman (Urbana, IIl.). 


Rédei, L. Wher eine Verschiirfung eines zahlentheo- 
retischen Satzes von Thue. Acta Math. Acad. Sci. 
Hungar. 2, 75-82 (1951). (German. Russian summary) 
Let p be a fixed prime. Two n-dimensional points 

(x1, = he Xn), (v1, a “+ ¥n) with integral coordinates (lattice 
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points) are said to be equivalent if there exist integers 
a, b(pia) such that y;=ax,;+5 (mod p). The resulting equiva- 
lence relation leads to classes of equivalent lattice points in 
n-dimensional space. The number L,(p), 0O=L,(p)=p—1, 
is defined to be the smallest number such that each equiva- 
lence class contains at least one representative (x1, «++, Xa) 
with 0Sx,;SL,(p). In the present paper it is proved that 
L.(p) S2n-UO-D po) | n= 4 3,- The author’ s 
principal tool is his analogue in finite petbeatiive geometry 
of Minkowski’s fundamental lattice point theorem [Acta 
Math. 84, 155-158 (1950); these. Rev. 12, 320]. It is also 
shown that the remainder theorem of Thue [Christiania 
Vid. Selsk. Forh. 1902, no. 7] leads to the weaker inequality: 
L,(p)S2((p""- ] +1)", n=2, 3, ---, where [¢] denotes 
the integral part of ¢. Whether the author’s main result can 
be improved appears to be a difficult problem. 
A. L. Whiteman (Los Angeles, Calif.). 


Barnes, E.S. The minimum of the product of two values 
of a quadratic form. I. Proc. London Math. Soc. (3) 1, 
257-283 (1951). 

Let Q(x, y) =ax*+bxy+cy® be an indefinite real binary 
quadratic form of discriminant D=}’—4ac>0, and let 
M=M(Q) be the lower bound of | Q(x, y) Q(u,»v)| for all 
integers x, y, u, v satisfying xv—uwy=1. Set A=A(Q) = D/M. 
In this paper it is proved that A2(3+-134/10)/6 unless Q 
is equivalent under unimodular transformation to a multiple 
of some one of a sequence of forms Q_1, Qo, Q:, Qs, Qs, **- 
given by: Q.1=2*—xy—y*, Qo=x*—2.5y*, an 


0. - (Ea +2n0) { (En+20)x* ar (&. aa 3nn)xy - (a+ 10y.)9*} 


for positive odd m, where &, and 9, are the integers defined 


by &n+9nx/10 = (3+-+/10)*". Setting 4.=(Q,), the author 
proves that A\_1=5, \o=20/3, and 


A= {(3&.+ 7n)*—4} /(En+2n) (En t+ 4a) 


for positive odd m, whence it follows that A_;, Ao, Ar, As, °° 
strictly increases toward the limit (3+-134/10)/6. The proof 
consists of normalizing Q(x, y) so that m=1, where m is 
the lower bound of | Q(x, y)| for integers x, y not both zero, 
and then considering separately various ranges for D by 
means of certain inequalities. The continued fraction expan- 
sion for the positive root of Q,(x,1)=0 is used to derive 
the formula for \(Q,). The result derived in this paper is 
analogous to a famous theorem of Markoff [Math. Ann. 15, 
381-409 (1879); 17, 379-399 (1880); for a simple proof, see 
Cassels, Ann. of Math. (2) 50, 676-685 (1949); these Rev. 
11, 643] which states that D/m*2=9 unless Q is equivalent 
to a multiple of some one of a certain sequence of forms. 

I. Reiner (Urbana, IIl.). 


Bambah, R. P. Non-homogeneous binary quadratic forms. 
I. Two theorems of Varnavides. Acta Math. 86, 1-29 
(1951). 

Let f(x, y)=x*—7y*. Then given any two real numbers 
xo, Yo, there exist x, y with x=xo, y=yo (mod 1) such 
that | f(x, y)| 9/14, equality being required if and only 
if xo=4, yo +5/14 (mod 1); otherwise one can have 
| f(x, y)| <1/1.56. The first half of the proof is geometric 
and reduces the problem to a consideration of certain small 
regions in the plane. The second half involves properties of 
the integers of the field generated by 4/7. A similar theorem 
holds for f(x, y)=x*—11y*. The first minimum is 19/22, 
being required only if xo=4, yo-+7/22 (mod 1) and the 
next minimum <1/1.16. These results are a slight improve- 
ment upon Varnavides’ [Proc. Roy. Soc. London. Ser. A. 
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197, 256-268 (1949); these Rev. 10, 682], whose proofs were 
entirely arithmetic. L. Tornheim (Ann Arbor, Mich.). 


Bambah, R.P. Non-homogeneous binary quadratic forms. 
Il. The second minimum of (x+x»)*—7(y+0)*. Acta 
Math. 86, 31-56 (1951). 

The theorem on f(x, y)=x*—7y* of the preceding review 
is improved by showing that the second minimum is } and 
is required if and only if xo=4, ye=4 (mod 1). Also this 
time the proof is entirely geometric. The second half de- 
pends on a lemma of J. W. S. Cassels: if S is an integral, 
unimodular, nonhomogeneous linear transformation of the 
plane with real characteristic roots ~ +1, if A is the lattice 
of points with integer coordinates, and if R is a certain type 
of region, then ()i2_.S*(R+A) consists only of a finite 
number of certain nonhomogeneous lattices. 

L. Tornheim (Ann Arbor, Mich.). 


Ramanathan, K.G. The theory of units of quadratic and 
Hermitian forms. Amer. J. Math. 73, 233-255 (1951). 
Humbert recently extended Siegel’s reduction theory to 

indefinite quadratic forms and hermitean forms whose co- 
efficients are integers of an algebraic number field K [Com- 
ment. Math. Helv. 23, 50-63 (1949); these Rev. 11, 164]. 
The author starts from Humbert’s theory and studies the 
groups of units of such forms, i.e., unimodular transforma- 
tions which are integral in K and which leave a form invari- 
ant. For K totally real, he proves that the group of units of 
a quadratic form over K is always finitely generated; it is a 
finite group if and only if the form is totally definite, i.e., 
all its conjugates corresponding to the conjugates of K are 
positive definite. For K totally real, d totally positive in K, 
he proves similar results for hermitean forms over K(4/d). 
The greater part of the paper is devoted to a generalization 
of Siegel’s theorems on the measure of unit groups [Abh. 
Math. Sem. Hansischen Univ. 13, 209-239 (1940); these 
Rev. 2, 148]. In a suitable space, a unit group, modulo its 
center, is represented faithfully as a discontinuous group of 
non-euclidean motions which leave invariant an open sub- 
space of a certain dimension depending on the signature of 
the form. In this space an invariant volume element is 
defined whose integral over a fundamental domain is proved 
to be finite, except in the case of a decomposable binary 
quadratic form. The author states that analogous results 
can be proved for quadratic forms over fields which are not 
necessarily totally real. He also remarks that some of his 
results could be obtained alternatively from topological 
considerations alone. R. Hull (Lafayette, Ind.). 


*Kloosterman, H. D. The characters of binary modulary 
congruence groups. Proceedings of the International 
Congress of Mathematicians, Cambridge, Mass., 1950, 
vol. 1, pp. 275-280. Amer. Math. Soc., Providence, 
R. L., 1952. 

In two earlier papers [Ann. of Math. (2) 47, 317-375, 
376-447 (1946); these Rev. 9, 12, 13] the author has con- 
sidered the problem of determining the characters and repre- 
sentations of the binary modulary congruence groups 
modulo N by deriving the transformation formulae under 
modular substitutions of certain multiple theta series. By 
using binary theta series only he succeeded in determining 
explicitly the greater part of the characters and irreducible 
representations and conjectured that the remaining irre- 
ducible representations might be determined by considering 
ternary or higher theta series. By well-known methods the 
problem can be reduced to the case N = p* where p is a prime 
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number. In the second paper referred to above the binary 
theta series were defined in terms of a positive definite quad- 
ratic form of determinant A, where 4 #0 (mod ). In this case 
T'(4)/P'(NA)=T(1)/T(N) =G(N), and the representation of 
the quotient group I'(A)/I'(NA) obtained by means of the 
theta series is also a representation of G(p*). In this way the 
greater part of the irreducible representations of G(p*) were 
found. The author has now discovered that the remaining 
irreducible representations can be found by considering 
binary quadratic forms of discriminant A where A=0 
(mod p). If 40 (mod ~*) we now have the isomorphism 
T'(A)/T(NA)=T(p)/T(p*"). This does not give immediately 
a representation of the group G(p*), but only a representa- 
tion of a subgroup of G(p**'). However, this representation 
induces one of the whole group G(p**") and this induced 
representation can be split up into its irreducible constitu- 
ents by means of the same devices as used in the case 
A #0 (mod p). Detailed proofs are to appear elsewhere. 
R. A. Rankin (Birmingham). 


“w Artin, Emil. Algebraic numbers and algebraic functions. 


I. Institute for Mathematics and Mechanics, New York 

University, New York, 1951. ii+5+345+5 pp. $3.50. 

Chap. 1. A valuation of a field is defined by the postulates: 
1) |x| 20 (=0 if and only if x=0); 2) |xy| =|x|-|y|; and 
3) if |x| 1 then |1+<| Sc, a constant, and it is shown that 
every such valuation is equivalent (in the usual sense) to 
one satisfying the triangular law (i.e. 3) with c=2). 3) is 
equivalent, under 1), 2), to the Hausdorff separation of the 
associated topology. The best value for ¢ is |2| or 1 accord- 
ing as the valuation is archimedian or non-archimedian. The 
independency and approximation theorems for a finite col- 
lection of valuations are proved. Valuations of rational 
number fields and of rational function fields (trivial on the 
coefficient field) are determined. Completion is discussed. 
Chap. 2. All norms of a finite vector space over a complete 
field induce the same topology, which secures the complete- 
ness and uniqueness (if it exists) of extension of the valua- 
tion to a finite extension field. The extension problem is 
settled for (complete) archimedian valuations by the ad- 
junction of ¥—1 and Ostrowski’s theorem, given here under 
the setting of normed rings of Gelfand; the integral is 
replaced by approximating sums. For non-archimedian 
valuations Hensel’s lemma is given in a generalized and 
refined formulation, making use of a valuation of the poly- 
nomial ring; the extension problem is settled in the usual 
way. The Newton polygon method is introduced in order 
to determine values of roots of a polynomial over a non- 
archimedian valuation field, and is extended to incorporate 
a work of Krasner [C. R. Acad. Sci. Paris 222, 581-583 
(1946); these Rev. 7, 429]. The completion of the algebraic 
closure of a complete field is shown to be algebraically 
closed. The field of formal power series over a complete 
field is considered, and the subfield of elements converging 
for some nonzero value is shown to be algebraically closed 
in it. Chap. 3. Ramification order e and residue field degree 
f are treated; the quotient /ef is discussed by means 
of Hensel’s lemma and the Sylow group argument, » being 
the degree of the extension. Chap. 4. Unramified extensions 
(e=1, separable residue field extension) and tamely ramified 
extensions (ef=, separable residue field extension, e prime 
to the characteristic of the residue field) are treated. In 
particular, it is shown that every finite extension of a com- 
plete field contains the largest unramified subfield (inertia 
field) and the largest tamely ramified subfield (ramification 
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field). Hilbert’s theory is given, with a non-discrete setting, 
leading to ith and (4+0)th ramification groups. Chap. 5. 
For the discrete case, the different is defined by means of 
traces, the unramifiedness criterion is proved, the chain 
theorem for differents is given, Hilbert’s elements are dis- 
cussed, complementary bases are considered to calculate 
the different, and ramification groups for a normal subfield 
are determined after Herbrand. 

Chap. 6. Krull’s infinite Galois theory is given. Galois 
cohomology is discussed, particularly for dimensions 1 and 2, 
dealing with continuous cocycles (with respect to the com- 
pact topology of the Galois group and the discrete topology 
of the field). Chap. 7. The first and the second inequalities 
of local class field theory are proved, the latter by a method 
which goes back to Takagi and is applicable irrespective of 
the characteristic. The idea is that the Galois 2-cohomology 
group split by an extension of degree m over a complete 
discrete valuated field k with a finite residue field, is a cyclic 
group of order nm. Chap. 8. The theory of norm residue sym- 
bols and the isomorphism theorem of local class field theory 
are given, employing the factor set approach [Nakayama, 
Math. Ann. 112, 85~91 (1935); Jap. J. Math. 18, 877-885 
(1943) ; these Rev. 7, 363; Akizuki, Math. Ann. 112, 566-571 
(1935); Hochschild, Ann. of Math. (2) 51, 331-347 (1950); 
these Rev. 11, 490] but improving earlier ones. The transfer 
theorem [Chevalley, J. Math. Soc. Japan 3, 36-44 (1951); 
these Rev. 13, 440; cf. Artin, Abh. Math. Sem. Univ. 
Hamburg 7, 46-51 (1929) ] is proved also under the factor 
set setting. Chap. 9. After discussing the topology of the 
multiplicative group k* of k defined by open (in the valua- 
tion topology) subgroups of finite indices and the completion 
k of k* with respect to it, the setting of infinite Galois coho- 
mology is broadened by extending norm groups into k, de- 
fining them in fact for infinite extensions (as intersections 
of those for finite subfields) and defining norm-residue 
symbols for infinite extensions. This turns out to be useful 
in proving the existence theorem of the local class field 
theory, whose central point now becomes the fact that the 
norm group of the full separable extension is 1. This last is 
proved by an ingenious combination of the theory of norm 
groups of composite fields with the Kummer theory and the 
Artin-Schreier theory. The norm-residue symbol is charac- 
terized by some fundamental properties. Chap. 10. After a 
short discussion of the multiplicative representative system 
of a perfect residue field, the norm-residue symbol for 
p-extensions of k with characteristic p is described by 
residues of certain differentials [Hasse-Schmid-Witt; cf. J. 
Reine Angew. Math. 176 (1936) ]; the exposition starts with 
the norm-residue symbol and leads in a natural way to 
residues of differentials. The different and conductor for the 
case are calculated. As for the characteristic 0 case, abelian 
extensions of the rational p-adic number field are shown to 
be cyclotomic. The mth power (residue) index is determined 
(on assuming the existence of mth roots of 1). 

Chap. 11. Kronecker products and composites of exten- 
sion fields are discussed and are applied to study valuations 
in an algebraic extension of a non-complete field. Chap. 12. 
Algebraic number fields and algebraic function fields (of one 
variable) are characterized as P’F-fields, which satisfy, by 
definition, the product formula []»ew|a|»=1, for a set M 
of inequivalent non-trivial valuations, and possess in M a 
certain reasonable valuation [Artin and Whaples, Bull. 
Amer. Math. Soc. 51, 469-492 (1945); 52, 245-247 (1946); 
these Rev. 7, 111, 410]. M turns out to be the totality of 
usual primes. Chap. 13. Valuation vectors (=repartitions 
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in Chevalley’s terminology [Introduction to the theory of 
algebraic functions of one variable, Amer. Math. Soc., New 
York, 1951; these Rev. 13, 64]) and idéles are introduced 
in a PF-field. Parallelotopes in the ring of valuation vectors 
defined by idéles are discussed ; the whole ring is the sum of 
a suitable parallelotope and the field itself. The notion of 
differential is introduced, in Weil’s fashion [J. Reine Angew. 
Math. 179, 129-133 (1938) (function field case); Revue Sci. 
77, 104-106 (1939) (number field case) ]; for a number field 
a differential is a (Pontryagin) character of the additive 
(topological) group of valuation vectors vanishing on the 
field. Differentials in a rational field are determined and the 
general case is correlated to this case to show that the 
module of differentials is 1-dimensional over the field. 
Parallelotopes mapped to 0 by differentials are considered 
and are related to differents. Chap. 14. The theorem of 
Riemann-Roch, of a function field, is proved in two ways, 
one using the results of Chap. 13 and the other being more 
or less parallel to Weil’s. Chap. 15. For a function field and 
its PF-subfield the effective degree is introduced to express 
the size of the extension minus the constant field extension. 
Constant field extensions and the genera of the extensions 
are studied with particular attention to the genus-preserving 
case. An unpublished result of Tate that the genus drop is a 
multiple of (p—1)/2 (p being the characteristic) is quoted. 
Chap. 16. Places (in the sense of Dedekind) of a function 
field are discussed, and linear series are introduced in con- 
nection with divisor classes. Function fields of genus 0 and 
elliptic fields are determined, the latter under the assump- 
tion of the existence of a divisor of degree 1, 2 or 3. The 
genus of a curve of given degree is observed. The structure 
of a hyperelliptic field as a field with genus =2 and quadratic 
over a field of genus 0 is studied. Clifford's theorem, supple- 
menting the theorem of Riemann-Roch, is proved. Chap. 17. 
Differentials are expressed explicitly, as sums of traces of 
residues, and are related to differential quotients and 
differents. Differentials of 1st, 2nd and 3rd kinds are dis- 
cussed. An appendix gives a brief account of Sylow groups. 
Global class field theory and other topics are promised for 
a second volume. The exposition is very elegant. 
T. Nakayama (Nagoya). 


Nakayama, Tadasi. Idéle-class factor sets and class field 

theory. Ann. of Math. (2) 55, 73-84 (1952). 

Class field theory has become recently closely connected 
to cohomology theory; the present paper contains the basic 
results concerning this new aspect of class field theory. 

If K is a field of algebraic numbers, let Cx be its group of 
idéle classes. If a group g operates in an abelian group A, 
let H*(g;A) be the ith cohomology group of g with co- 
efficients in A. If L/K is a normal algebraic extension of 
finite degree of K, let G(L/K) be its Galois group. This 
group operates in ©; and gives rise to cohomology groups 
H‘(@(L/K),€z). The group relative to i=1 is trivial 
(this is the Noether “‘Hauptgeschlechtsatz” which is the 
direct generalisation of Hasse’s norm theorem). Now, 
the author constructs a certain cohomology class ¢z;x in 
H*(@(L/K), €z), the “canonical class’, which has the fol- 
lowing properties: a) it is of order equal to the degree 
[L:K]; b) let K’ be a finite extension of K; let a, be a 
cocycle in ¢zx;x:; then the cocycle Nix-/14,,, belongs to the 
restriction to the subgroup @(LK’/K’) of @(L/K) of the 
canonical class ¢z;x; c) if M is an intermediate field between 
K and L, normal over K, then ci" results from cujx by the 
lifting operation, considering @(4//K) as a factor group of 
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@(L/K); d) if L/K is abelian, then the homomorphism of 
@(L/K) into €x/N1/x€i (where Nx;x is the norm operation) 
associated, to ¢z;x [cf. Nakayama, Math. Ann. 112, 85-91 
(1935)] is the inverse of the reciprocity mapping of class 
field theory. Moreover, the canonical classes are entirely 
characterized by property c) and the special case of d) where 
L/K is cyclic. 

To define cz;x, the author first considers the case where 
L=Z is cyclic over K. Let then s be a generator of @(Z/K) 
and let a in x be such that (a, Z/K) (the Artin symbol) is s; 
Cz/x is then the cohomology class determined by the nor- 
malized cocycle defined by a and the generator s of @(Z/K). 
To go over to the general case, where L/K is arbitrary, the 
author introduces an auxiliary cyclic extension Z/K whose 
degree n’ is a multiple of n=[L:K] (Z/K may be taken to 
be a cyclotomic extension). Then the lift of c¥/z to LZ/K 
is an element ¢’ of H?(@(LZ/K); €zz) whose restriction to 
@(LZ/L) is proved to be 1. From this and from the fact 
that H'(@(LZ/L); €:z) is trivial, the author deduces by a 
cohomological argument that c’ is the lift to LZ/K of a 
uniquely determined ¢z,;x in H*(@(L/K); €z), which is the 
canonical class. 

The author establishes that the canonical classes obtained 
in this manner coincide with those recently defined by A. 
Weil [J. Math. Soc. Japan 3, 1-35 (1951); these Rev. 
13, 439}. 

The author observes that his construction of the canonical 
classes depends only on a part of the whole class field theory 
and might be advantageously used in the edification of the 
latter; this claim has been strongly substantiated since the 
publication of the paper, in as yet unpublished work by 
E. Artin, J. Tate and the reviewer. 

The canonical class yields by the classical exact sequence 
argument an element d of H*(@(L/K); Px), where P, is the 
group of principal idéles of L. It is proved that the order of 
d is n/n’, where n=[L:K] and m’ is the L.C.M. of the 
p-degrees of L/K at all places p of K. The author states a 
conjecture relating d to a certain cohomology class intro- 
duced by Teichmiiller [Deutsche Math. 5, 138-149 (1940); 
these Rev. 2, 122]. In an addendum, he states that he has 
been able to establish the validity of this conjecture. 

C. Chevalley (New York, N. Y.). 


Gel’fond, A. O. The approximation of algebraic numbers 
by algebraic numbers and the theory of transcendental 
numbers. Acta Math. Acad. Sci. Hungar. 1, 229-260 
(1950). (Russian) 

This paper was already printed under the same title in 

Uspehi Matem. Nauk (N.S.) 4, no. 4 (32), 19-49 (1949); 

these Rev. 11, 231. K. Mahler (Manchester). 


Cassels, J.W.S. Corrigenda: A theorem of Vinogradoff on 
uniform distribution. Proc. Cambridge Philos. Soc. 48, 
368 (1952). 

Cf. same Proc. 46, 642-644 (1950); these Rev. 13, 539. 





Sneidmyuller, V. I. On the structure of two-dimensional 
Diophantine approximations. Doklady Akad. Nauk 
SSSR (N.S.) 80, 713-716 (1951). (Russian) 

The author extends a recent result of Postnikov [Doklady 
Akad. Nauk SSSR (N.S.) 76, 493-496 (1951); these Rev. 
12, 595] to non-homogeneous Diophantine approximation. 
Let @ be real, and a be real and non-integral. Let p;, gq; be 
integral solutions of ;|@q¢:—pi:—a| <c, where 


0<g=qi<q<:- ee <q:=Q. 


Then (Q/q)*>(t—1)u/2c, where y is defined as follows. Let 
a’ be the fractional part of a, and let Q,,; be the first 
denominator of a convergent to the continued fraction 
for a’ which is >Q—g. Put d2=Q,+Q,4+:; then 


p=min [a’, 1—a’, d). 


It seems to the reviewer that owing to the presence of the 
factor u, which is obviously less than 1/t, the result is of 
doubtful value. A similar non-homogeneous extension of 
Postnikov’s two-dimensional result is also given. 

H. Davenport (London). 


Negoescu, Nicolae. Note on a theorem of unsymmetric 
approximation. Acad. Repub. Pop. Romane. Bul. Sti. 
A. 1, 115-117 (1949). (Romanian) 

B. Segre [Duke Math. J. 12, 337-365 (1945); these Rev. 
6, 258] proved by a geometrical method that if @ is a given 
irrational real number there are infinitely many rational 
fractions ~/q for which 


(*) 


where r is any real non-negative number and §=4/(1+4r). 
Proofs of this result have also been given by others including 
the author. Thus Olds [Bull. Amer. Math. Soc. 52, 261-263 
(1946); these Rev. 8, 196] has given a simple arithmetical 
proof valid for r2=1. The author shows how the argument 
of Olds can be modified so as to apply for all r>0. He uses 
continued fractions in place of the Farey series used by 
Olds. The author also states that by using the method of 
Humbert [J. Math. Pures Appl. (7) 2, 155-167 (1916)] it 
can be shown that one of every three consecutive converg- 
ents to @ satisfies (*). This the reviewer has only been able 
to check for r=1, since otherwise it does not seem to be 
necessarily true that w2n42=(1+)/2r. The theorem is also 
proved by a method similar to that used by Fujiwara 
[Jap. J. Math. 1, 15-16 (1924)]. It is stated that it is 
possible to replace — by max (/(1+4r), /(7°?+4r)) as 
proved by Robinson [Bull. Amer. Math. Soc. 53, 351-361 
(1947); these Rev. 8, 566] and the author [Bull. Ecole 
Polytech. Jassy [Bul. Politehn. Gh. Asachi. lagi] 3, 3-16 
(1948); these Rev. 10, 235]. R. A. Rankin. 


ANALYSIS 


Téyama, Hiraku. On the inequality of Ingham and Jessen. 

Proc. Japan Acad. 24, no. 9, 10-12 (1948). 

Let {a,,} be an m-rowed and n-columned matrix of non- 
negative elements (not all 0), and let 0<r<s<«. The 
author proves that 

(opm (Dom *ar)”!*)? 


($=(5*.10",,))e min (m,n), 





where the constant on the right is best possible. This is a 
counterpart of the symmetrical form of Minkowski’s in- 
equality indicated by Ingham and the reviewer, accord- 
ing to which the lower bound of the ratio on the left 
is 1. 


B. Jessen (Copenhagen). 
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‘*Bourbaki, N. Elements de mathématique. XII. Pre- 
miére partie: Les structures fondamentales de |’analyse. 
Livre IV: Fonctions d’une variable réelle. (Théorie 
élémentaire). Chapitre IV: Equations différentielles. 
Chapitre V: Etude locale des fonctions. Chapitre VI: 
Développements tayloriens généralisés; formule som- 
matoire d’Euler-Maclaurin. Chapitre VII: La fonction 
gamma. Actualités Sci. Ind., no. 1132. Hermann et 
Cie., Paris, 1951. ii+200 pp. 

The high standard of this series and the distribution of 
results between text and problems need no comment. The 
results are stated in greater than customary generality using 
fundamental concepts of algebra and linear spaces. How- 
ever, outside of the elementary properties of rings and fields 
and the notion of norm convergence no sophisticated prop- 
erties of an algebraic or topological nature enter in the 
developments. Throughout this review let R and C denote 
the real and complex field respectively. 

Chapter 4 considers ordinary first order differential equa- 
tions and systems of such equations. The parameter / takes 
on values in an interval J and u(t) is a differentiable function 
on I to ACE with B, BCE, the range of u’(t). In general E 
is a real linear space which for the main results is specialized 
to a Banach space or at least to a normed space. The differ- 
ential equations treated are of the form g(u(t), u’(t), t) =0. 
The condition for a solution is relaxed by admitting a de- 
numerable ¢ set on which u’(#) is not defined. Emphasis is 
placed on functions which are uniform limits of step func- 
tions on all compact subsets of J. The usual existence 
theorems are proved in this setting noting Dieudonné’s 
recent observation of the failure of the Peano theorem in 
infinite-dimensional spaces. The linear case is studied in 
some detail and especially the constant coefficient case. For 
A, a continuous endomorphism of the Banach space EE, 
the operator e4 is defined as a solution of dU/dt=AU. The 
usual series interpretation follows easily. The developments 
constitute a general presentation of ideas stemming from 
Cauchy (and Volterra). 

Chapter 5 concerns itself with “‘orders of infinity’, and 
asymptotic developments. E is filtered by a filter of base F. 
Often this is the collection of all relative neighborhoods of 
points in the closure of Z. Let V be a normed linear space 
over K, a field with a valuation. Let D, be the domain of 
the function f. Let 


H(F, V)={t|f(x)eV, DyeF}. 


An equivalence relation R,, between f and g in H(F, V) is de- 
fined by the condition that there be an element ZeF such that 
D;jAND,DZ with f=g in Z. Then H.(F, V)=H(F, V)/Re. 

Relations in H(F, V) are local if, essentially, they can be 
defined in a natural way in terms of elements of H.(F, V). 
Bourbaki adds still another pair to weak, strong terminology 
in H(F, R) by defining weak, =, and strong, <, orderings 
as the notions expressed ordinarily by O and o respectively. 
An equivalence, f~g, is defined by f—g</f. Extension is 
made to elements in a Banach space by using the ordering 
determined by their norms. Thus f<g means || f\|,:<|\g]\2, 
where the subscripts indicate that f and g may be in different 
normed spaces. A scale of comparison is a subset E of 
H(F, K) (K usually R or C) whose elements are distinct 
from 0 mod R,, in which the ordering by < is simple. Special 
application is made of scales of the type exp p(x), p(x) a 
polynomial or x*(log x)’, a and @ real. For a#0 in B, a 
normed space over K, geE a scale over K and f in H(F, V), 
if f~ag, then ag is the (unique) principal part of f. The 





element f admits an asymptotic expansion of precision g, 
relative to E if f—Sxseagx<ge. Multiplication, differentia- 
tion and integration of such relations are taken up. (Though 
C is admitted the results are not developed with regard to 
behaviour in a sector which is after all the natural domain 
of consideration for asymptotic developments.) The con- 
cepts introduced cover comparison tests for integrals and 
functions in a Banach space as well as the development of 
Raabe’s test for series convergence from the viewpoint of 
the asymptotic expansion of u,4:/%,. An appendix considers 
a Hardy field defined as a subset K of H(F, R), where F 
consists of upper segments of the real line, such that (1) 
K/R, is a subfield of the ring H(F, R)/R. and (2) feK im- 
plies feC’(a, ~) for some a, possibly dependent on f, and 
the equivalence class of f’ defined by R.. belongs to K/R.. 
An important example of a Hardy field is R(x), the rational 
functions with real coefficients. A key property of such fields, 
exploited for R(x), is that an extension Hardy field K’ exists 
which includes log|z| and exp z if zeK. 

Chapter 6 is motivated by the notion of a generalized 
Taylor series. Let K be a field of characteristic 0 and K(X) 
the algebra of polynomials in one variable, and let U be 
linear on K(X)—K(X). Let G be a commutative algebra 
on K with identity element and let G(X) be the induced 
module. Then U extends to an operator on G(X). An im- 
portant special case is G=K(Y) so G(X)=K(X, Y). Let 
Ty: f(X) = f(X+ Y) be the translation operator. U is a com- 
position operator if it permutes with Ty or, as may be shown 
directly, if it commutes with the differential operator D. 
The composition operators form a subalgebra [ of the 
algebra of endomorphisms K(X). If U=}ca,D* is a com- 
position operator with a, the first nonzero coefficient, then 
U has order p, and can be written D?V = VD», where V has 
order 0. The Appell polynomials are V-'(X*) and the 
generalized Taylor expansion for f?(X+ Y) is defined in 
terms of V-'(X*). The chapter contains a discussion of the 
Euler-Maclaurin sum formula and its applications. 

Chapter 7 is devoted to a treatment of the Gamma func- 
tion. For the real line the developments are based on the 
definition of log ['(x) as the (unique) convex solution of 
Ag=log x following Artin. The complex plane arguments 
derive from extension to complex # of the product formula 
for 1/T(x). D. G. Bourgin (Urbana, IIl.). 


Hayman, W.K. An inequality for real positive functions. 
Proc. Cambridge Philos. Soc. 48, 93-105 (1952). 
Motivated by certain techniques in the theory of complex 

variables, the author seeks estimates on the quantity 

fn(x) =infx>of(x+h)/h*, where f(x) is an arbitrary function 
possessing an appropriate number of derivatives. On the 
one hand, if f(x) exists and is positive and non-decreas- 
ing for x>xo, there exists a number x,2=2%» such that 

f(x) =f™(x)/n! when x2=2,. If in addition the quantities 

SSF /F', +++, f/f%™ are all positive and non-decreasing 

for x2=xo, then f,(x)=(e/n)*f™(x) when x2=xo. The func- 

tions x* and e* show that these results are the best possible. 
On the other hand, if »=1 or 2, and if for x>0 the func- 
tion f(x) has the properties that f>0, f™ is continuous, 

and f™ is positive for some arbitrarily large values of x, 

then for every «>0 there exist arbitrarily large x for which 

falx) <[(e/n)*+€]f™ (x). If in addition f™ isnon-decreasing 
for large x, and m(/) denotes the measure of the set in [0,/] for 
which the last inequality holds, then lim inf;,..m(J)/1=C>0, 

where C depends only on «. If the conditions of Theorem 2 

are satisfied, then (without restrictions on ) f,/f™—(e/n)*" 
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as x—>@ outside of a set of finite linear measure. The author 
applies his results to obtain the following theorem: Let n=1 
or 2; let w™(r) be continuous for r>ro; and let f(z) be a 
transcendental integral function satisfying for all sufficiently 
large |z| the inequality | f(z)| <s(|z|). Then, if e>0, there 
exist arbitrarily large values of r such that on the circle 
|s| =r 

| f(s) | <(e+6)u'(r) if n=1, 

\f"(s)|<(de*+en"(r) if n=2. 


G. Piranian (Ann Arbor, Mich.). 


Sharma,A. On the remainder in two theorems of Klooster- 
man. Nederl. Akad. Wetensch. Proc. Ser. A. 54=Inda- 
gationes Math. 13, 418-425 (1951). 

The author discusses the remainder term in formulae 
given recently by Kloosterman [Duke Math. J. 17, 169-186 
(1950); these Rev. 11, 716] which generalize Taylor’s 
formula. Two theorems are proved. The first can also be 
considered as a generalization of Mazzoni’s formula [Rend. 
Circ. Mat. Palermo 52, 44-57 (1928) ]. The author applies 
his results to improve a result due to Boas and Pélya [Duke 
Math. J. 9, 406-424 (1942); these Rev. 3, 292]. 

S. Agmon (Houston, Tex.). 


Tchakaloff, L. Le théoréme de Rolle appliquée aux com- 
binaisons linéaires d’un nombre fini de fonctions. C. R. 
Acad. Bulgare Sci. 3, no. 2-3 (1950), 5-8 (1951). (Rus- 
sian. French summary) 

The following result is established: To any finite set of 
real functions f;(x), k=1, ---,m, continuous for aSx=b, 
satisfying f,(a¢)=f,(b)=0, and such that f,’(x) exists for 
a<x<b, there corresponds a §>0 such that for all real con- 
stants A, the function > A:/;’(x) vanishes at some point of 
a+éi<x<b-—é. LE. F. Beckenbach (Los Angeles, Calif.). 


Curry, Haskell B. Abstract differential operators and in- 
terpolation formulas. Portugaliae Math. 10, 135-162 
(1951). 

Faisant suite aux travaux de Pincherle, Steffensen, Ait- 
ken, Fort, il s’agit de l’étude des opérateurs linéaires qui 
font passer d’un polynome a un autre sans accroissement de 
degré. Propriétés et résultats généraux relatifs 4 ces opéra- 
teurs; généralisations trés extensives des formules de La- 
grange, de Newton, d’Euler-Maclaurin, et des suites 
d’Appell. Corrections de certaines erreurs contenues dans un 
travail de Fort. J. Favard (Paris). 


Carleson, Lennart. On Bernstein’s approximation prob- 

lem. Proc. Amer. Math. Soc. 2, 953-961 (1951). 

Let 1SK(x)= @ be an even, lower semi-continuous func- 
tion. K(x) is said to be of type B, if to every «>0 and every 
continuous f(x) satisfying lim)... f(x)/K(x)=0 we can 
find a polynomial P(x) such that 


| f(x) — P(x) | <«K(x) (—2<x<@), 


Let log K*(x) be the largest minorant of log K(x) convex 
in log x. Theorem 1: K(x) is of type B, if 


(1) f re log K*(x)dx = «. 


Theorem 2: If K(x) is of type B, f*x-* log K(x)dx=o. 
The author points out that the conclusion of Theorem 2 
can not be sharpened to (1). But he characterizes wide 
classes of functions K which are of type B if and only if (1) 
holds. The paper concludes with the following application. 





Let f(x) be im the quasi-analytic class C{m,} on 
— © <x< @, where {log m,} is convex. The auxiliary func- 
tion h(x) =x~*{ f(x) — f(0) — f’(0) sin x} can be expressed as 
a Fourier integral 


(2) h(x) =(2m)-10 f eH (t)dt. 


It can be shown that given e>0, R>O there are polynomials 
P,(u), depending on the {m,} only, such that 


|e*—P,(u) | <eLH(u/x)(1+(u/x)*) 
(— 0 <u<o, |x| <R). 


Replacing e** by P;(xt) in (2) gives an approximating poly- 
nomial of the form 
nk h® (0) 


Qi(x) = ~ ae Ciax’. 


As k—, | h(x) —(Q,(x)|-+0 uniformly in |x| <R. Transition 
to f(x) yields Carleman’s result on the summability of the 
Taylor series of a quasi-analytic function. 

W. H. J. Fuchs (Ithaca, N. Y.). 


BernStein,S.N. Remarks on the theory of regularly mono- 
tonic functions. Izvestiya Akad. Nauk SSSR. Ser. Mat. 
16, 3-16 (1952). (Russian) 

The author proves a variety of theorems on functions 
some of whose derivatives have prescribed signs on an 
interval. He first gives a short proof that a function all of 
whose even derivatives are nonnegative on (—R, R) (abso- 
lutely convex function) is analytic, with its Maclaurin series 
converging at least in the same interval. A function is 
cyclically convex (completely convex) if (—1)*f®(x)20; 
if f(x) is absolutely convex and f’(x) is cyclically convex, 
call f(x) of class C; (the sequence of signs of the derivatives 
then consists of repetitions of +++ —). A function of 
C,(0, 1) is necessarily entire and of exponential type not 
exceeding a number which is approximately 1.875. By 
applying results of an earlier paper [same Izvestiya Ser. 
Mat. 14, 381-404 (1950); these Rev. 12, 322] the author 
obtains sharp bounds for the derivatives of a completely 
convex function and so proves again that such a function 
on (0, 1) is entire and of exponential type at most « [Widder; 
for a survey of this and related results, and references, see 
Pélya, Bull. Amer. Math. Soc. 49, 178-191 (1934); these 
Rev. 4, 192]. Several extremal problems are solved, e.g. to 
find the completely convex function (or one belonging to a 
certain subclass of these functions) having the maxima of 
one or more derivatives assigned and deviating least from 
zero on a given interval. R. P. Boas, Jr. 


Theory of Sets, Theory of Functions of Real Variables . 


Kurepa, Georges. Deux conséquences équivalentes, rela- 
tives aux nombres ordinaux, de la bonne ordination du 
continu linéaire. C. R. Acad. Sci. Paris 234, 175-177 
(1952). 

Consider the following propositions: (1) There exists an 
effective well-ordering of the linear continuum. (2) For 
every limit ordinal \ <.«;, there exists effectively an ordinary 
increasing sequence of ordinals whose limit is A. (3) For 
every transfinite a <w,, there exists an effective enumeration 
of the set of all ordinals less than a. The author shows that 
(2) and (3) are equivalent [this, however, has already been 
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proved by Finsler, Comment. Math. Helv. 25, 75-90 (1951) 
(see §2); these Rev. 13, 120], that (3) is a consequence of (1), 
and remarks that X:=2** follows from (3). F. Bagemihl. 


Cuesta, N. A problem equivalent to that of the continuum. 
Revista Mat. Hisp.-Amer. (4) 11, 240-242 (1951). 
(Spanish) 

If |S|=®,, and T denotes the class of all subsets of S 
which have power X&,, then there exist subclasses of 7, call 
them R-classes, each of which is fully ordered by the relation 
of proper set-inclusion, and has the order type of the set of 
rational numbers in their natural order. The following 
propositions are equivalent: (1) 2%*=x,;. (2) There exists 
an R-class, Ro, such that, in every decomposition of Ro, the 
union of the sets belonging to the initial part is a proper 
subset of the intersection of the sets belonging to the 
remainder. F. Bagemihl (Rochester, N. Y.). 


Mamuzitch, Zlatko. Note sur la loi d’association des trans- 
formations dans la théorie des ensembles. Bull. Soc. 
Math. Phys. Serbie 3, no. 1-2, 75-77 (1951). (French. 
Serbo-Croatian summary) 


Besicovitch, A. S., and Taylor, S. J.. On the set of distances 
between points of a general metric space. Proc. Cam- 
bridge Philos. Soc. 48, 209-214 (1952). 

A set E in a metric space L is said to have the property of 
Steinhaus if the distances d(P, Q) formed for all P, Q in L 
fill out an interval (0,8). Besicovitch and Miller [Proc. 
London Math. Soc. (2) 50, 305-316 (1948); these Rev. 10, 
437] have shown that if L is the plane then £ necessarily 
has this property if it is linearly measurable (Caratheodory) 
with finite positive measure and is regular, in particular if 
(i) E is a subset of finite positive linear measure contained in 
a rectifiable curve. The authors now point out that these 
results hold for any finite-dimensional Euclidean space L 
but by means of a suitable new metric defined for the real 
numbers 0=xSy=1 they show that (i) can fail to imply 
the property of Steinhaus in a general metric space L. 

I. Halperin (Kingston, Ont.). 


Choquet, Gustave. Extension et restriction d’une capacité. 

C. R. Acad. Sci. Paris 234, 383-385 (1952). 

If &, and &; are families of subsets of a topological space 
E, if &:C&s, and if f is a capacity on &,, let g be the function 
defined on &; by g(X) = f*(X), where f* is the outer capacity 
corresponding to f. (The definitions used here are given in 
an earlier paper [same C. R. 234, 35-37 (1952); these Rev. 
13, 555.) Then g is called the extension of f to 83; g is a 
capacity, and g*(X)=f*(X), g«(X)Z=f.(X) for all XCE, 
where gs, fe are inner capacities. The author shows that 
certain generalized monotonicity properties are preserved 
by this operation of extension. If g is a capacity on &, and 
fis defined on &, by f(X) =g(X), then f is the restriction of g 
to 61; f is a capacity, and g*(X)=f*(X), ge(X)=fe(X) for 
all XCE. W. Rudin (Cambridge, Mass.). 


Choquet, Gustave. Capacitabilité. Théorémes fondamen- 
taux. C. R. Acad. Sci. Paris 234, 784-786 (1952). 
Several results concerning the “‘capacitability”’ of sets are 

derived, based on definitions given in preceding papers. In 

particular, all Borel sets and all analytic sets are capacitable, 
under certain conditions; for complements of analytic sets 
this cannot, however, be shown. W. Rudin. 





Choquet, Gustave. Les capacités, fonctions alternées d’en- 
semble. C. R. Acad. Sci. Paris 233, 904-906 (1951). 
Let D be a domain, in a Euclidean space, for which a 

Green's function G exists. For every compact K CD, let f(K) 

be the capacity of K, relative to G. Define Ao(X) = f(X), 

and, for 2=0, 1,2, ---, 


Anyi(X, Ai, dha An+1) 
=A(XU Anyi, Ai, °° 


if X,Ai,--- 
results is that 


(*) (—1)*""4,(X, Ai, _—y A,)=0, 


and that A, is a decreasing function of X and an increasing 
function of every A;. The author points out that the in- 
equalities (*) are analogous to those satisfied by “completely 
monotonic” functions. The set of these inequalities is com- 
plete, in a sense defined in the paper. W. Rudin. 


Sherman, S. On a theorem of Hardy, Littlewood, Polya, 
and Blackwell. Proc. Nat. Acad. Sci. U. S. A. 37, 826- 
831 (1951); errata: 38, 382 (1952). 

The author considers two real (but not necessarily non- 
negative) valued measures a and 6 on a real vector space U 
where both a and 6 have a“ finite spectrum” (i.e., there exists 
a finite set of points such that every subset of its complement 
has measure zero; let S, be the minimal such finite set for a) 
and two relations between a and }, viz., a>; 5b, meaning that 
for every real convex function g on U, 


") A,)—A,(X, Ai, a +, Ax) 
are compact subsets of D. One of the main 


a (ui) (mu) = Eb (u)o(w/), 
t=] j=l 


where S, = {1;} 1", S, = {u*} 1, and a>2b, meaning that there 
exists a set of real nonnegative numbers 


pis (¢=1, ***, Na; j=1, re mM) 
such that 


mb 
LPu=1, 
j=l 
for all uf in S. The fact that a>, implies a>, } being 
trivial, this note is devoted to the proof of (1): a@>, 5 implies 
a>+2b. The proof is carried out by reducing (1) to the follow- 
ing set inclusion: 


b(wi\ut= Spyo(ude, Tpyo(u) =b(wi) 
tm—1 tml 


L= (8.t+8)n El (Et+LeDne) 


C¥l((6tN E+) + [eae] -CRHR 
jun 


where &, (&,*, &,-) is the set of measures (nonnegative, non- 
positive) with spectra in S,, E;* is the set of nonnegative 
measures with spectrum in S, and centroid at u’, [e,] is the 
set of measures with spectrum {;}, o* is the set of measures 
with spectrum contained in S, such that S, has measure zero 
(L corresponds to >,, R to >»). The proof is based on the 
Lemma: 0#a—bdeL implies the existence of nonzero deR; 
for some j such that a—b>,d>+; 0; which is proved by induc- 
tion on the number of elements in S,U 5S, and utilizes the 
existence of a convex function nonlinear on the convex hull 
of S,U S, which is piecewise linear [see H. Weyl, Comment. 
Math. Helv. 7, 290-306 (1935) ]. A statement analogous to 
the theorem of this paper has been proved by D. Blackwell 
[Proc. 2d Berkeley Symposium on Math. Statist. and Prob., 
1950, pp. 93-102, Univ. Calif. Press, 1951; these Rev. 13, 
667 ] for one-dimensional U and no restriction on the meas- 
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ures [see also Hardy, Littlewood, and Pélya, Inequalities, 
Cambridge Univ. Press, 1934, for the case a(u;) =b(u*) =c, 
S.U Ss finite ]. [Note: There are some misprints in the paper, 
some of which are corrected in the Errata (which introduces 
some new ones); at the request of the author a list of correc- 
tions is appended. P. 827, line —7 read “measures” instead 
of “ measure” ; p. 828, formula in middle of page should read: 
(8.++8-)A(CON*)= DY (((6.tn£i*)+[e Jane}. 
13/3" 


Lemma, p. 829 should read: For each non-zero 
a—be(&,++8-)m CON* 
there exists j7, 1=j=m, and non-zero 
de((8.*+0 E;*)+[e)ne 
such that a—b>,d>,0; the remaining erratum in the 
Errata is correctly stated there. ] G. K. Kalisch. 


Addition 4 mon article “Sur la con- 
Anais Acad. 


Dieudonné, Jean. 
vergence des suites de mesures de Radon.” 
Brasil. Ci. 23, 277-282 (1951). 

This note contains improved versions of the last two 
theorems of the author’s earlier paper [same Anais 23, 21-38 
(1951); these Rev. 13, 121] referred to in the title. Where 
{u.} denotes a sequence of Radon measures on a compact 
space E, the two improved theorems read as follows. (1) If 
the sequence {z,(A)} of numbers is bounded for each finite 
set A and also for each open set A whose boundary is 
of |,|-measure zero for all m, then the sequence {||y,||} of 
norms is bounded. (2) If the sequence {u,(A)} of numbers 
has finite limit for each finite set A and also for each open 
set A whose boundary is of |u,|-measure zero for all n, 
then the sequence {,} is gzr-convergent (in the terminology 
of the cited earlier paper and review) to some Radon 
measure yz on E. T. A. Botts (Charlottesville, Va.). 


Cotlar, Mischa, and Frenkel, Yanny. On Kolmogoroff’s 
integral. Univ. Buenos Aires. Contrib. Ci. Ser. A. 1, 
46-63 (1950). (Spanish) 

Let X be a set, and let M be a multiplicative family {e} 
of subsets of X. Fix eeM. Let 2(e) [2*(e) ] denote the set of 
all finite [countably infinite ] partitions o(e) of e by sets of 
M. The sets of partitions Z(¢) and 2*(e) are each directed by 
refinement. Fix a real function of f on M. For ¢=o(e)eZ(e), 
write f(c)=Z[f(e,): eec]. The respective Moore-Smith 
limits 

(f)(e) =lim sup [f(c): ce (e) J 


and 
o(f)(e) =lim inf [f(c): ceZ(e)] 


are termed the Kolmogoroff upper and lower integrals of f 
over ¢; when they coincide and are finite, the common value 
is termed the Kolmogoroff integral of f over e. Functions 
#*(f)(e) and g*(f)(e) defined in a similar fashion relative 
to Z*(e) lead to the notion of Kolmogoroff *-integral of f over 
e [see A. Kolmogoroff, Math. Ann. 103, 654-696 (1930) ]. 

Kolmogoroff termed the family M decomposable provided 
e,eM and e:eM and e,C ¢: imply that ¢; is an element of some 
partition ceZ(e:). Henceforth suppose M decomposable. 
The finite unions of sets belonging to M form a family 
K(M) which is the minimal multiplicative family containing 
M and closed under set differences. The authors call the 
above function f‘‘ differentially e-continuous on e’’ provided 
for every e>0 there is a partition o,eZ(e) with the following 
property: given a null sequence g:)g:)--- from K(M) 
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there is an mo such that if >» and if e:", --+, e"mn) is a 
partition of g, with each e,* contained in some element of 
o,, then 


| fle") + +++ +f(e mn) | <e. 


Principal result: differential o-continuity of f on ¢e is a neces- 
sary and sufficient condition that the existence of either of 
the above integrals of f over e imply the existence of the 
other and their equality. The proof rests on the following 
intermediate result: if the set functions @(-)=#(f)(-) and 
¢(-) =¢(f)(-) are finite on M, then for each eeM 


e*(f)(e) =9*(e) (ce) SO*(e) (ec) SO*(#) (e) = O*(f)(e). 
T. A. Botts (Charlottesville, Va.). 


Carr, R. E. Pattern integration with improper Riemann 
integrals. Proc. Amer. Math. Soc. 2, 925-931 (1951). 
Soit f(x) une fonction intégrable au sens de Riemann dans 

tout intervalle e<x <1 (e>0), telle que f.'fdx ait une limite 

I (Intégrale impropre) quand «0. Bromwich et Hardy 

(Quart. J. Math. 39, 222-240 (1908)] ont fait remarquer 

que, si f(x) tend en croissant vers l’infini quand x0, on a 


(1) I=lim — ~ i - ): 


nw 1% kml 


L’auteur remarque d’abord que, dans les mémes conditions, 
si l'on a 1/MnSé,™ S1/n (M21, fixe), et 

(k—1)/nSh%SR/n (k=2,---,m), 
alors 


(2) I =lim Ese). 


ne 1% kel 


Il rappelle ensuite le résultat suivant de Wintner [Amer. J. 
Math. 69, 685-708 (1942); ces Rev. 9, 279]: l’égalité (1) a 
lieu pourvu que f(x) vérifie les conditions suivantes: f est a 
variation bornée sur tout intervalle eSx1, et vérifie 
J.'|df(x) | =o(e"). Il démontre que, dans les mémes condi- 
tions, (2) a lieu également. 

L’auteur cherche alors 4 étendre ces résultats aux “ pat- 
tern” intégrales qu'il a précédemment définies [Carr and 
Hill, mémes Proc. 2, 242-245 (1951); ces Rev. 12, 811]. Il 
démontre ce qui suit: les & étant choises comme ci-dessus 
et le “pattern” P étant caractérisé par le nombre dyadique 
t=0- ayaa: --a,--- tel que lim... sta, =a, et f verifiant 
les mémes conditions pete début, on a 


(3) lim — * Saaflts) =al. 


ne 1% kel 


Il démontre ensuite que (3) subsiste si f n’est plus croissante 
au voisinage de 0, mais vérifie | f(x)| g(x), g vérifiant 
maintenant les conditions que vérifiait f. Enfin, il montre 
que pour f(x) =x cos x~', la limite du second membre de 
(2) n’existe pas. R. de Possel (Alger). 


Bledsoe, Woodrow W. Neighborly functions. Proc. Amer. 

Math. Soc. 3, 114-115 (1952). 

If p metrizes S and p’ metrizes S’, a function f on S to S’ is 
said to be neighborly at the point x if given «>0 there exists 
an open sphere a of S such that p(x, y)+p’(f(x), f(y)) Se 
whenever yea (it is not required that xea). It is proved that 
if g is the limit of a sequence of neighborly functions then 
the points of discontinuity of g form a set of first category. 

M. Cotlar (Chicago, Ill.). 
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Dérge, Karl, und Wagner, Klaus. Bemerkung iiber die 
Grundbegriffe der Infinitesimalrechnung. Math. Ann. 
123, 1-33 (1951). 

The manner in which this paper provides the foundation 
for a theory of differentiation is best shown by considering 
the authors’ main, although not most general, example. Let 
R be the class of all formal power series >a,x* in which all 
coefficients are real except possibly one, which may be + © 
provided that all subsequent coefficients vanish. It is shown 
that under the order topology of lexicographic ordering, R is 
compact. The class G of proper polynomials is dense in R. 
Given two proper polynomials p, g the sector s[, q] is the 
point set defined by p(x)Sy=¢(x) in the plane, and this 
definition can be naturally extended for p, g in R. Now let 
M be the graph of any function f of one variable defined for 
all x. Then a purely topological lemma proved in this paper 
shows that there exist “improper” polynomials (i.e., mem- 
bers of R) p, g with these properties (1) if 1S, gSqi in R 
then o[1, gq: ] includes M relative to some neighborhood of 0; 
(2) if p1>p or g>qui then o[ fi, g: ] does not include M rela- 
tive to any neighborhood of 0; (3) if r< or r>q then there 
are pi, qi such that p1<r<q; and o[p1, gi ] does not meet M 
on some deleted neighborhood of 0. The ideas and proofs 
involved up to this point are presented in a very general 
context. 

In the application here exemplified, the authors continue 
as follows. If p and q have their first »+-1 coefficients finite 
and respectively equal, M has an mth degree osculating 
polynomial ¢,(x) (of obvious form). It is then proved that 
if f has an mth order derivative at 0, then the corresponding 
partial sum of the Taylor series is an osculating polynomial. 
It is pointed out that this result is obtained, by other 
methods, by Bourbaki [Eléments de mathématique, [X, 
p. 33, Actualités Sci. Ind. no. 1074, Hermann, Paris, 1949; 
these Rev. 11, 86]. It is further shown that the converse 
holds for »=0 and »=1, but not for higher m. Functions of 
several variables are also considered. R. Arens. 


Nikol’skii, S. M. On the continuation of differentiable 
functions of several variables. Doklady Akad. Nauk 
SSSR (N.S.) 82, 521-524 (1952). (Russian) 

The author proves the existence of a function 

f (x1, %2, «++, %n) Of m real variables (n>m21) satisfying 

certain regularity conditions on its partial derivatives and 

such that f(x, ---,x,0,0,---,0) is equal to an assigned 
function (x1, ---,%m) which satisfies suitable regularity 
requirements. Details are too long for reproduction. 

W. H. J. Fuchs (Ithaca, N. Y.). 


Minlos, R.A. Plane variation of functions of two variables 
and the cylindrical measure of sets in three-dimensional 
space. Doklady Akad. Nauk SSSR (N.S.) 81, 733-736 
(1951). (Russian) 

The author considers a measure u(M) of a set M of points 
in the unit cube J®: 0Sx=1, OSyS1, 0S231, defined by 


po 
u(M) = f o(t, Mat 


where ¢(t, M) is the Hausdorff linear measure of the inter- 
section of M with the plane s=#, and upper Lebesgue inte- 
gration is used. The expression for u(M) was used by Kron- 
rod [Uspehi Matem. Nauk 5, no. 1 (35), 24-134 (1950); 
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these Rev. 11, 648] to define the “planar variation” of a 
one-valued function f(x,y), with O=/f(x, y)S1, over the 
unit square J: 0=x=1, 0Sy31, the set M then consisting 
of the points of J® at which z= f(x, y). The author shows 
that when M is a Borel set u(M) equals the “cylindrical 
measure” of M, which he defines like Hausdorff two-dimen- 
sional measure except that the covering sets are restricted 
to be right circular cylinders with axes parallel to the z-axis, 
the magnitude of each cylinder being taken to be the area 
of an axial section. H. P,. Mulholland (Birmingham). 


Davies, R.O. On accessibility of plane sets and differen- 
tiation of functions of two real variables. Proc. Cam- 
bridge Philos. Soc. 48, 215~—232 (1952). 

A set E in the (x, y)-plane is said to be accessible at one 
of its points e along a line / if 1 passes through e but contains 
no other point of EZ. A class L of lines in the (x, y)-plane is 
said to possess property (C) at a point p of the plane if for 
every pair of angles a, 8 such that a<@ there are 2®° lines 
in ZL each of which passes through » and makes an angle 
with the positive x-axis greater than a but less than #. Let 
g(e), eeE, be a function defined on a set E in the (x, y)-plane, 
and let / be a line through a point ¢) of Z. Then g is said to 
be approximately constant at é along / if there is a subset of 
both / and E having é as a point of linear density on which 
g has the constant value g(é). 

If Z is a measurable set in the (x, y)-plane having finite 
measure, there is constructed a class L of lines in the plane 
which possesses property (C) at every point of E so that the 
measure of the point set covered by the lines of L is equal to 
the measure of EZ. There is constructed a set M of full 
measure in the (x, y)-plane so that with every point m of M 
there is associated a class L(m) of lines in the plane which 
possesses property (C) at m and such that M is accessible 
at m along every line in L(m). There is constructed a set M 
of full measure in the (x, y)-plane and a class L of lines in 
the plane which possesses property (C) at every point of the 
plane so that no line of L contains more than one point of M. 

If f(p) is a real-valued measurable function defined every- 
where in the plane, there is defined a measurable function 
g(p) which equals f() almost everywhere so that with every 
point p excepting those belonging to a set of measure zero 
there is associated a class L(p) of lines passing through p 
which possesses property (C) at p and so that g is approxi- 
mately constant at p along each line in L(p). If f(p), peS,isa 
real-valued continuous function defined on a square S in 
the plane and « is a positive constant, there is defined a 
continuous function g(p), peS, which equals f(p) excepting 
at a set of measure less than ¢ so that with every point p of S, 
excepting those belonging to a set of measure less that ¢ there 
is associated a class L(p) of lines passing through p which 
possess property (C) at p and so that g is approximately 
constant at p along each line in L(p). 

P. V. Reichelderfer (Columbus, Ohio). 


Potts, D. H. A note on Green’s theorem. J. London 

Math. Soc. 26, 302-304 (1951). 

The author makes the passage from the weak form of 
Green’s theorem (say, for rectangles) to the strong form (for 
rectifiable Jordan regions) under hypotheses of Riemann 
integrability instead of the more usual hypotheses of 
Lebesgue integrability. L. H. Loomis. 
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Drazin, M. P. A note on permutable bilinear transforma- 

tions.’ Math. Gaz. 36, 30-32 (1952). 

It is shown that two transformations of the form 
w= (az+b)/(cs+d) which commute either have a common 
fixed point or a common invariant circle (or line). 

S. Agmon (Houston, Tex.). 


Obléth, Richard. Une remarque sur les formules de ré- 
currence. Acta Math. Acad. Sci. Hungar. 2, 113-120 
(1951). (French. Russian summary) 

The author considers two sequences {R,(x)} and {G,(z)} 
of analytic functions connected by the relation 


o(e, 2) = ERa(x)Ga(2) 


where ¢.+¢,=0. Under appropriate conditions of converg- 
ence, from the existence of a relation 


‘ 
G,'(2)= ¥ a,Gai(z) (G,=0 for r<0) 
rok 
the following other relation can be concluded: 
k 
Ry’ (x) = — LY a_-Rate(x). 
reek 


In a similar fashion other types of recursions and also addi- 
tion theorems for the functions G,(z) involve similar rela- 
tions for R,(x). The condition on ¢ can be generalized as 
follows: ag.+byg,=0, a and b constants. G. Szegé. 


Bohr, Harald. A study on the uniform convergence of 
Dirichlet series and its connection with a problem con- 
cerning ordinary polynomials. Kungl. Fysiografiska 
Saliskapets i Lund Férhandlingar [Proc. Roy. Physiog. 
Soc. Lund] 21, no. 12, 14 pp. (1952). 

This is a posthumous note edited by Erling Fglner. Let 

+ «,e be a Dirichlet series with lim inf,.... (log 2)’, = 1; 

let oy and op, op < ©, be its abscissas of uniform convergence 

and of boundedness respectively. Then sy—ogSI, where 

I’ is an absolute constant, and there exists a series for which 

equality holds. Here O=P=3, but the actual value of 

could not be found. The number I can be characterized by 
asymptotic properties of certain classes of exponential or 
ordinary polynomials. For the latter the characterization is 
as follows. Let Fy be the set of all polynmials R(z), with 
max | R(e“)|=1, involving N terms. Form the absolute 
values of the sections of R(1) and let Tz be the largest of 
these N numbers. Let dy’=sup 7g for R(s)eFy. Then 

I'=lim supy.. log dy’/(log N). It is also shown that certain 

subsequences of partial sums of the Dirichlet series converge 

uniformly for R(s)>os+e. E. Hille. 


Yu, Chia-Yung. Sur les théorémes de composition des 
séries de Dirichlet. Bull. Sci. Math. (2) 75, 69-80 
(1951). 

L’auteur parvient 4 supprimer dans les théorémes du 
référent [Bull. Soc. Math. France 57, 78-103 (1929); Acta 
Math. 55, 1-32 (1930); Rice Inst. Pamphlet 31, 159-272 
(1944); ces Rev. 6, 267] quelques restrictions concernant 
l’ordre de grandeur des fonctions dont on compose les singu- 
larités. Les énoncés sont intéressants mais trop compliqués 
pour qu’on puisse les exposer ici. S. Mandelbrojt. 
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Lepson, Benjamin. On hyperdirichlet series and on related 
questions of the general theory of functions. Trans. 
Amer. Math. Soc. 72, 18-45 (1952). 

Ce mémoire est une étude des séries (1) 3 P.(s)e*™ od 
P,, est un polynéme de degré u, et A, une suite monotone de 
nombres positifs augmentant indéfiniment. On suppose 
(2) lim u./A,=0. L’auteur remarque que ces séries avec ), 
complexe ont été rencontrées par Ritt et G. Valiron comme 
solutions d’équations différentielles linéaires 4 coefficients 
constants d’ordre infini; elles n’ont été étudiés que dans des 
cas particuliers. 

Voici les résultats essentiels. (A) Soient W:, S:, R: les 
ensembles du plan z = x+y oi la série (1) a son terme général 
borné, a ses sommes partielles bornées, est absolumment 
convergente. Chacun de ces ensembles est formé d’un demi- 
plan x>B, C, A (— »SBSCSABS+ @), augmenté d’une 
partie de sa frontiére et d’un ensemble W, S, R qui est un 
F, (réunion dénombrable de fermés) de capacité nulle. 

(B) La série (1) converge et représente une fonction 
analytique f(s) pour x>C. 

(C) Soit Se(zo) un secteur |z—z9|=k Re(s—z0) (k>0). 
Dans tout Se(z») tel que x»>B, C, A, la série (1) a ses 
termes uniformément bornés, est uniformément convergente 
et M-convergente [la série u,(z) étant dite M-convergente 
dans l'ensemble E si la série M,=supz|u,(z)| converge ]. 

(D) Soit C, le maximum des modules des coefficients de 
P,,. Les nombres A et B sont les abscisses de convergence 
absolue et de terme général borné pour la série de Dirichlet 
(3) }C,e*. Soit C(s) l’abscisse de convergence de 
> P.(s)e>” (série de Dirichlet en w): C est la borne su- 
périeure des C(z). 

(E) W, S, R sont respectivement contenus dans des en- 
sembles F’, H, F, définis comme il suit. Soit EZ l'ensemble 
limite des racines des P,; F est l’intersection des ensembles 
analogues a E pour toutes les sous-séries de (1) dont la sous- 
série correspondante de (3) a pour abscisse de convergence 
absolue A ; F’ est défini comme F en remplacant “ abscisse de 
convergence absolue” par “abscisse de terme général borné” 
et A par B. Pour définir H, posons A, (z) = >oP;(z)e" 
(a réel); soit B,@ le maximum des modules des coefficients 
de A, et G, l'ensemble limite des zéros de ces polynémes. 
Etant donnés 2’ et e, désignons par {m;} la suite des m tels 
que A,(z) n’ont pas de racine dans |z—2’| Se et par H. 
l'ensemble des points des G, tels que, pour tout e>0 on ait 


lim sup (log B,;)/Aa;<lim sup (log By) /An. 
j7e nn 


H est l’intersection des H, pour tous les a> —C. 

Dans la partie I du mémoire, l’auteur donne plusieurs 
lemmes qui sont déduits des deux théoremes suivants. 
1) Théoréme de Carleson (non encore publié): Si une suite 
de fonctions boréliennes converge sur un ensemble plan 
borné E de capacité k>0, il existe, pour tout «>0, une 
partie fermée F de E de capacité >k—e sur laquelle elle 
converge uniformément. 2) Soit EZ un ensemble fermé con- 
tenu dans le cercle |z| =R (R21), d le diamétre transfini de 
E, P(s) un polynéme, » son degré, M le maximum des 
modules de ses coefficients, on a maxg| P(z)|=M(d/3R)*, 
l’égalité n’ayant lieu que pour »=0. 

Dans la partie II figurent les démonstrations des résultats 
résumés ci-dessus. Elles font intervenir les expressions 
X5| P.(s)| et la série 3 | P.(s)|e>*”. Quelques précisions 
et contre-exemples sont donnés pour les droites x= B, C, A. 
En terminant, l’auteur démontre les résultats suivants: 
1) Si D=lim sup,.. (log #)/A, est fini, on a A—BSD; 
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sinon A = B=C. 2) A part le cas de tous les coefficients nuls, 
la série (1) n’a qu'un nombre fini de zéros dans tout Se(z») 
tel que x9>C; par suite, si deux séries (1) ont méme somme 
dans un domaine, les termes de méme rang sont identiques. 
3) Si (2) n’est pas vérifiée, il existe des séries (1) dont les 
“domaines” de convergence et de convergence absolue ne 
sont ni le plan tout entier, ni des demi-plans. 
R. de Possel (Alger). 


Réhri, Helmut. Wher Differentialsysteme, welche aus 
multiplikativen Klassen mit exponentiellen Singularititen 
entspringen. II. Math. Ann. 124, 187-218 (1952). 
The first part [Math. Ann. 123, 53-75 (1951); these Rev. 

13, 224] was devoted to the arithmetical theory of multi- 

plicative classes. The present second part contains a study 


of integrals 
(1) w(s) = fs, 


as functions of the upper limit and is an extension of the 
theory of Abelian integrals. y is in kg which may be de- 
scribed briefly as the aggregate of functions of the form 
R(z)W(z), where 


W(s)=[1(e—«,)%", 
pel 


the a,, a, are fixed constants, r(z) is a fixed rational function, 
and R(z) is any rational function whose poles are at points 
of the (fixed) finite set B. The complementary class ke is 
the aggregate of functions R(z)/W(z). 

Of great importance are integrals (1) extended over a 
closed path: these give the periods of (1). The author first 
provides a finite basis for all closed paths for (1) with y in kp. 
His work goes beyond the results of Nekrassoff [ibid. 38, 
509-560 (1891) ] in that he does not exclude (although he 
has to discuss separately) the exceptional cases arising when 
some of the a,, or a.= — )>21a,, have integer values, and 
also in that (towards the end of the paper) he proves that 
the basis is minimal. A minimal basis is constructed for the 
complementary class too, and several examples of minimal 
bases are given. 

The minimal basis for the closed paths leads to a basis of 
linearly independent periods of (1). If all periods of a y in kp 
vanish, then y is necessarily the derivative of an element 
of kg. Between the periods of any element of kg there are 
bilinear relations (as in the theory of Abelian integrals): 
these relations are derived from the so-called interchange 
theorems of the first paper. 

If {y,} is a basis for kp and {C,} is a basis for closed paths 
in (1) when y belongs to kg, then the periods of elements of 
kp may be characterized in terms of the matrix Pg whose 
elements are fc,y,ds. For the complementary class kg we 
have bases {4,}, {C,}, and the matrix Ps. Given two of the 
four systems {y,}, {C.}, {5}, {C.}, the other two may be 
determined so that 


(2) PsP,’ =I. 


(The prime indicates transposition and J is the unit matrix). 
The bases of closed paths for kg and kg constructed in this 
paper (see the second paragraph of this review) are not 
necessarily complementary in the sense of (2). 

A. Erdélyi (Pasadena, Calif.). 








Krylov, V. I. On‘the determination of the best region 
within which holomorphicity will guarantee the converg- 
ence of Hermite interpolation for an arbitrary system of 
nodes. Doklady Akad. Nauk SSSR (N.S.) 78, 857-859 
(1951). (Russian) 

Let F and @ designate two closed bounded sets of the 
complex plane, the former containing a given tri 
sequence of points x, j=1,---,m, n=1,2,---. If f is 
defined at x;™, designated by P,_:(x, f), the polynomial 
of degree »—1 which interpolates to f at the points x,;™, 
j=1,2,---,. The author defines a region K=K(F, ®) 
purely geometrically which possesses the following proper- 
ties: (a) If f(s) is an arbitrary analytic function regular in K, 
then there exist constants A and g<1 not dependent upon 
ze® such that | f(z) —P,_:(f; s) | SAg". (b) If aeK, then there 
exists a function g regular in K—a such that this inter- 
polation process diverges for g at some point of ®. 

P. Davis (Cambridge, Mass.). 


Balk, M. B. On the interpolation of analytic functions by 
means of rational fractional functions. Doklady Akad. 
Nauk SSSR (N.S.) 79, 181-184 (1951). (Russian) 

The author considers the Padé approximants F, ,[z, f(z) ] 
to f(s) = >os.0C.2" at z=0 under the following conditions: 
there exist functions g(x), ¥(x), a:(u), and 8,(u) such that 
Cn = [[2~19(x)/¥(x), and such that for all integers x, y, with 
y>x>t=0 we have 


o(x—t)0(y) — ey —t)y (x) = r(x) Bey —x) £0. 


Under these conditions, the author is able to exhibit F,, 
explicitly, and convergence theorems for a number of special 
cases are indicated. P. Davis (Cambridge, Mass.). 


Tricomi, Francesco G. Una nuova trascendente intera 
connessa con una ben nota serie non continuabile. Atti 
Accad. Naz. Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (8) 11, 
141-144 (1951). 

The function in question isG(z) = }>5_.1(a*—1)—2"/n!,a>1. 
It is connected with the function F(z) => Fu. exp (a*z), 
which is not continuable outside R(z) <0, by the equation 
F,, (2) = m+G(a"z) — G(s), where F,,(z) is the sum of the first 
m terms in the series for F(z). The author discusses G(z) and 
in particular the asymptotic behavior of G(x) for positive 
and for negative real x. To treat the latter case he intro- 
duces @(u) = —sF"(z), K(u) = —2G’(z), u= {log (—z)}/log a, 
P(u) =0(u)+K(u) =>". f(u+m), where f(t) =a'exp (—a‘). 
He finds that P(u) = }°A,e*""', A, =I'(1—2nart)/log a, and 
so for a of moderate size P(u) is almost constant on the real 
axis; hence G(x) is nearly {—log |x| }/log a for real nega- 
tive x. R. P. Boas, Jr. (Evanston, IIl.). 


Eweida, M. T. On the convergence properties of basic 
series representing integral functions. Proc. Math. 
Phys. Soc. Egypt 4, no. 2, 31-38 (1951). (English. 
Arabic summary) 

The author modifies Whittaker’s definition of the order 
of a basic set {p,(z)} of polynomials so that he can give 
sufficient conditions for a set to represent entire functions 
only in a finite circle. If D,, the largest degree of a p(s) 
occurring in the expansion of z*, is o(m log m), then if every 
entire function of order less than p is represented in some 
circle, every such function is represented in the whole plane; 
this is no longer true for larger D,. R. P. Boas, Jr. 











Rényi, Alfréd. Remarks concerning the zeros of certain 
integral functions. C. R. Acad. Bulgare Sci. 3, no. 2-3 
(1950), 9-10 (1951). (English. Russian summary) 

Let F(z) = fo'f(t) cos 2t dt. If f(t) is real, m+m is odd, 
f™(1) =0 (k=0, 1, ---, n—1), f*(0) =0 (152k+15n), 
and g(t)=f™(#)/ is integrable, nonnegative and nonde- 
creasing, then F(z) has only real roots; the same is true 
when G(z) = fo'g(t) sin 2t dt has only real roots. This result 
is obtained very simply by integrating repeatedly by parts 
in G(z) and appealing to Pélya’s theorem [Math. Z. 2, 
352-383 (1918) ] that F(z) has only real roots when f(#) is 
nonnegative and nondecreasing. Other similar results are 
proved similarly. These theorems generalize some of Ilieff 
[same C. R. 2, no. 1, 17-20 (1949); these Rev. 11, 236]. 

R. P. Boas, Jr. (Evanston, IIl.). 


Bojoroff, E. Sur la distribution des zéros d’une classe de 
polynomes et de fonctions entiéres. C. R. Acad. Bul- 
gare Sci. 3, no. 2-3 (1950), 11-14 (1951). (Russian. 
French summary) 

Let p(z) be a polynomial all of whose zeros have real parts 
between a and 8, or an entire function which is the limit of 
such polynomials. The author shows that if f(#) and ¢(#) are 
positive and integrable in (0, a), f increasing, @ decreasing, 
lA| =1, F(t) =for-'*f(t+u)o(u)du, &(t) = for-*o(t+-u) f(u)du, 
then the zeros of 


f "{ FOL P(e-+1) +4p(s—) 4+ [p(e+0) +ip(s—) at 


have their real parts between a and 8. R. P. Boas, Jr. 
Shah, S.M. A note on means of entire functions. Publ. 

Math. Debrecen 2, 95-99 (1951). 

Let f(z) be an entire function of order p, lower order A, and 
let p:=lim sup log n(r)/log r, A1=lim inf log n(r)/log r. Let 
G(r), g(r), Der), m(r) denote respectively the geometric 
means of | f(z)| on |z| =r and on || Sr, and the arithmetic 
means of | f(z)|* on |z| =r and on |z| =r. Let K and k be 
the upper and lower limits of {g(r)/@(r)}""; L and J, the 
upper and lower limits of {m(r)/Dt(r)}""*. It is known 
[Pélya and Szegé, Aufgaben und Lehrsatze aus der Analysis, 
Springer, Berlin, 1925, vol. 2, p. 10, problems IV64—66 ] that 
if 0<pi<o, kSexp {—(2+ :)"} SK, that k=K under 
certain regularity conditions, and that /=e-* when p< «. 
The author proves the additional relations 


e""8S=kSexp {—(2+A,)"}, L=e> for 


0SAS ~,/1=0 for p= ~ ; he gives a more general condition 
for k= K, and shows that all the inequalities for k and K 
are best possible. R. P. Boas, Jr. (Evanston, Il.). 


Chang, Shih-Hsun. On a theorem of S. Bernstein. Proc. 

Cambridge Philos. Soc. 48, 87-92 (1952). 

S. Bernstein [Lecons sur les propriétés extrémales . . . , 
Gauthier-Villars, Paris, 1926, pp. 198 ff.] proved that if 
f(z) =Xicon2™ is an even entire function of genus 0, the 
series >> | c,|'/@" is convergent. The author gives two simpler 
proofs, one of them very brief, and shows more generally 
that if f(z) has zeros +8, with o=>|8,|~*/" convergent, 
m=2, then > |c2.|'/“" Sorem— csc (x/m). He also shows 
that an entire function Sa,2" of genus zero and order p<1 
with its zeros on a half line belongs to the convergence class 
if and only if >> |a,/a,-:|*< ©. As an application to integral 
equations he shows that for a composite kernel K(x, y) 
with L? factors A, B, the coefficients a, in the power series 
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expansion of the Fredholm determinant for the Schmidt 
kernel K*K satisfy > \(as/as1)'< © and (equivalently) 
Xa," < [continuation of J. London Math. Soc. 22 
(1947), 185-189 (1948); these Rev. 9, 592). 

R. P. Boas, Jr. (Evanston, IIl.). 


DirbaSyan, M. M. On the expansion of entire functions 
in generalized Taylor series. Doklady Akad. Nauk 
SSSR (N.S.) 82, 665-668 (1952). (Russian) 

Let 


ahi? Chevette 3 >1); 
Qs(s)=1, Qp(s) [ [« [dae (021) 
2 (2¢)"/ 
ad tra Fin] 


If lim supe. k'-*|a,| <(ep)-"* log 2, then every entire 
function f(z) of order Sp and type <o can be expanded ina 
unique series f(z) = > s.0¢,2"E™ (G2) which converges uni- 
formly in every bounded region. Here 


Cn = (op/m) f r f "e-* f(re\ Outre rr-Adrdl. 
W. H. J. Fuchs (Ithaca, N. Y.). 


Gel’fond, A. O., and Leont’ev, A. F. On a generalization 
of Fourier series. Mat. Sbornik N.S. 29(71), 477-500 
(1951). (Russian) 

Let f(z) = Doa,2" (4,0, n=0, 1, ---) be an entire func- 
tion of order p and finite, non-zero type o, with (a) 
lim,+« #/*|a,|/" = (cep)*; and let F(z) = >-9b,2" be an arbi- 
trary analytic function, regular in|z| <R(R= @). Define the 
operator (b) D*F=D*(F, f)=SPuabs(ae_./ax)2*-*. This 
series for D"F converges in |z| <R. (The authors remark 
that condition (a) can be weakened, but that it is assumed 
for simplicity in formulas, etc.) The operator D*F is a 
generalization of differentiation in the sense that for the 
particular choice f(z)=e* we have D*(F, e*) =d*F(z)/dz"*. 
Let o(t)=>sc.t" be an entire function of order Sp and 
finite type o, (where if the order is less than p then take 
o,=0). The principal aim of the paper is to consider the 
equation of infinite order in the generalized derivative: 


(c) LUF]=S:c,.D*F=0. 


Since L[f(Az) ] = Ds cad*f(As) =—(A) f(Az) (where f was given 
above) the function ¢(A) is called the characteristic function 
of equation (c). [The reference to Fourier series in the title 
is explained as follows: The analytic function F(z) is ex- 
pressible in a Fourier series (in multiples of 2z) if it is 
periodic with a period 1; i.e., if F(z+1)— F(z) =0. Now this 
last relation is representable as an equation of form (c) if 
we take f(z) =e*, o(t) =e'—1.] 

To determine the convergence properties of series (c), set 
(d) e(A) f(s) = DSB, (s)a*, (e) An(s) = B,(2)/an,n=0,1,---, 
and (f) ¥(z,t)=>¢A,(z)/i**. It is shown that for r>0, 
series (f) converges in |z| <r, |t| >u(r)=(0:/0+r*)"*, so 
that y is regular for z,¢ in this region; and that for F(z) 
regular in |z| <R=y(r), then series (c) converges in |z| <r, 
and in every circle |z| <r—e(e>0), L[F'] has the representa- 
tion (g) LL F]=(2ri)-*fop(z, t) F(t)dt. (Here C is the circle 
|} = Ry with p(r—-)<Ri<R.) If X is a zero of g(a), 
and is of multiplicity p, then the p functions 2*f™ (Az) 
(m=0, 1, ---, p—1) are particular solutions of L[ F]=0. 

Now take a function f(z) = }\fa,s* satisfying the same 
conditions as f(z), and, keeping the same characteristic 
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function g(t), form an operator L;: Li[ F]=Dec.D*(F, fi). 
The functions 9(s)= 203 (@./an)2", 21(2) = Lo (an/an)2" are 
analytic in |z| <1. Form with these the operators 


MErIm Emm o(7)70; 


ne M{F]=2—b.5=— im(= =) FO. 


0d, 

where F(z) = 5-35," is regular in |z| <.R and C is the circle 
|t]=R, with |z|<Ri<R. Then M[F] and M,[F] are 
regular functions in |z| <R; and M,[F] is inverse to M[F]: 
(i) MM,[F]=M,M{F]= F(z). Also, 

(j) D*(F, fi) =M-{D"(M[F], f)}. 

We thus have (k) L;[ F]=M-LM[F]; so that if F satisfies 
Lily]=(z) then M[F] satisfies L[y]=M[®], and if F,; 
satisfies L[y ] = ,(z) then M-"(F, satisfies L:[y ]= M—[, J. 
As seen earlier, if \, (#=1, 2, ---) are the zeros of o(t), and 
p, the corresponding multiplicities, then L[y]=0 has as 
particular solutions y;=2"f™(d,z), with m=0,1, ---,p.,—1; 
m=1,2,--+; j=pitpot-+-++P.-1+m+1; and similarly, 
9;=2"f:™ (Az) are solutions of Lify]=0. It then follows 
that if F(z), satisfying equation (c) in |z| <R, has there the 
uniformly convergent representation 


F(s) =lim $8y4(2) 
ke jel 


then the solution MF] of L:[y]=0 will have in |z| <R 
the representation MF ]=limy.. 572:8,9;(2).- 

Consider the equation (i) L[F]=0 where L[F] is now 
given in the integral form (g). Moreover, take 


fla) = Las = ZLor/T(n/o+1) 


so that 1/a,= fo*x"dr(x), r(x) =—e-**". (From what was 
stated earlier about operators L and Ly, it suffices to discuss 
the case of one representative f(z).) The function ¥(z, ¢) of 
(g) is now shown to have the form 


(m) W65,=— [EF aw. 


Moreover, if F(z) is regular in |z| <y(r) and satisfies equa- 
tion (1), then for |z| <r—e (e>0) the relation 


© rel. cad, G)- 


lel t) — f(su) 





~dr(x) =0 


-—4 
t 


holds, where u(r —€) <w:<(r), and ¢(u) #0 on |u| =g. Also 
for such F, if we set 





FO, f(su) 
©) Cd= aad, ithe, # juime (1%) . 





dr(x x), 


e f *e(x/t)—(u) | 


a 
t 

then Q(z, ¢) is a linear combination of the solutions y,(z) 

ding to those zeros of g(u) lying in |u| <q: 

Q(z, ¢) = + 5~18;97;(2). The coefficients 8; are independent of g, 
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so Q(z, g) represents a partial sum of order s of the formal 
series (p) >-5.18,;y;(z). It is then shown that the remainder 
term R(z, g) = F(z)—Q(z, g) is given by 





1 F(t) du 
RG.) =--—— | <a 
@ - v (241)? tla, 6° jujmgit” o(u) 
"o(x/t)—p(u) (ax 
xf arama 9 sake 
—-—u 


t 


in |z| <r—e (m being an arbitrary non-negative integer). 

The basic theorem of the paper is now established: 
Let there exist an infinite sequence of circles |u| =q. 
(m=1, 2, ---) on which 


(r) | p(u) | >e-@+olul? 


(@=0) for m>N(«), «>0O arbitrary. If F(z) is regular and 
satisfies equation (1) in |z| <R, then 


(s) | F(2)—Q(s, gm)| <exp {(@+-01+-07°—oR’+)gn’} 


for |z| <r and m>N,(e). Asa corollary, if p(u) satisfies the 
conditions just stated, and if F(z) is regular and satisfies 
(1) in |s| <R=y,(r) =[(0+61)/0+r°}"*, then for |z| <r, 
F(z) is given by F(z) = lima. Q(z,q.), uniformly in |z| <r—e 
(e>0 arbitrary). It is shown moreover that ¢(z), being of 
order p and type o:, a possible choice of @ in (r) is @= [2p Jo: 
where [2p ]=greatest integer not exceeding 2p. 
I. M. Sheffer (State College, Pa.). 


Goluzin, G. M. On mean values. Amer. Math. Soc. 
Translation no. 61, 10 pp. (1952). 
Translated from Mat. Sbornik N.S. 25(67), 307-314 
(1949); these Rev. 11, 339. 


Goluzin, G. M. Some inequalities for analytic functions. 
Izvestiya Akad. Nauk Kazah. SSR. 60, Ser. Mat. Meh. 3, 
101-105 (1949). (Russian. Kazak summary) 

Let H, be the class of functions f(z) = Scs.0¢.2" regular 
in |z| <1 and such that fy**| f(re”) | dé is uniformly bounded 
for r<i. The author proves that if m=1 is an integer, 
0<p<m/2, 7»=e*"™, and f(z)eH, then 


m 1 Qe 
LD] lfa)|redrs= | f(e*) | do, 
n= 0 


2 sin (xp/m)Jo 
with equality only if f(z) =c(1—sz")-*»’/". This generalizes a 
theorem of Fejér and F. Riesz [Math. Z. 11, 305-314 
(1921) ]. A similar result is obtained for conjugate harmonic 
functions. Further if f(s)eH, and 0<p3}, then 


stole * 0%) oman 

a= n+p 2 sin rpJo : 
This sharpens and extends a theorem due to Fejér [Math. 
Ann. 97, 104-123 (1926) ]. A. W. Goodman. 





Goluzin, G. M. On the theory of univalent functions. 
Mat. Sbornik N.S. 28(70), 351-358 (1951). (Russian) 
Let S(cs) be the class of all functions f(z) =s+-css*+ ---, 

regular and schlicht in the unit circle |z| <1 with c: a pre- 

scribed complex number for which |c;|=2. The author in- 
vestigates the upper bound of | f(2)|, f(z)eS(c2), on circles 
|z| =r, O=r<1. An earlier result in this direction given by 

Gronwall [Proc. Nat. Acad. Sci. U. S. A. 6, 300-302 (1920) ] 

is erroneous, as was pointed out by Milin and Lebedev 

[Doklady Akad. Nauk SSSR (N.S.) 67, 221-223 (1949); 














these Rev. 11, 339]. The author shows that if f(z)eS(c2), then 
| (1 —cas+1") f(z) | Sr teri —r*)", 


for |s| <t. An explicit example is given to show that no 
number less than 4 can replace the factor e~? in this in- 
equality. The inequality is obtained by applying Loewner’s 
differential equation and then estimating the resulting inte- 
gral bound for |(1—cz+r*)f(r)| by classical variational 
methods. [Milin and Lebedev in the paper referred to above 
announce an analogous bound which for some values of ¢: is 
more precise. ] If m(cs, r) denotes the sup of (1—r)*r—| f(z) | 
on |z| =r for all f(z)eS(c.), the author proves that m(¢2, r) 
is bounded from below by a positive number which is inde- 
pendent of r. The paper is marred by an unusually large 
number of misprints. W. Seidel (Rochester, N. Y.). 


|z| =r, 


Lebedev, N. A., and Milin, I. M. On the coefficients of 
certain classes of analytic functions. Mat. Sbornik N.S. 
28(70), 359-400 (1951). (Russian) 

This paper contains proofs of results announced earlier 

[Milin and Lebedev, Doklady Akad. Nauk SSSR (N.S.) 67, 

221-223 (1949); these Rev. 11, 339]. W. Seidel. 


Alenicyn, Yu. E. On the estimation of the coefficients of 
univalent functions. Mat. Sbornik N.S. 28(70), 401-406 
(1951). (Russian) 

Let S, denote the class of functions f(z) of the form 

S (2) = 24+ Dra iGony""" ~=which are regular and schlicht 

in |z| <1. It is easily shown that maxyes,|@om41| exists 

and is finite for every m. V. Levin [Proc. London Math. 
(2) 39, 467-480 (1935)] established the inequality 
lim SUPm+«. Maxyes, |Zom41| =3.006---. The present author 
improves this inequality by showing 
lim sup max | @om41| S27*/43/e"? < 2.402. 


m+n ses, 


W. Seidel (Rochester, N. Y.). 


Rahmanov, B. N. On the theory of univalent functions. 
Doklady Akad. Nauk SSSR (N.S.) 82, 341-344 (1952). 
(Russian) 

The author states without proof a number of theorems on 
univalent functions which map |z|<1 (a) onto starlike 
regions and (b) onto convex regions. A. W. Goodman. 


llieff, Ljubomir. Uber die Abschnitte der schlichten Funk- 

tionen. Acta Math. Acad. Sci. Hungar. 2, 109-112 

(1951). (German. Russian summary) 

If f(¢)=2+ DF.20,2* is regular and univalent in |z| <1, 
then the partial sums z+) 2.20.2" have no zeros in 
0<|z| <1—2n~ In 3n. Other similar results are obtained 
for these functions, and for the class of odd univalent 
functions. 


A. W. Goodman (Lexington, Ky.). 


Bazilevit, I. E. On distortion theorems in the theory of 
univalent functions. Mat. Sbornik N.S. 28(70), 283-292 
(1951). (Russian) 

Let F(t)={+a0+a:/{+--- be regular and schlicht in 
|¢|>1, except for a pole at {= ©. Furthermore, let there 
exist a nonnegative constant m<1 such that | F(t)|>m 
for |¢| >1. By making use of Léwner’s differential equation, 
the author obtains the following inequalities for any two 
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points f1, fin |¢| >1: 
| FS) 10) FC) |?—m*T4| Ps) |C| FCs) |? —m? TT? 


F(51) — F(f2) 
[1 [esl-* PC [ga] 43|— 2 
$s 
S| FC) |“C| FC) |*—m*}*| FCs) | “L| FC) |? —m* 
<(i— [ss] P01 — [$2]. 
For the first inequality, equality is never attained if 
lt:| #|f2|, but if [ft] =—|¢2|, equality is attained and the 
corresponding class of functions is completely determined. 
For the last inequality, equality is only attained in the 
limiting case {;={2. The above inequalities, for m=0, were 
found by Golusin [Mat. Sbornik, N.S. 21(63), 83-117 
(1947); these Rev. 9, 421]. Analogous results are obtained 
for functions f(z) which are regular and schlicht in |z| <1. 
W. Seidel (Rochester, N. Y.). 


Milloux, Henri. Sur quelques propriétés des fonctions 
méromorphes et de leurs dérivées. C. R. Acad. Sci. 
Paris 234, 39-41 (1952). 

Announcement of general results connecting the behavior 

a function and its derivative. Let f(z) be meromorphic in 

the simply connected domain D. The first result gives a 

lower bound for log| f(z)| under the hypothesis that f(z) 

does not take on too frequently any one of three distinct 

values while f’(z) takes on two distinct values a large num- 
ber of times in a certain domain ACD. The limitation of 
log| f(z)| is valid in a domain A’, ACA’CD. The second 
results gives a lower bound of log | f’(z) | under the hypothesis 
that f’(z) does not take on any one of 3 fixed values too 
frequently while f(z) takes two distinct values very often in 
the domain A. A consequence of these results is the theorem: 

If f(z) is a meromorphic function of finite positive order, 

then f(z) and f’(z) have the same Borel directions. 

W. H. J. Fuchs (ithaca, N. Y.). 





Chuang, Chi-Tai. Sur la comparaison de la croissance 
d’une fonction méromorphe et de celle de sa dérivée. 
Bull. Sci. Math. (2) 75, 171-190 (1951). 

The main result of the paper is the inequality 


er 


+logt Ge) 4.54¢.iax* 0 (A>1 and r>0) 


between the Nevanlinna characteristics of a meromorphic 
function and its derivative. This is used to discuss the rela- 
tion between the growth of the two characteristics in detail 
[cef. J. M. Whittaker, J. London Math. Soc. 11, 82-87 
(1936), where order only is considered ]. The basic inequality 
is established by integrating two others along a circle and 
a radius respectively. One is substantially the inequality of 
Boutroux [G. Valiron, Integral functions, Toulouse, 1923, 
pp. 78-79]. The other is R4R 


log* | f(te*) | Sn(R’, f) log 44+-N(R’, A+ zyme f) 


for some real @=0(R, R’), R’>R>0O and all ¢ in OStSR 
[f(0) #0]. A. J. Macintyre (Aberdeen). 


Nehari, Zeev. Conformal mapping. McGraw-Hill Book 


Co., Inc., New York, Toronto, London, 1952. viii+396 

pp. $7.50. 

This book deals with an essential aspect of the theory of 
analytic functions. Designed for students with a good work- 
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ing knowledge of advanced calculus, the author discusses 
the subject theoretically as well as practically, ranging from 
its introductory part to modern developments. Chapter head- 
ings are as follows: (I) Harmonic functions (pp. 1-48); 
(II) Analytic functions (pp. 49-80); (III) The complex in- 
tegral calculus (pp. 81-136); (IV) Families of analytic func- 
tions (pp. 137-147); (V) Conformal mapping of simply- 
connected domains (pp. 148-265); (VI) Mapping properties 
of special functions (pp. 266-332) ; (VII) Conformal mapping 
of multiply-connected domains (pp. 333-392). 

The first four chapters constitute a preparatory part for 
remaining principal chapters and belong rather to the cate- 
gory of the general theory of analytic functions. They will 
serve the reader well to make him independent of any other 
texts on complex variables for understanding the full treat- 
ment developed later. Every chapter is divided into several 
sections. Each section includes, at the end, several simple or 
somewhat complicated examples, some of which are related 
to the later discussions. In view of the character of the book 
as a text, no references to the literature are given. 

Chapter I concerns mainly Green’s and Neumann's func- 
tions, and their roles in boundary value problems of the 
Laplace equation. Chapter II consists of an elementary 
treatise on the classical theory of analytic functions. Chapter 
III is concerned with the classical theory of complex integral 
calculus for analytic functions. Chapter IV is short. The 
concepts of equicontinuity and local uniform boundedness 
are introduced in order to extend the Bolzano-Weierstrass 
limit point principle to a space consisting of analytic func- 
tions. Montel’s theorem on normal families is stated. It is 
proved that any continuous functional defined on a normal 
and compact family attains its maximum within the family. 

Chapter V concludes the discussions on conformal mapping 
of simply-connected domains. It begins with the funda- 
mental fact that the property of conformal mapping is 
characteristic of analytic functions. Schwarz’ lemma and the 
related theorems on bounded functions are taken into ac- 
count. The Riemann mapping theorem together with its 
uniqueness assertion is proved by a familiar extremal 
method. Theorems on continuous one-to-one correspondence 
between boundary points are proved only in the case of a 
simple closed contour, i.e. a piecewise smooth curve, but it 
is remarked that a generalization to the case of a closed 
Jordan contour is immediate. The solvability of the Dirichlet 
problem is noted. As an application of the symmetry 
principle, the Schwarz-Christoffel formula is presented and 
is illustrated with various examples. The mapping of a half- 
plane onto a curvilinear polygon is then discussed in a usual 
manner, and the case of curvilinear triangles is treated in 
detail, including an explicit representation by means of the 
hypergeometric function; Schwarz’s s-function is also recon- 
sidered in the subsequent chapter. Classical theorems on 
functions univalent in the unit circle are derived by a 
procedure based upon Bieberbach’s area theorem. A result 
of Littlewood concerning Bieberbach’s conjecture on the 
coefficient problem is stated, and, furthermore, the sub- 
classes are indicated in which the conjecture can be answered 
affirmatively. Exercises of the section contain several impor- 
tant distortion theorems. Next, the idea of subordination is 
explained as an illustrative extension of Schwarz’ lemma. 
Although the Riemann mapping theorem has been estab- 
lished earlier, the proof given there is a pure existence one. 
From the view point of applied mathematics, a method of 
actual construction of the mapping function is desirable. 
Thus, Bergman’s kernel function is discussed. The kernel 
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function keeps, in fact, its efficacy also for multiply-con- 
nected domains. Here the existence of a complete ortho- 
normal set with respect to analytic functions regular, single- 
valued and of square-integrable moduli is established in the 
case of simply-connected domains. The fundamental prop- 
erties of kernel functions introduced by an extremal problem 
are studied. It is then indicated that a mapping function of 
a given domain onto a circle can be practically computed 
provided a complete orthonormal set, and hence the kernel 
function, is known. Finally, a formula involving the first 
variation is stated, giving a function mapping a nearly 
circular domain onto a circle. 

Chapter VI relates to mapping properties of special func- 
tions. Elementary functions and Jacobian elliptic functions 
are discussed in some detail. Special attention is given to 
Schwarzian s-functions and elliptic modular function. Appli- 
cations are made to Picard’s theorem and some related 
theorems. 

Chapter VII is devoted to mapping of domains with any 
finite connectivity. Classical results are systematized and 
sharpened qualitatively by means of the method of the 
Bergman kernel function. The notions of conformal type 
and Riemann moduli are defined. Canonical domains con- 
sidered here are the parallel slit domain, the circular or 
radial slit domain, and the circle or circular ring slit along 
concentric circular arcs. Identities between the functions 
mapping a domain onto these canonical domains are estab- 
lished. Existence proofs of canonical mappings are given 
by characterizing them by extremal properties. Harmonic 
measures and Green’s function are constructed from canoni- 
cal mapping functions; an application is made to the Dirich- 
let problem. The Bergman kernel function and orthonormal 
sets are then illustrated in the case of multiply-connected 
domains. Its reproducing property is shown to be character- 
istic. The kernel function is also expressible as an infinite 
bilinear Hermitian form constructed from any complete 
orthonormal set, while the existence of such a set can 
immediately be shown by means of the former. However, 
the kernel function being fundamental in the theory, a 
method available for its practical computation becomes 
desirable. Consequently, a direct method of constructing a 
complete set is given. The final section is concerned with 
bounded functions and is devoted to the characterization 
by means of an extremal problem of a function mapping a 
given n-ply connected domain onto an n-sheeted circular 
disc. Attention is called also to the Szegé kernel function 
which plays an important role in the theory of bounded 
functions. 

Proofs of the propositions included are given with clarity 
throughout and are often partly simplified in comparison 
with the current ones. The numerous exercises, enriching 
the content of the book considerably, often contain special 
features. Altogether, the book is written in an elementary 
style and offers a presentation available to anyone possessing 
an elementary knowledge; its latter part will give a good 
introduction to the more recent advances of the theory of 
conformal mapping. There are a number of easily corrected 
misprints and also a few theorems where some additional 
restriction is necessary. Y. Komatu (Tokyo). 


Bundscherer, N. Uber die konforme Abbildung gewisser 
rechtwinkliger Achtecke. Z. Angew. Math. Mech. 31, 
370-387 (1951). (German. Russian summary) 

A function yielding a conformal mapping of a half-plane 
onto the interior of a rectilinear polygon can be represented 
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by the classical Schwarz-Christoffel formula. It involves 
however as parameters, besides the interior angles of the 
image-polygon, also the branch-points corresponding to the 
vertices. The determination of these parameters from the 
given data on the configuration of the polygon is in general 
a matter of considerable difficulty. The author restricts his 
consideration to certain octagons whose interior angles can 
possess only the values x/2 and 3x/2, and discusses the 
hyperelliptic integrals representing the mappings of the 
upper half-plane onto such “step-octagons’’. If a definite 
relation expressible in terms of #-functions is satisfied 
among the side-lengths of a presented step-octagon sym- 
metric with respect to its center, then the mapping function 
can be constructed by superposing two functions each of 
which maps the half-plane onto a notched rectangle and is 
composed both of simple elementary functions and of an 
elliptic integral. Certain degenerate cases are investigated. 
Numerical tables on possible sets of sidelengths of polygon 
are listed, and many illustrative figures are inserted. 

By inverting the octagons (especially the degenerate ones) 
repeatedly with respect to their sides or by combining 
special elementary mappings, various types of configura- 
tions are derived. It is then noticed that the complex poten- 
tials are thus explicitly obtainable for the stream fields 
resulting from the above procedure. Y. Komatu 


Meschkowski, Herbert. Wher die konforme Abbildung 
gewisser Bereiche von unendlich hohem Zusammenhang 
auf Vollkreisbereiche. II. Math. Ann. 124, 178-181 
(1952). 

Continuing the investigations of part I [Math. Ann. 123, 
392-405 (1951); these Rev. 13, 454] the author considers 
mappings of canonical domains bounded by two concentric 
circles and a sequence of concentric circular slits converging 
to the inner circle onto domains bounded by complete 
circles. He now gives conditions on the convergent sequence 
of slits so that the image circles have a single point as their 
limit boundary component. G. Springer. 


Sasaki, Yasuharu. On the Hauptsehne of the region to 
which the unit-circle is mapped by the bounded function. 
Proc. Japan Acad. 27, 216-218 (1951). 

Let F(z) be regular and schlicht in |z| >1 with F(0)=0, 
F’(0) =1, | F(z)| SM (M21) and let F(z) map |z| <1 onto 
a region B. Then the length / of any Hauptsehne (chord of B 
which passes through the origin) satisfies the precise in- 
equality /=2M(M—[M?—1 }**). G. Springer. 


Vv *Lewy, Hans. Developments at the confluence of ana- 
lytic boundary conditions. Proceedings of the Interna- 
tional Congress of Mathematicians, Cambridge, Mass., 
1950, vol. 1, pp. 601-605. Amer. Math. Soc., Providence, 
R. I., 1952. 

This paper is essentially a summary of an earlier paper by 

the author [Univ. California Publ. Math. (N.S.) 1, 247-280 

(1950) ; these Rev. 12, 691]. W. Kaplan. 


Jenkins, James A. Remarks on “Some problems in con- 
formal mapping.” Proc. Amer. Math. Soc. 3, 147-151 
(1952). 

In the paper referred to [Trans. Amer. Math. Soc. 67, 
327-350 (1949); these Rev. 11, 341] the author showed that 
a triply connected domain D’ may be mapped conformally 
onto a subdomain of a second such domain D so that the 
topological situations of the contours correspond if and only 
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if (*) M(a, a2, @3)=M'(a;, a2, a3) for every triple of non- 
negative numbers 4@;, a2, a3 (for notation see the review 
cited above). The subdomain coincides with D if and only 
if equality holds in (*) for every triple a1, a2, a3. The author 
now discusses for what subdomains of D equality may hold 
in (*) for some but not all triples. In some but not all cases 
the mapping of D onto a subdomain of D’ is unique. 

W. K. Hayman (Exeter). 


Lokki, Olli. Uber eindeutige analytische Funktionen mit 
endlichem Dirichletintegral. Ann. Acad. Sci. Fennicae. 
Ser. A. I. Math.-Phys. no. 105, 13 pp. (1951). 

This paper gives a treatment of the problem of minimizing 
the Dirichlet integral over a schlicht region of analytic func- 
tions which assume prescribed values at given points. The 
extremal functions are linear combinations of the solutions 
corresponding to two given points. The earlier work on this 
problem has been presented by Bergman [The kernel 
function and conformal mapping, Amer. Math. Soc., New 
York, 1950; these Rev. 12, 402]. P. R. Garabedian. 


Ohtsuka, Makoto. Dirichlet problems on Riemann sur- 
faces and conformal mappings. Nagoya Math. J. 3, 
91-137 (1951). 

Le méthode Perron-Brelot est appliquée dans les chapitres 

I, II, IV a divers problémes sous la forme générale suivante: 

soit ® une surface de Riemann abstraite, ¥ sa frontiére, en 

partie “‘idéale’’, en partie relative 4 une autre surface o sur 
laquelle ® est étaleé, g une fonction donnée sur §. On 
considére sur @® les fonctions sous-(sur-)harmoniques 
bornées supérieurement H (inférieurement A) qui ont, sur §, 
des limites supérieures Sg (inférieures 2g), et leur en- 


veloppe supérieure (inférieure). Ces enveloppes sont har- — 


moniques; si elles coincident avec une fonction finie H,, 
¢g est dite “résolutive”. Eventuellement, les fonctions H (A) 
peuvent étre soumises sur une partie de $ 4 des conditions 
definitive différente (ch. II). Au ch. III, l’auteur représente 
conformément le recouvrement universel de & sur le cercle 
|z| <1, par une fonction f(z), et étudie la correspondance 
entre I’ (|z| =1) et la frontiére de @ relative 4 ¢. Le cas od 
& est simplement convexe est étudié au ch. V. Indiquons les 
principaux résultats obtenus. 

Ch. I. Soit Rp un domaine de ® (supposée non close) dont 
le complémentaire K est compact, et soit C la frontiére de 
®&o relative A G. La fonction g égale a 1 sur la frontiére 
idéale de ®, et a zero sur C, est résolutive sur Ro. Selon que 
H, est ou non identiquement nulle, ® est du type para- 
bolique p, ou hyperbolique hk. Pour que & soit du type 4, il 
faut et il suffit qu’il existe sur ® une H non constante. 
Plusieurs résultats rapprochent le type p de la surface close: 
par example, si ® est du type p, pour qu’un domaine ®&’ 
de & soit du type , il faut et il suffit que R—@’ soit de 
capacité nulle. Enfin la méthode permet de démontrer 
simplement la séparabilité d'une surface de Riemann (ré- 
sultat dQ a T. Radé). 

Le ch. II est consacré a la recherche d’une fonction 
harmonique nulle sur la frontiére idéale de ® et admettant 
une singularité donnée sur K. Supposons que C se compose 
d’un nombre fini de courbes simples closes analytiques et 
que l’intérieur D de K ait pour frontiére C. On se donne une 
fonction harmonique U, sur C, c’est-d-dire dans un ouvert 
Dp contenant C: U doit avoir sur D les mémes singularités 
que Us», ce qui se traduit par le fait que U— U,» peut @tre 
prolongé harmoniquement dans D. La méthode des en- 
veloppes est appliqué 4 ®oU Dy en donnant 0 comme valeur 
sur la frontiére idéale de ®, et en ajoutant la condition que 
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U—U>, puisse étre prolongée dans D en y Testant sous- 
harmonique (resp. sur-harmonique). Ces conditions sont 
résolutives si ® est du type h, et la fonction obtenue a bien 
les propriétés voulues. Si ® est du type , il faut choisir un 
point P» sur ®> et rechercher une fonction vérifiant les 
mémes conditions sauf qu’au voisinage de P» elle admet dans 
une image plane conforme une singularité logarithmique. Le 
probléme est possible et d’une seule maniére 4 une constante 
additive prés. L’auteur étudie comment la solution dépend 
dans les deux cas de Up, et fait quelques applications. 

Au ch. III, il suppose que la projection o’ de ® sur a est 
compacte (@ intérieure 4 ¢). En complétant ® par rapport 
a une métriqué convenable, il définit les points-frontiéres 
accessibles de ® par rapport a o(A.B.P.). A chacun d’eux 
est associé une classe de chemins sur ® qui tendent vers le 
point de ¢ qui lui correspond. II obtient divers résultats sur 
la correspondance entre I et les A.B.P. Si f(z) a des limites 
dans ¢ presque partout sur I le long des chemins de Stolz, 
R est dite du type F. Il en est ainsi lorsque «—o’ est de 
capacité positive. Une 2° partie du chapitre apporte des 
précisions 4 des résultats connus relatifs au partage de 
|z| <1 en polygones fondamentaux. 

Au ch. IV, l’auteur démontre qu’une fonction g borélienne 
donnée sur l’ensemble des A.B.P. est résolutive pour ® dans 
les deux cas suivants: 1) ® est un domaine de o, ¢— ® étant 
de capacité non nulle; 2) ® est de connexion finie et du type 
F. Il étudie le cas d’une surface &’ étalée A son tour sur &, 
et applique ses résultats 4 des extensions du lemme de 
Léwner sur une fonction analytique dans |z| <1, telle que 
f(0) =0, | f(z)| <1. Il montre en particulier que si X est un 
ensemble analytique sur I auquel correspond un ensemble Y 
sur |w| =1, on a m(Y)=m(X). 

Auch. V, il démontre d’abord une extension d’un théoréme 
d’Iversen relatif aux ensembles limites 4 la frontiére d'une 
fonction analytique définie dans un domaine plan. 

Il considére ensuite une surface ® simplement convexe et 
du type h, o étant supposée métrique. II définit des “élé- 
ments de frontiére’’ de ® comme on définit les “bouts pre- 
miers” d’un domaine. Chacun d’eux recouvre un ensemble 
de ¢. Soit »(P) le nombre de eux qui recouvrent le point P, 
et A la mesure linéaire extérieure de Carathéodory sur ec. II 
suppose que l’intégrale inférieure Son(P)dA(P) est finie 
(frontiére dite alors rectifiable) et obtient en particulier le 
résultat suivant: f(z) peut étre prolongée A IT en étant 
absolument continue, avec correspondance biunivoque des 
ensembles de mesure nulle sur I et sur ¢. La méthode du ch. 
IV s’applique au probléme de Dirichlet sur ®, avec un 
résultat simple sur la mesure des ensembles de la frontiére. 
Le mémoire se termine par des applications, en particulier 
au cas ol ¢ est un espace de Finsler. R. de Possel. 


Schubart, Hans. Einige ganze Funktionen und ihre Rie- 
mannschen Flichen. Math. Ann. 124, 55-64 (1951). 
The author describes the structure of the Riemann surface 

of s=z(w) where w=f(z) denotes the entire function 

II (i+2/ax), 0<a:<-+-+-, Say"<@. The branch points of 

2(w) are of order 2 and correspond to real values & of z such 

that —a.41<&< —a,. The curves Im f(z) =0 different from 

Im z=0 form a system of non-intersecting curves C,. The 

curve C, passes through &,, is symmetric with respect to 

the real axis and is such that for s=x+¢#y e C,, x and 

y/x—0 as |z|-+. [In his proof the author imposes a con- 

dition of regularity on the zeros of f(z) which is superfluous. ] 

More precise results on the curves C, and their images by 

w= f(z) are given in the cases a, =k* (¢>1) and a,=2". 

J. Korevaar (Delft). 
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Kiinzi, Hans P. Représentation et répartition des valeurs 
des surfaces de Riemann a extrémités bipériodiques. C. 
R. Acad. Sci. Paris 234, 793-795 (1952). 

Riemann surfaces with a biperiodic ramification are con- 
sidered. In a simple case, Teichmiiller computed the distri- 
bution of values by determining the explicit expression of 
the mapping function [Deutsche Math. 7, 360-368 (1944); 
these Rev. 8, 327]. The author announces a method which 
does not imply investigation of this function. He determines, 
for Teichmiiller’s surface and for a surface with several 
biperiodic ends, the characteristic, ramification indices, and 
exceptional values. L. Sario. 





Bader, Roger. Différentielles sur une surface de Riemann 
ouverte. C. R. Acad. Sci. Paris 233, 1564-1565 (1951). 
The author attacks the problem of analytic differentials 

of second and third kind on an open Riemann surface S. 

Let E, be the space of analytic differentials with no singu- 

larities other than poles on S and with a finite Dirichlet 

integral over any domain outside the poles. The subspace 
of regular differentials in EB, is denoted by E,. The following 
theorem is announced. Every differential 222, on S has two 
orthogonal components: the one, geZ,, is the limit of 

Schottky differentials of an exhaustion of S and has, in a 

specified sense, periodicity and singularity properties of Q; 

the other, 29—geE,. Two lemmas on differentials with a 

finite number of poles in a compact subdomain of S are, in 

addition, reported, in extension of a related lemma of 

Ahlfors [Comment. Math. Helv. 24, 100-134 (1950); these 

Rev. 12, 90]. L. Sario (Stanford University, Calif.). 


Heins, Maurice. Riemann surfaces of infinite genus. 

Ann. of Math. (2) 55, 296-317 (1952). 

Riemann surfaces F of parabolic type with one boundary 
component are studied. Several new results are obtained, 
essentially as follows. Let 2 be an end, i.e., a subregion of 
F with a compact complement. Consider the class Po of 
non-negative harmonic functions on @, vanishing on the 
relative boundary y of 2. The harmonic dimension n of the 
ideal boundary I of F is defined as the minimal number of 
elements of Po generating Po by linear combinations. A 
surface with a prescribed finite » is constructed. This gives 
the first known subclassification of parabolic surfaces. The 
problem of the existence of a surface with n= © remains 
open. The harmonic dimension is expressed in terms of 
R. S. Martin’s minimal positive harmonic functions [Trans. 
Amer. Math. Soc. 49, 137-172 (1941); these Rev. 2, 292], 
used earlier by Kjellberg for classification of boundary 
points of plane regions [Ark. Mat. 1, 347-351 (1950); these 
Rev. 12, 410]. To this end, the harmonic minimal functions 
in Pg are normalized so as to have the period 1 for the 
conjugate functions along y. Then the number of normalized 
minimal functions equals m. Every bounded harmonic func- 
tion on @ has a limit at I if and only if »=1. This condition 
is also sufficient in order that every function of class Po has 
the limit «. The modular condition [[¢,—>*, proved by 
the reviewer to be sufficient for the parabolic type (C. R. 
Acad. Sci. Paris 230, 269-271 (1950); these Rev. 11, 342], 
is sufficient even for n=1. 

For a meromorphic function f on @ with a limit at I the 
local degree d(f) of f at I is defined as follows. Let Qo be 
the given end, @ a generic subend, N(Q) the maximum 
number of times that f assumes any of its values in Q. Then 
d(f) is defined as ming N(Q). It is shown that either f has 
a limit and is then (1, d(f)) on some subend or else the set 
of limits is the extended plane and f assumes every value 
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infinitely often except a set of capacity zero. It was shown 
by Rémoundos [Extension aux fonctions algébroides multi- 
formes du théoréme de M. Picard . . . , Mémor. Sci. Math. 
no. 23, Gauthier-Villars, Paris, 1927] and Ullrich [J. Reine 
Angew. Math. 167, 198-220 (1932) ] that an algebroid func- 
tion belonging to an n-sheeted covering surface of the finite 
plane omits at most 2” values. The author constructs an 
(admitted) surface F with non-constant analytic functions 
omitting a countably infinite number of values. He further 
shows the existence of ends 2 with the Picard property: 
every meromorphic function on @ takes on all values infi- 
nitely often except two. This is a sharpening of a theorem of 
Myrberg [Ann. Acad. Sci. Fennicae, Ser. A. I. Math.-Phys. 
no. 58 (1949); these Rev. 10, 441 ], according to which there 
are ends not admitting bounded analytic functions. 

The author proves further that all bounded analytic func- 
tions on @ have limits at I’. Every such function can be repre- 
sented on some end as the composition of a bounded analytic 
function of minimal local degree and an analytic function 
about the limit of the former function at I’. In the proof, use 
is made of the Schur algorithm. L. Sario. 


Tsuji, Masatsugu. A theorem of Bloch type concerning the 
Riemann surface of an algebraic function of genus p=0. 
Kédai Math. Sem. Rep. 1951, 77 (1951). 

Let F be an algebraic Riemann surface of genus p=0 
spread over the s-sphere K. The author shows that F con- 
tains a schlicht circular disc A which subtends an angle 0(p) 
at the center of K where 0(p)=x/(p+1) if p2=1 and 
6(p) =2x/3 if p=0. D. C. Spencer (Princeton, N. J.). 


Nevanlinna, Rolf. Beitrag zur Theorie der Abelschen Inte- 
grale. Ann. Acad. Sci. Fennicae. Ser. A. 1. Math.-Phys. 
no. 100, 11 pp. (1951). 

The author re-establishes the generalized Gauss-Bonnet 

formula [Ahlfors, Acta Soc. Sci. Fennicae. Nova Ser. A. 2, 

no. 6 (1937) ] for Riemann domains with analytic boundary, 


K+2xE(-»)+ far — 2x. 


Here XK is the curvatura integra of the domain, 2x(y—,) 
corresponds to the zeros and poles of the metric, dr is the 
differential of the geodesic total curvature of the boundary 
and x is the Euler characteristic. Some special metrics, 
closely related to Bergman’s invariant metric [The kernel 
function and conformal mapping, Amer. Math. Soc., New 
York, 1950, p. 32; these Rev. 12, 402], are considered. The 
formula is then interpreted as an integral formula for 
Abelian differentials. These results are published by the 
author also in his paper “Ueber den Gauss-Bonnetschen 
Satz” [Festschrift zur Feier des 200 jahrigen Bestehens der 
Akademie der Wissenschaften in Géttingen, I. Math.-Phys. 
Kl., pp. 175-178, Springer, Berlin, 1951 ]. L. Sario. 


Hitotumatu, Sin. Note on the envelope of regularity of a 
tube-domain. Proc. Japan Acad. 26, no. 7, 21-25 (1950). 
The author gives an alternative proof of the theorem, 

originally proved by S. Bochner [Ann. of Math. (2) 39, 

14-19 (1938) ], which states that the envelope of regularity 

of a tube-domain T: 


{Re (21, +++, 8,)eS, |Im 2;|< ©, j=1, +++, n} 


is its convex hull. Both authors first prove the theorem for 
the special case of a tube T whose basis is the union of two 
rectangles |x;| <a;, |x;| <b, (s;=x,;+iy,), j=1, ---, m, and 
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they both deduce the general theorem from this special case. 
In the proof of the special case, Bochner uses expansions in 
terms of multiple Legendre polynomials in elliptical poly- 
cylinders; the present author uses the same elliptical poly- 
cylinders but, by use of a suitable conformal mapping, 
substitutes a Laurent expansion for the expansion in Le- 
gendre polynomials. Both authors make use of a convexity 
result due to H. Tietze [Math. Ann. 99, 181-182 (1928) ] 
to prove the special case; Bochner proves the special case 
for general m while the present author proves it for n=2. 
Each author then deduces the general result from his own 
special case. W. T. Martin (Cambridge, Mass.). 


Behnke, Heinrich, und Stein, Karl. Modifikation kom- 
plexer Mannigfaltigkeiten und Riemannscher Gebiete. 
Math. Ann. 124, 1-16 (1951). 

Verfasser beschaftigen sich mit folgendem Problem: Gege- 
ben sei ein 2n-dimensionales Gebiet @*, aus dem ein kom- 
paktes Stiick M herausgeschnitten werde. Gefragt wird nach 
den Riemannschen Gebieten *@*", die G@**—N in der Nach- 
barschaft von 9 und nur dort fortsetzen. Ein solches Gebiet 
*@G*" werde eine “Modifikation von @™* in QM” genannt. 
Zunachst prazisieren Verfasser mit topologischen Hilfs- 
mitteln den Begriff des Riemannschen Gebietes—wobei zu 
beachten ist, dass ein solches fur 22 innere Punkte mit 
nicht im strengen Sinne uniformisierbaren Umgebungen 
besitzen kann—ferner den Begriff des analytischen Gebildes 
und schliesslich unter Angabe einfacher Beispiele den der 
Modifikation eines Riemannschen Gebietes. Der von Verf. 
bewiesene Hauptsatz (Satz 2) besagt: ‘“‘Seien @* ein 
Riemannsches Gebiet, Jt eine kompakte Punktmenge in 
@** und *G* eine Modifikation von @* in Jt. Falls dann in 
einer Umgebung U(3) eine dort eindeutige regulare Funk- 
tion F#0 existiert, die auf ganz Jt verschwindet, so unter- 
scheidet sich *@* von @*—N nur durch Stiicke eines 
analytischen Gebildes.”” Ist Jt ein Punkt P und n=1, so 
bedeutet dies, dass G@**—P nur durch P selbst komplex 
abgeschlossen werden kann; d.h. im besonderen, dass die 
Abschliessung der z-Ebene durch einen unendlichfernen 
Punkt die einzig mégliche ist. Ist "22, so existieren Modi- 
fikationen von @* in P, die durch Hinzunahme von (2n—2)- 
dimensionalen analytischen Flachen entstehen. Ist dagegen 
NM ein geschlossenes hdherdimensionales Gebilde, so ist die 
Voraussetzung des Hauptsatzes nicht immer erfiillt, z.B. 
dann nicht, wenn man als @** den projektiv abgeschlossenen 
Raum R™ und als 9 die abgeschlossene unendlichferne 
Ebene wahlt. Es braucht also in diesem Falle auch die 
Aussage des Hauptsatzes nicht mehr zu gelten, wie das von 
Bieberbach aufgestellte Beispiel einer Abbildung des R‘ auf 
einen echten schlichten Teil von sich zeigt [Bieberbach, 
S.-B. Preuss. Akad. Wiss. 1933, 476-479]. 

Der Beweis des Hauptsatzes stiitzt sich im wesentlichen 
auf die folgende Erweiterung (Satz 1) eines Satzes von Radé 
der klassischen Funktionentheorie: “Sei @* ein Rie- 
mannsches Gebiet und GW’ ein echtes Teilgebiet von ©, 
ferner {#0 eine in G’ eindeutige regulare Funktion. Gild 
dann stets lim (P;) =0 fur jede Folge von Punkten P; aus 
@’, die gegen einen im Innern von @* liegenden Randpunkt 
von @’ konvergiert, so ist f in ganz G™* eindeutig regular 
fortsetzbar, und die im Innern von @™ liegenden Rand- 
punkte von @’ gehéren zu dem (2"—2)-dimensionalen 
analytischen Nullstellengebilde von f in G**"’. [Siehe auch 
Radé, Math. Z. 20, 1-6 (1924); Thullen, Math. Ann. 111, 
137-157 (1935). 

P. Thullen (Asuncién). 
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V*Bergman, Stefan. Geometric and potential-theoretical 
methods in the theory of functions of several complex 
variables. Proceedings of the International Congress of 
Mathematicians, Cambridge, Mass., 1950, vol. 2, pp. 
165-173. Amer. Math. Soc., Providence, R. I., 1952. 
Verf. berichtet iiber seine neuen Untersuchungen, und 

zwar (1) iiber die Kernfunktion, (2) iiber die Schwierigkeiten 
potentialtheoretische Methoden auf die héherdimensionalen 
Raume zu tibertragen, (3) tiber die Gebiete mit ausgezeich- 
neter Randflache, (4) iiber die Bergmansche Funktionen- 
klasse zweier komplexer Verdnderlichen (extended class). 
Eine Funktion dieser Klasse ist bei vorgegebener Zerfaser- 
ung der dreidimensionalen analytischen Randhyperflachen 
des gegebenen Gebietes G durch die Werte auf den aus- 
gezeichneten zweidimensionalen Randflachen im Innern des 
gegebenen Gebietes bestimmt als harmonische Funktion der 
vier reellen Veranderlichen. H. Behnke (Miinster). 


V. *Bergman, Stefan. On visualization of domains in the 
theory of functions of two complex variables. Proceed- 
ings of the International Congress of Mathematicians, 
Cambridge, Mass., 1950, vol. 1, pp. 363-373. Amer. 
Math. Soc., Providence, R. I., 1952. 

Verf. beschreibt von ihm konstruierte Modelle fiir Gebiete 
des Raumes zweier komplexen Veranderlichen. Durch Aus- 
zeichnung einer der Veranderlichen werden Gebiete des R‘ 
durch eine Schar dreidimensionaler Gebiete reprasentiert. 
Diese dreidimensionalen Modelle werden dann berechnet 
und dargestellt. Zunachst wird das Modell eines Gebietes 
G*‘ gezeigt, das von vier analytischen Hyperflachen begrenzt 
wird, sodann die Bilder der Abschnitte seiner begrenzen- 
den analytischen Hyperflachenstiicke im Parameterraum, 
schliesslich werden Regularitatsgebiete von Lésungen par- 
tieller linearer Differentialgleichungen behandelt. Auf dem 
Kongress wurden Modelle ausgestellt. H. Behnke. 


Hervé, Michel. Sur les fonctions fuchsiennes de deux 
variables complexes dans un bicercle. C. R. Acad. Sci. 
Paris 234, 41-43 (1952). 

Let z= (x, y) be a two-dimensional complex vector, D the 
bicylinder |x| <1, |y| <1, and y a discontinuous group of 
automorphisms 2’ = f(z) of D with a fundamental domain, 
the closure of which belongs to D. Let g be the smallest 
integer with the property that the gth power of every f(z) 
of y that has a fixpoint in D is the identity. A function 
6.(2) analytic in D is called a Fuchsian function of dimen- 


sion m, if 
On(f(2)) =Om(2)[O(fi, f2)/9(x, y) 

for every f=(f:, f2) of y. The number of linearly independ- 
ent functions @,,(z) is d(m)=am'*+b(r)m-+-c(r) where a is 
constant and r is the residue class of m mod g. Every ideal 
of Fuchsian functions has a finite basis. Detailed proofs are 
not given, but the methods are briefly outlined. Functions 
that are analytic in D and Fuchsian only on the manifold 
of zeros of a Fuchsian function a(z), so-called a-Fuchsian 
functions, are used in the proof. Every a-Fuchsian function 
is on the manifold a=0 identical with a Fuchsian function 
of the same dimension. [Cf. Hervé, same C. R. 226, 462- 
464 (1948); 232, 673-675 (1951); these Rev. 9, 343; 12, 
693.) H. Tornehave (Lyngby). 


Dramba, Constantin. On an extension of the notion of 
monogenic function. Acad. Repub. Pop. Romane. Bul. 
Sti. A. 1, 535-538 (1949). (Romanian. Russian and 
French summaries) 

Let K, (n2=2) be the normed commutative algebra of all 
polynomials of finite degree over the reals modulo the ideal 
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generated by the polynomial x*+-1. Each coset in K, has 
a unique representative of least degree. If f throws Euclidean 
k-space into K,, then f(p) has a unique representative 
Lixofp)x'. For k=n, if the components f; satisfy n(m—1) 
linear homogeneous partial differential equations in a neigh- 
borhood of p, then f has a derivative at p. For the case 
k=2, n=2, only » conditions are needed to obtain differen- 
tiability. These conditions appear to generalize the Cauchy- 
Riemann equations. In both cases the Cauchy theorem holds 
for a suitable domain of definition for f, and the differentia- 
bility conditions imply that the components satisfy a 
generalized form of Laplace’s equation. Since K; is the 
complex plane, the case k=m=2 reduces to a study of 
analytic functions. W. C. Fox (Ann Arbor, Mich.). 





Fourier Series and Generalizations, Integral 
Transforms 


*Tolstov, G. P. Ryady Fur’e. [Fourier series.] Gosu- 
darstv. Izdat. Tehn.-Teor. Lit., Moscow-Leningrad, 1951. 
396 pp. 13.80 rubles. 

This book has elementary character, and presupposes 
knowledge of calculus only. For example, uniform converg- 
ence of Fourier series is proved for functions having an 
absolutely integrable derivative in the interval considered. 
The presentation is easy and great attention is paid to 
didactic details. More than one third of the book is devoted 
to Bessel functions and series, and to applications to ele- 
mentary equations of mathematical physics. Table of 
Contents: (1) Trigonometric Fourier series; (11) Orthogonal 
systems; (I11) Convergence of Fourier series; (IV) Trigo- 
nometric series with monotonically decreasing coefficients; 
sums of certain series; (V) Completeness of the trigonometric 
system; operations on Fourier series; (V1) Summation of 
Fourier series [methods (C, 1) and A]; (VII) Double trigo- 
nometric series; Fourier’s integral; (VI11) Bessel functions; 
(1X) Fourier-Bessel series; (X) Applications. 

A. Zygmund (Chicago, IIl.). 


Lorch, Lee. The Lebesgue constants for (Z, 1) summation 
of Fourier series. Duke Math. J. 19, 45-50 (1952). 
The author proves that the mth Lebesgue constant for 

(Z, 1) summation of Fourier series is 


20 cost | sin aad 
0 


Ls 


2 
7 log n+-a+O(1/n!) 


and the exact form of the constant a is given. The right side 
is the same as for the Lebesgue constant for Borel summa- 
tion [Lorch, same J. 11, 459-467 (1944); Bull. Calcutta 
Math. Soc. 37, 5-8 (1945); these Rev. 6, 48; 7, 59]. Proof is 
done by estimating the difference between the Lebesgue 
constants for (Z, 1) summation and for convergence, and 
by using the formula due to Fejér [J. Reine Angew. Math. 
138, 22-53 (1910) ] and Gronwall [Math. Ann. 72, 244-261 
(1912) ] for the latter. S. Izumi (Tokyo). 


Natanson, I. P. On the approximation of multiply differ- 
entiable periodic functions by means of inte- 
grals. Doklady Akad. Nauk SSSR (N.S.) 82, 337-339 
(1952). (Russian) 

The paper has close connection with a previous paper of 
the author [same Doklady 73, 273-276 (1950); these Rev. 

12, 94]. Let @,(#) be a function of period 2x, positive, even, 
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satisfying [~,®,(é)dt=1, 5, = fovt®,(t)dt—0. Let 


ULs:«)= f "f(l)@a(t—x)dt. 


In the previous note the author showed that for any f(t), 
continuous and of period 2, | U,[f;x]—f(x)| S3w(6,) 
where (8) is the modulus of continuity of f. In the present 
note the successive iterates of U, are considered, defined 
by the equations 


U.Cf;xJ]=f(x), U.(f;x]=U.[U."-"; x]. 


It is shown that if f(#) has a pth continuous derivative, with 
modulus of continuity w,(4), then 


pti 
E (—1)°Co UIC f; x] S3?+5,7029(5,). 
k=) 
Extensions to functions of two variables. Applications to 


best approximation. 
A. Zygmund (Chicago, Ill.). 


Rudin, Walter. L’-approximation by partial sums of or- 
thogonal developments. Duke Math. J. 19, 1-4 (1952). 
{gs} (2=1,.2, ---) denotes a complete orthonormal set in 

L*(0,1). For a function feL*(0,1), ||f\|={fof@dt}, 

Cn=So'f(t)en(t)dt and s,= DesnCege. The author investigates 

the order of magnitude of || f—s,|| and of c, for functions of 

bounded variation and for functions satisfying a Lipschitz 
condition of order 1. It is shown that there exist constants 

A>0, B>0, independent of {g,}, such that (i) for every a 

one can find a function f whose total variation on [0, 1] is 1, 

while || f—s,||>An~”* (hence for infinitely many m one can 

find an f of total variation 1 such that c,>Amn); (ii) for 
every m one can find a function f whose difference quotients 
on [0, 1] have sup 1, while || f—s,|| > Bn. In a certain sense 
these estimates are best possible. The author also shows 
that if «, | 0, then for “‘most’’ functions f with f(0)=0 and 
belonging to one of the above classes, infinitely many of the 
numbers || f—s,|| are >«,”~' (or >e,2—, respectively). 

J. Korevaar (Delft). 


Alexits, Georg. Uber die Transformierten der arith- 
metischen Mittel von Orthogonalreihen. Acta Math. 
Acad. Sci. Hungar. 2, 1-9 (1951). (German. Russian 
summary) 

Let {y,}2-0 be an orthonormal set of functions defined on 
an interval (a, b). Let A, B be two classes of functions (e.g. 
L»(a, b) or M, the class of bounded functions, or C the class 
of continuous functions). Write {d,}e(A,B) to mean 
d“Aacags is the “Fourier” series of a function of class B 
whenever > c.g, is the Fourier series of a function of class A. 
The author gives generalizations of theorems known for 
ordinary trigonometric Fourier series to general {g,}. 
Typical are the following. Theorem 1: If {¢,} is continuous 
and if, rey in (a, d) 
dt=O(1), 


(1) 1 on (t) ea (x) 








then every convex sequence {A,} with A,-—-0 belongs to 
(M, C). Theorem 2: If g,eL?, 1/p+1/¢=1, (or g,eM), and 
if (1) is true almost everywhere in (a,b), then there is a 
concave sequence {A,}, As, belonging to (L?, L?) 
(or (L, L)). 


W. H. J. Fuchs (Ithaca, N. Y.). 
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Ghizzetti, Aldo. Sugli sviluppi in serie di funzioni di 
Hermite. Ann. Scuola Norm. Super. Pisa (3) 5, 29-37 
(1951). 

The convergence of the expansion 


fla) = Dewees 


is proved under the following conditions: f(x) is absolutely 
coritinuous in every finite interval; moreover, f and f’ be- 
long to L? in (— ©, «). The convergence is uniform in every 
finite interval. The author compares the conditions men- 
tioned with the conditions of previous theorems of similar 
character due to Stone, Uspensky, Picone and the reviewer. 
G. Szegé (Stanford University, Calif.). 


Malliavin, Paul. Sur l’analyse spectrale des fonctions non 
bornées. C. R. Acad. Sci. Paris 234, 1021-1024 (1952). 
The author generalizes a result of Beurling [Acta Math. 

77, 127-136 (1945); these Rev. 7, 61] about exponentially 

increasing functions to locally compact commutative groups. 

[The author wishes to call attention to the fact that there 

is an error in his proof. ] 


F. I. Mautner (Baltimore, Md.). 


Barrucand, Pierre. Transformation de Stieltjes et calcul 
aux différences finies. C.R. Acad. Sci. Paris 234, 37-39 
(1952). 

If h(i+x)—h(x)=g(x), then under certain restrictions 

concerning the distribution of the singularities of h(x) 

one has 


SF neo) oer 


fae me) (229) 


Numerous applications are phe of this formula; for 





example, 
i r= x log 2 (> —): 
r/o (it+y)(e+y) ¢—1 log x"? log x 


I. I. Hirschman, Jr. (St. Louis, Mo.). 


Burgess, D. C. J. Abstract Laplace transforms and Tau- 
berian theorems, with applications to the L* and H? 
classes. Proc. London Math. Soc. (2) 54, 94-110 (1952). 
The author sketches generalizations of the Bochner inte- 

gral to integrals of an abstract-valued function with respect 

to a complex-valued function of bounded variation and 
integrals of a complex-valued function with respect to an 
abstract-valued function of strongly bounded variation and, 
in particular, the Laplace-Stieltjes transform of such a func- 
tion. For the latter he proves a couple of Tauberian theorems, 
analogues of Tauber’s and of Littlewood’s theorems, the 
latter using the abstract form of Wiener’s theorem. The 
results are applied to L, and H, classes. Bey first 
that g(#)eBV[0, R] for each finite R. set f(s, T) = foTe*'dg(t) 
and suppose that f(s)=limr... f(s, T) exists for every s>0. 

Suppose also that f(s), f(s, 1), and f,’(s, 1) are in L,(0, ~), 

p=1 fixed. Then a necessary and sufficient condition that 

f(s, T) converge strongly to f(s) in L, as T-@ is that 

\f.'(s, T)||p=0(T) asT—@. In particular, if f(s) = Diane 

Ai >0, converges for s>0 to a function in L,(0, ~), then 

the mth partial sums of the series converge strongly to f(s) 

if and only if the pth norm of the derivative of the nth 
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partial sum is 0(A,) as m»—>. A similar theorem is proved 
when g(t) is absolutely continuous, g’(t)=@(t), and the 
space is L,, with the norm { f,*| F(é) | dt™}"” where y21. 
If f(s, T) = foTe-*'o(t)dt tends to the limit f(s) as T> 
for each s>O and if f(s) and f(s,1) are in L,,, then 
¢(t)=O[t’?-] is a sufficient condition for f(s, T) to con- 
verge strongly to f(s) as TN. Finally, let H, be the class 
of functions f(s) = f(¢+%r) holomorphic for ¢>0 and such 
that sup.>0f*.| f(o+ir)|%dr< 0. Let f(s) =s*fo*e-*'p(t)dt 
be an admissible representation (it suffices that Bp’>1 if 
p>1, B=0 will do if p=1) and let fo(r) be the boundary 
values of f(s) in L,(— ©, ©). The author finds that a neces- 
sary and sufficient condition that (ir)*f,7e~‘"'¢(t)dt shall 
converge strongly to f(r) in L,(—R, R), R fixed finite, is 
that the norm of (ir)*fy7te-**'o(t)dt be o(T) as T-&. [In 
formula (1), p. 99, the factor u should be omitted. ] 
E. Hille (New Haven, Conn.). 


Pilatovskii, V. P. On the approximate computation of the 
values of a function given by the Laplace transform. 
Doklady Akad. Nauk SSSR (N.S.) 82, 197-200 (1952). 
(Russian) 

The two theorems of this note are paraphrases of Poisson’s 
summation formula for Fourier transforms. A. Erdélyi. 


Pignedoli, Antonio. La trasformata di Laplace semplice ed 
unilatera e sue applicazioni ad alcuni problemi della fisica 
matematica. Univ. e. Politecnico Torino. Rend. Sem. 
Mat. 10, 5-48 (1951). 

This expository paper is based on a lecture in which the 
author outlined the principal properties of the Laplace 
transformation, and its applications to problems of mathe- 
matical physics, in particular to partial differential equa- 
tions and to certain integro-differential equations. 

A. Erdélyi (Pasadena, Calif.). 


Humbert, Pierre. Nouvelles images pour la fonction de 
Gauss. C. R. Acad. Sci. Paris 233, 1567-1569 (1951). 
The main result of this note concerns the counter-image 

of F(a,8;p+1;x) and is already known [Cossar and 

Erdélyi, Dictionary of Laplace transforms, Ref. Nos. 

SRE/ACS. 53, 68, 71, 102, 108, Admiralty Computing 

Service, Dept. Sci. Res. Exp., The Admiralty, London 

1944-1946, p. VII 65, last formula ]. There is also a closed 

expression for ;F2(a, 8, y; a+ 8, y+1; 1) which does not ap- 

pear to be correct for unrestricted values of the parameters. 
A. Erdélyi (Pasadena, Calif.). 


Humbert, Pierre. Fonctions de Bessel et calcul sym- 
bolique. II. Ann. Soc. Sci. Bruxelles. Sér. I. 65, 93-95 
(1951). 

The author obtains the inverse operational image of 
I'(p+1)x-*J,(2x) in the form of an infinite series of Bessel 
functions. [Reviewer's remark: The series can be summed 
by Lommel’s expansion [Watson, Bessel functions, Cam- 
bridge Univ. Press, 1944, §5.22; these Rev. 6, 64], and then 
the author’s result turns out to be equivalent to Sonine’s 
first finite integral [op. cit., §12.11]. Also, an expansion 
which the author says must be classical even though he was 
unable to find it in Watson's book, is an instance of Lommel’s 
expansion. ] 

A. Erdélyi (Pasadena, Calif.). 


MATHEMATICAL REVIEWS 





Polynomials, Polynomial Approximations 


Nassif, M. On the zeros of polynomials belonging to 
simple sets. Proc. Math. Phys. Soc. Egypt 4, no. 2, 
71-76 (1951). (English. Arabic summary) 

The author showed [same Proc. 2 (1944), no. 4, 1-6 
(1946); these Rev. 7, 425] that the order of a simple set of 
polynomials {p,(z)}, such that the zeros of »,(z) are in 
|z| San*, is at most a+1. Here he constructs examples to 
show that this order can be attained. R. P. Boas, Jr. 


Nassif, M. Zeros of simple sets of polynomials. Duke 

Math. J. 19, 107-113 (1952). 

The author has shown [reference in the preceding review ] 
that a simple set of polynomials all of whose zeros lie in the 
unit circle is of order at most 1, type at most p, with p=3/2. 
Better estimates for p were given by M. T. Eweida [same 
J. 14, 865-875 (1947); these Rev. 9, 276]. The author now 
shows that 1.351 <p<1.378, and that p=4/z if all the zeros 
are real. The upper bound depends on the same estimates 
for Gontcharoff polynomials as are used in the Whittaker 
problem on the vanishing of an entire function each of whose 
derivatives has a zero in the unit circle; the lower bound 
depends on a particular example which is treated by means 
of results of the author which have not yet appeared in 
print. Analogy with the Whittaker problem suggests to the 
reviewer that the lower bound could be increased to 1.355, 
the reciprocal of S. S. Macintyre’s upper bound for the 
Whittaker constant [J. London Math. Soc. 22 (1947), 305- 
311 (1948); these Rev. 10, 27]. R. P. Boas, Jr. 


Makar, Ragy H. Further investigation of induced basic 
sets of polynomials. Proc. Math. Phys. Soc. Egypt 4, 
no. 2, 59-64 (1951). (English. Arabic summary) 

This is a continuation of an earlier paper [same vol., no. 1, 
61-69 (1949); these Rev. 12, 689]. The author shows that if 
the region of effectiveness of the simple set {,(s)} omits 
some circle, then the region of effectiveness of the induced 
sets omits the open unit circle. On the other hand, for any 
p< there is a set effective in the whole plane whose induced 
sets are effective in |z| Sp. R. P. Boas, Jr. 


Tantaoui,A. Ona particular case of the multiplication and 
inversion of basic sets. Proc. Math. Phys. Soc. Egypt 4, 
no. 2, 39-48 (1951). (English. Arabic summary) 

The author discusses the effectiveness and the order of 
the product of two basic sets of polynomials and of the 
reciprocal of a basic set, under special hypotheses on the 
coefficients or the location of the roots of the polynomials. 

R. P. Boas, Jr. (Evanston, IIl.). 


Rymarenko, B. A. On the least deviation from zero of a 
cyclically monotonic polynomial with its two highest coeffi- 
cients given. Doklady Akad. Nauk SSSR (N.S.) 83, 
179-182 (1952). (Russian) 

The author solves the following extrema! problem: to find, 
among all polynomials of the form x*—oex*"'+---, which 
are cyclically monotonic of degree p on (0,1), p=n—2, 
those deviating least from zero, and the value of the devia- 
tion. (A function f(x) is cyclically monotonic of degree p if 
f(x) f*(x)S0 for O=SkSm—2.) The results depend on 
S. Bernstein's work [Izvestiya Akad. Nauk SSSR. Ser. 
Mat. 14, 381-404 (1950); these Rev. 12, 322] and are ex- 
pressed in terms of the functions S,(x) and C,(x) introduced 
there. R. P. Boas, Jr. (Evanston, IIl.). 
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YGj6b6, Zuiman. On certain sequences of polynomials. 

Math. Japonicae 2, 69-70 (1951). 

The author proves a theorem on the equidistribution of 
the zeros of Maclaurin segments, generalizing previous re- 
sults of F. Carlson and M. Tsuji. Let }-?.oa,2* possess radius 
of convergence 1, and let N,(@, 0) denote the number of 
roots of the segments }-3.94,2* which lie in 1 —¢, < |z| <1+<e:, 
09<arg s<05+48. It is proved that lim... N.(0, 00)n-!=0/2z. 

P. Davis (Cambridge, Mass.). 


Merli, Luigi. Una proprieta delle somme parziali della 
serie <i polinomi ortogonali di una funzione continua. 
Boll. Un. Mat. Ital. (3) 6, 285-287 (1951). 

Let {P,(x)} be the orthonormal set of polynomials 
arising from the orthogonalization of 1,x,x*,--- with 
respect to the weight function p(x) in the interval (a, d) 
(— © Sa<bS~), where p(x)>0 except at a finite number 
of points. It is assumed that the moments 


b 
J ewes (n=0, 1, 2, ---) 


exist. The graph of the mth partial sum of the orthogonal 
development in {P,} of a continuous function f(x) cuts the 
graph of f(x) at least n+1 times in (a,b). The proof is 
based on the same idea as Polya-Szegé, Aufgaben und 
Lehrsatze aus der Analysis, vol. II, p. 50, problem 81 
(Springer, Berlin, 1925]. W. H. J. Fuchs. 


Szasz, Otto. Generalization of S. Bernstein’s polynomials 
to the infinite interval. J. Research Nat. Bur. Standards 
45, 239-245 (1950). 

The functions P, (x) =e", [(ux)’/v! ]f(v/u), 0<x<@, 
u>Q0O, have properties very similar to those of the Bern- 
stein polynomials B,(x) = >->_o()x"(1—x)*"f(v/n), O0<x<1, 
n=0,1, ---. The P, correspond to the Poisson probability 
distribution and to the Borel method of summation in the 
same way in which the B, are related to the polynomial 
distribution and the Euler-Knopp methods. It is shown that 
P.,(x)—f(x) at a point of continuity x, P™ (x)—f™ (x) when- 
ever f®(x) exists. Asymptotic expressions for f(x) —P.(x) 
are considered and the order of approximation in case 
f(x) e Lip p determined. In these results, f(x) and the 
f(x) are assumed to be O(x") for some m, and f e Lip p 
means that | f(x.) — f(x2) | SM|x1—x2|"9(x1-+22)-*. 

G. G. Lorentz (Kingston, Ont.). 


Wahab, J. H. New cases of irreducibility for Legendre 

polynomials. Duke Math. J. 19, 165-176 (1952). 

Let P,,(x) represent the Legendre polynomial of degree n, 
set Q,(u) = P,(2u+-1) and define L,(x) =P,(x) if n is even, 
L,(x)=x"'P,(x) if m is odd. Then the following theorem 
holds: If L(x) is reducible, each power of 2 that appears in 
the dyadic representation 


n= 24 2h+..-+28) (ky >ky>--->k;20) 


also appears once, and only once, among the dyadic repre- 
sentations of the degrees of the factors. From this theorem 
immediately follows that any factor of L,(x) is a polynomial 
in x*, that no two factors can have the same degree and 
[using a result of H. Ille] that L,(x) can have no quadratic 
factor. The proof of the theorem uses a result of Dumas 
(J. Math. Pures Appl. (6) 2, 191-258 (1906)] and the re- 
mark that Newton’s polygon corresponding to Q,(u) has 
('.12", 4), i=0, 1, ---, j, as coordinates of its vertices. 
Using results of Breusch [ Math. Z. 34, 505-526 (1932) ] and 
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Holt [Proc. London Math. Soc. (2) 11, 351-356 (1912)] a 
proof is given for the theorem (previously proven by the 
reviewer) that P,(x) always contains an irreducible factor 
of degree greater than 16n/17+1 (m even), or (16m—1)/17 
(nm odd). Combining this with the theorem on dyadic repre- 
sentations and with a remark of Schur (proof supplied by 
the author) on the reducibility of P,(x) modulo a prime , 
several new cases of irreducibility of L,(x) are found. If 
es3, 6=4, 5Sc=8, K<19, then L,(x) is irreducible 
for m=2%+2, 2%+3, 2°(2'+1)+e, 2%+42"+----+2*i+e 
(kj=2, ki— kj <4), K-2*+e, (p—1)p'+e and also for 
n=p+4, pc, 2p—c in case p satisfies certain congruence 
conditions. The irreducibility of L,(x) for »=2*, 2*+1, 
p—4SnBpt3, 2p—4SnS2p-—1, n=(p—1)p* previously 
proven by Holt [loc. cit. and Proc. London Math. Soc. (2) 
12, 126-132 (1913)] and Ille without any congruence re- 
strictions on ~, is also quoted by the author. No mention 
is made of cases of irreducibility (containing some of 
the author's results) from Holt [Proc. London Math. 
Soc. (2) 12, xxxi-xxxii (1913)], namely n=p*(p+1), 
2p*(p—1) for p>5, 16-5S*, p*(p+1)+1 and also n=p*+1, if 
there exists a prime within the limits »+(p+1). In conclu- 
sion the author states the irreducibility of L,(x) for all 
n <500, except, possibly, for » = 206, 246, 287, 302, 326, 341, 
413, 414 and 471. E. Grosswald (Princeton, N. J.). 


Burchnall, J.L. An algebraic property of the classical poly- 
nomials. Proc. London Math. Soc. (3) 1, 232-240 (1951). 
The author proves the following algebraic property for 

the Legendre polynomials, P,(x): let f,(X) = 7 o(7)a,-X"” 

and let ¢[@o, a1, ---, @n..)=¢[a,] be a homogeneous isobaric 
invariant or seminvariant of f,(X) of weight w: then 


a 0 (w odd) 
©) ol P(x) J= c(x*—1)* (w even) 


where C is a numerical constant. The equation (*) holds for 
the cosine (Chebyshev) polynomial 


T(x) =${(e+Le*—1 "+ @—Le*—-1))"} 
and the modified ultraspherical polynomial 
Fx) = (FP) AP A(x). 
A similar (somewhat simpler) property is proved for the 
Hermite and Laguerre polynomials. The author develops 
some further related algebraic properties for the classical 


polynomials and indicates an algebraic proof for Turan’s 
inequality. M. J. Gottlieb (Chicago, Ill.). 





Special Functions 


Tricomi, F.G. Generalizzazione di un teorema d’addizione 
per le funzioni ipergeometriche confluenti. Univ. e Poli- 
tecnico Torino. Rend. Sem. Mat. 10, 211-216 (1951). 
The author gives a theorem for the complex convolution 

of Laplace transforms and deduces the addition theorem 


2tio 
(ani)? f P(s)¥(s, ¢: #)P(e—s)¥(e—s, ¥; $)ds 


100 
=I(e)¥(o,c+y;2+f) (0<x<Reco, Rezs>0, Ref>0) 
where x 
I'(a) ¥(a, c; 2) -f e*#-"(14+2)**"dt (Rea>0, Res>0) 
0 








oh. a> 2 oe 












ja 


ctor 
‘/17 
pre- 
| by 
ep, 
. If 
ible 
r+ ¢ 
for 
nce 
+1, 
usly 
(2) 
' re- 
tion 
» of 
ath. 
t 1), 
1, if 
clu- 
* all 
341, 


oly- 
51). 
- for 
yer 


aric 


s for 


lops 
sical 


ione 
Poli- 


ition 


>0) 


>0) 








is a confluent hypergeometric function closely related to 
Whittaker’s W,,..(z). A. Erdélyi (Pasadena, Calif.). 


Ossicini, Alessandro. Sulle funzioni ultrasferiche di se- 
conda specie. Boll. Un. Mat. Ital. (3) 6, 311-315 (1951). 
Following the notation of the “Orthogonal polynomials” 

[Amer. Math. Soc. Colloq. Publ. v. 23, New York, 1939; 

these Rev. 1, 14] of the reviewer the author establishes for 

the ultraspherical functions Q,®(x) of the second kind the 
following analog of the Rodrigues representation: 


Q. (x) -Kot—yh(Z) "e-em f (0-1) Har, 


Here K is a constant, x is in the complex plane cut along 
—1, +1 and A= —}, nZ=0 (the case \=n=0 is excluded). 
The constant K is determined and the limiting case is 
discussed when x is on the cut —1, +1. G. Szegé. 


Thosar, Y. V. Some simple relations involving Legendre’s 
functions P,™(z) and Q,"(z). Proc. Indian Acad. Sci., 
Sect. A. 34, 14-16 (1951). 

By means of some well-known recurrence formulae for the 
associated Legendre functions P,"(z), Q,"(z), the author 
obtains several relations involving both functions. 

M. J. Gottlieb (Chicago, Ill.). 


Koschmieder, Lothar. Das Vorzeichen gewisser aus Her- 
miteschen Polynomen zweiter Art gebildeter Deter- 
minanten. Anz. Oster. Akad. Wiss. Math.-Nat. KI. 
1951, 165-167 (1951). 

It is known that for the Hermite polynomials H,(x), 

(n=0, 1, 2, ---) the determinant 


D,(x) =(Ha(x) P—Hn-i(x)Hosi(x) (n=1) 


can be expressed as a sum of squares and is in particular 

always positive. The author shows that the proof carries 

over to the closely related polynomials of the second kind. 
O. Szdész (Cincinnati, Ohio). 


Bagchi, Hari Das, and Chatterji, Phatik Chand. Note on 
Hermite’s function H,(z) and its associated equations 
(functional and differential). J. Roy. Asiatic Soc. Ben- 
gal Sci. 16, 17-26 (1950). 

This paper covers the same material as another paper by 

the same authors [Ann. Scuola Norm. Super. Pisa (3) 5, 

71-80 (1951); these Rev. 13, 554]. A. Erdélyi. 


Mukherjee, B. N., and Nanjundiah,T.S. On an inequality 
relating to and Hermite polynomials. Math. 
Student 19, 47-48 (1951). 

A simple proof is given for the inequalities 


L?—La-wWayi0, H- n—tn41=0, ez1. 


The notation follows the “Orthogonal polynomials” [Amer. 
Math. Soc. Colloq. Publ. v. 23, New York, 1939; these 
Rev. 1, 14] of the reviewer. G. Szegi. 


Erdélyi, Arthur. Nota ad un lavoro di L. Toscano. Atti 
Accad. Naz. Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (8) 
11, 44-45 (1951). 

A new (and very simple) proof is given for the formula of 
L. Toscano [same Rend. (8) 8, 200-202 (1950); these Rev. 
12, 96] expressing Laguerre’s polynomials in terms of 
certain ultraspherical polynomials. G. Szegé. 
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Bhatnagar, K.P. On the polynomial r,(x). Proc. Indian 
Acad. Sci., Sect. A. 34, 41-42 (1951). 
It is shown that if ,(x)=e*(d*/dx")[e*A,(x)], with 
A, (x) = (do, G1, ***, On, X, 1)", then 
= (—1)'n! 


r= r! 





x(x) = prLn+(x). 
Here yu, = fo*t"dB(t), where A, (x) = fo*(x+#)"dA(t), and L(x) 
is the generalized Laguerre polynomial. Use is made of the 
fact that {A,(x)/m!} is an Appell polynomial set. 

I. M. Sheffer (State College, Pa.). 


Heuser, P. ther eine Tschebyscheffsche Eigenschaft der 
Faberschen Polynome. Math. Z. 54, 339-342 (1951). 
Let C be an analytic curve (the author uses somewhat 

more general conditions) in the x-plane, 


t=o(x) =x+c.x71+cx*+--- 


the mapping function of the exterior of C onto the circle 
|t| >ro. The Faber polynomials ,(x) of C are defined by the 
polynomial part of [(x)]*. The following theorem of 
“Tchebychev type” is proved: Let g,(x)=x"+--- be any 
polynomial with the highest term x*. There is a number 
r(qn) >ro such that for all r>r(q,) 


max | P_(x)| <max| n(x) |. 
2tC, tCr 


Here C, is the image of |#| =r. G. Ssegé. 


Brafman, Fred. Generating functions of Jacobi and related 
polynomials. Proc. Amer. Math. Soc. 2, 942-949 (1951). 
The Jacobi polynomials P,(a, 8; x) are defined by 

(1 +a) 





he 
1F,(-*, n+a+B6+1; 1+a; =) : 


Using a result of Bailey on the decomposition of certain F,, 
the author shows that the generating function 


= (2),(1-+-a+6—2)s 
P, a, Pp; P 
vital Be OA 


can be written as the product of two »F; with the arguments 
a,1+a+B—a; 1+a; 4(1—t—p), 
@,1+a+f6—a; 1+8; $(1+t—p), 
respectively. The following abbreviations have been used: 
(a),=T(a+n)/T(a), p=(1—2xt+F)™”. 


Further generating functions of similar nature are discussed 
involving ultraspherical, Laguerre and Hermite polynomials. 
G. Szegé (Stanford University, Calif.). 





Chakrabarty, N. K. On a generalisation of Bateman’s 
K-function. Nederl. Akad. Wetensch. Proc. Ser. A. 55= 
Indagationes Math. 14, 63-70 (1952). 

The generalization in question is Whittaker’s well-known 
confluent hypergeometric function (disguised by an uncon- 
ventional notation) and the results given in this paper are 
paraphrases of results (most or all of them well known) on 
confluent hypergeometric functions. A. Erdélyi. 
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Toscano, Letterio. Calcolo di un integrale della teoria del 
potenziale di un ellissoide. Ist. Lombardo Sci. Lett. 
Rend, Cl. Sci. Mat. Nat. (3) 13(82), 192-200 (1949). 
The integral in question is 


2 
Fran(€, 0) -{ dX(cos )27-2e-tn—-2 
0 


1/2e 
x f (1—k cos? ¢)-*-"2(cos $)**-**-ldo 
—l/2e 

where ?=e—7?(1—e)(1—7’)— sin? A, and r, s+1, n+1, 
r—s,r—s—mn are positive integers. The author evaluates this 
integral as a finite sum of (terminating) Appell’s series F; 
and gives several transformations and special cases of his 
expansion. A. Erdélyi (Pasadena, Calif.). 


Bédewadt, U. T. Die Potenzreihen der Ogivalfunktionen. 

Z. Angew. Math. Mech. 32, 21-22 (1952). 

The ogival is a solid of revolution formed by rotating a 
circular arc around an axis which passes through one end- 
point of the arc and is parallel to the tangent at the other 
end-point. Several dimensionless geometrical quantities are 
expressed as power series in the ratio of the diameter of the 
base and the radius of the arc. A. Erdélyi. 


Harmonic Functions, Potential Theory 


Tims, S.R. Some maximal theorems for functions defined 
in a half-plane. J. London Math. Soc. 27, 21-29 (1952). 
S'inspirant d’un résultat de Hardy et Littlewood [Acta 

Math. 54, 81-116 (1930) ] l’auteur considére des fonctions 

harmoniques, sousharmoniques ou holomorphes dans le 

demi-plan x >0, satisfaisant 4 des majorations en module ou 
en puissance de module et d’ailleurs en moyenne sur les 
segments verticaux. I] en déduit une majoration en moyenne 
analogue pour la borne du module dans un domaine en forme 
de crayon dont la pointe décrit l’axe imaginaire. 

M. Brelot (Grenoble). 


Kuramochi, Zenjiro. Potential theory and its applications. 

I. Osaka Math. J. 3, 123-174 (1951). 

This first part of the author’s study on potential theory 
is a survey of a number of problems on Riemann surfaces. 
In chapter I, Stoilow’s topology and uniformization of an 
abstract Riemann surface is discussed, and the reviewer's 
process for constructing harmonic functions is presented. 
Chapter II deals with the behavior of harmonic and analytic 
functions in the neighborhood of the ideal boundary of a 
parabolic surface. Chapter III is a study of the Green's 
function on subdomains and functions with the logarithmic 
pole shifted to the ideal boundary. In chapter IV, mass dis- 
tribution, transfinite diameter and Evans’ theorem are dis- 
cussed. Chapter V is a treatment of Nevanlinna’s theorems 
on meromorphic functions and Gross’ and Cartwright- 
Noshiro’s theorems on inverse functions. To several 
theorems, discussed in the paper, new proofs are given, some 
extensions made, and related results derived. 

Unfortunately, enjoyability of this survey, rich in subject 
matter, is reduced by an inadequate presentation. There is 
an abundance of inaccuracies and linguistic and typograph- 
ical errors. 


L. Sario (Stanford University, Calif.). 
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Nakamori, Kanzi, and Suyama, Yukio. On a nonlinear 
boundary problem for the equations Au = 0 and Au = f(x, y). 
Mem. Fac. Sci. Kyiisyi Univ. A. 5, 99-106 (1950). 
(Esperanto) 

It is proved that for a domain T with boundary S in the 
xy-plane there exists a unique solution u of the potential 
equation satisfying the boundary condition du/dn = ¢(x, y, u) 
on S, and such that u+log r is regular in T and vanishes at 
P. Here P is a point of T and r denotes the distance from P. 
It is assumed that ¢ is a continuous function of its argu- 
ments, monotone increasing in u, and that ¢(x, y, 0)=0, 
limu+0 o(x, y, 4) = +. The proof makes use of the “‘con- 
tinuity method’’. A parameter A is introduced into the 
boundary condition: 


du 

—=uth[o(x,y,u)—u] (0Sh51). 

dn 
The problem to be solved corresponds to h=1. For h=0 the 
ordinary 3rd boundary value problem arises. Once the 
problem is solved for a value h=/p, it can be solved for h 


near hy by an expansion according to powers of h— hp. 
F. John (New York, N. Y.). 


Kasner, Edward, and De Cicco, John. Potential theory in 
space of mdimensions. I. Proc. Nat. Acad. Sci. U.S. A. 
38, 145-148 (1952). 

Les auteurs explicitent dans l’espace euclidien 4 n2=2 
dimensions quelques formules banales sur le potentiel et 
l’attraction (potentiel newtonien ou logarithmique de noyau 
r*-" ou log 1/r), qui ne sont écrites que pour m=3 dans les 
anciens ouvrages: M. Brelot (Grenoble). 


Emersleben, Otto. Das Selbstpotential einer endlichen 
Reihe neutraler Aquidistanter Punktepaare. Math. 
Nachr. 6, 155-170 (1951). 

This paper is a sequel to a former paper by the same 
author [Math. Nachr. 3, 373-386 (1950) ; see these Rev. 12, 
610 where the notations are explained]. Instead ot one 
lattice of equidistant points on a straight line the author now 
considers two such lattices situated on the same straight 
line. Each has points at unit distance, the one carries 
positive, and the other negative unit charges. The mutual 
distance of the two lattices is x. The potential energy of this 
arrangement is shown to depend on the mth partial sums of 
>< (m+x)~*. The case of a Newtonian potential (s=1) leads 
to known functions. For s>0 the author investigates the 
convergence of the series for , and he also gives asymptotic 
formulas for large n. A. Erdélyi (Pasadena, Calif.). 





Differential Equations 


*Nikliborc, Wiadyslaw. Réwnania Rézniczkowe. Czeéé 
I. Do druku opracowat Zygmunt Charzyfiski. [Differ- 
ential Equations. Part I. Prepared for publication 
by Zygmunt Charzyfiski]. Monografie Matematyczne. 
Tom XXV. Polskie Towarzystwo Matematyczne, War- 
szawa-Wroclaw, 1951. iii+176 pp. 

This is a very careful and detailed treatment of the ele- 
mentary theory of ordinary differential equations of first 
order. The chapter headings are: Introductory notions, 
Existence theorems, Effective solutions, Implicit equations. 


M. Golomb (Lafayette, Ind.). 
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Karapandzié, Djordje. Une remarque sur les intégrales 
singuliéres des équations différentielles ordinaires. Bull. 
Soc. Math. Phys. Serbie 3, no. 1-2, 65-69 (1951). (Serbo- 
Croatian. French summary) 

The author remarks that contact transformations may be 
useful for finding singular integrals as well as general 
integrals. M. Golomb (Lafayette, Ind.). 


Vermes, P. Note on certain differential equations of in- 
finite order. Nederl. Akad. Wetensch. Proc. Ser. A. 
55 = Indagationes Math. 14, 28-31 (1952). 

The author obtains a solution of the equation 


A(D)f(z)=g(z), D=d/ds, 


for a class of functions A(z) which are regular at the origin, 
g(z) and f(z) belonging to that subclass of functions > f,s* 
of exponential type ¢ for which |k!f,t-*| is bounded. If 
A(2) = Dinnodn+p2"t?, 2,70, B(z)=2"/A(z) = Diruodas”, the 
class of A(z) admitted is that for which >- | a,,|* and > |}, |i" 
converge. The coefficients of f(z) are given explicitly in 
terms of those of g(z) and B(z). The author’s method uses 
infinite matrices and is equally applicable when coefficients 
and variable belong to a commutative complex Banach 
algebra with unit element. Restricting f(z) and g(z) to a 
subclass of the functions of exponential type ¢ allows a solu- 
tion for a class of A(z) regular only in |z| <# instead of 
in |z| St as in Muggli’s work [Comment. Math. Helv. 11, 
151-179 (1938) ], but cases, covered by Muggli, in which 
A(z) has zeros in its circle of regularity are excluded by the 
hypothesis about B(z). R. P. Boas, Jr. (Evanston, IIl.). 


Barbuti, Ugo. Su un caso di convergenza delle approssi- 
mazioni successive che non dipende dalla condizione di 
Lipschitz. Atti Accad. Naz. Lincei. Rend. Cl. Sci. Fis. 
Mat. Nat. (8) 11, 150-157 (1951). 

If Perron’s condition for uniqueness 


| Fix, y™) _ Fi(x, y) | =x" max; | ye —y™ | 


is satisfied (except for x =0) and if | F(x, y)| Sc in 0OS=xSa, 
|yi| < ©, the unique solution of y,’ = F,(x, y) (¢=1, ---, m), 
ys(0) =0 can be found by successive approximations. 

J. M. Thomas (Durham, N. C.). 


Birindelli, Carlo. Alcune osservazioni sopra recenti analisi 
quantitative del Picone sulle soluzioni di talune equazioni 
differenziali ordinarie. Atti Accad. Sci. Torino. Cl. Sci. 
Fis. Mat. Nat. 85 (1950-1951), 255-272 (1951) = Consiglio 
Naz. Ricerche. Pubbl. Ist. Appl. Calcolo no. 310, 18 pp. 
(1951). 

This paper is concerned with a solution of a given system 
of ordinary differential equations and initial conditions, and 
specifically with the problem of extending, by processes of 
continuation, the interval over which the solution is origi- 
nally given by one of the classical existence theorems. The 
author gives a sufficient continuity condition, under which 
the process of continuation can be carried out in a particular 
way so as to yield the maximal open interval over which the 
solution can be defined. L. A. MacColl. 


Conti, Roberto. Un criterio sufficiente di stabilita per i 
sistemi di equazioni differenziali lineari del primo ordine, 
omogenee. Boll. Un. Mat. Ital. (3) 6, 288-293 (1951). 
The author demonstrates that all the solutions of 

dz/dt =(A+B(t))z are bounded provided that all the solu- 

tions of dy/dt=Ay are bounded, that B(t) is bounded, that 
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|A+B(t)| =h>0 for t2=to, and that 
f \\dB/dt+-B(A +B)|\dt< «. 


Some applications of this result are presented. 
R. Bellman (Stanford University, Calif.). 


Malkin, I.G. On the characteristic values of linear differ- 
ential equations. Akad. Nauk SSSR. Prikl. Mat. Meh. 
16, 3-14 (1952). (Russian) 

Let the characteristic numbers (=c.n.) \; in the sense of 
Lyapunov [see Probléme général de la stabilité du mouve- 
ment, Princeton Univ. Press, 1947, pp. 225-243; these Rev. 
9, 34] of the system 


(1) d= Do pisXj, $,j=1, 2,°**,% 
be known. It is proposed to compare with them those },’ of 
(2) i,= LX (Pat Poj)Xj. 


Here ?.;, ¢. are contiruous and bounded on [0,  ] and 
Agz- ++ An, Ar’ Z~ ++ ZAn’. The set {A,} is stable whenever 
given e¢ arbitrarily small there is an »(e) such that if the 
| @.j| Sn then the |A;—),’| <«. The set of m linearly inde- 
pendent solutions x,; is normal whenever it has as many 
c.n.’s A; as possible and \,, then A,_1, ---, are in turn re- 
peated as often as possible [Lyapunov, loc. cit., p. 233]. 
The system (1) is regular [ibid., p. 237] whenever the sum 
of the c.n.’s in a set of normal solutions is —y where yp is 
the c.n. of exp (— [Pdt). 

Let 2,,(t, to) denote the system of solutions of (1) such 
that 2,;(to, #:) =4,; and let wu; be the c.n. of the solution Z,,. 
It is supposed that (1) is such that whatever y>0: 


|B.3| <Clyje*r OC for 1220 
|B3|<Clye*r OO for 2120. 


(3) 


Theorem 1. If (3) holds then given « there is an » such that 
if the | ¢.;| = then the A,;’=A;—«. Theorem 2. Under the 
same conditions if (1) is regular then the set {A,} is stable. 

Suppose now that 


(4) |%,;| <M exp (—al(t—t)), M>1, a>0 


where a is independent of tf. Let m denote the largest num- 
ber of terms in any expression >- ¥.p (¢p1%1+ - * > + ¢pn%n)- 
Theorem 3. If (4) holds then the A,’ will all be positive if the 
$4; Satisfy | g.;(t)| <a/mM. 

[Additional references: Bylov, B. F., same journal 14, 
114-116, 341-352 (1950); these Rev. 11, 516; 12, 180; 
Persidskil, K. P., Izvestiya Akad. Nauk Kasah. SSR. Ser. 
Mat. Meh. 1 (1947); Cetaev, N. G., Ustoi%ivost’ dvizeniya, 
Gostehizdat, 1946; Shtokalo, I. Z., Mat. Sbornik N.S. 
19(61), 263-286 (1946); these Rev. 8, 329). 

S. Lefschetz (Princeton, N. J.). 


Makarov, I. P. New criteria of stability according to 
Lyapunov in the case of an infinite matrix. 
Mat. Sbornik N.S. 30(72), 53-58 (1952). (Russian) 
The author presents some new conditions under which the 

null solution of the infinite linear system dy/dt=A(t)y, 

where A (?) is triangular, is stable. R. Bellman. 


Uno, Toshio. On the formation of limit cycles. Math. 
Japonicae 2, 75-78 (1951). 
The limit cycles of the system 


dx/dt=X (x,y), dy/dt= Y(x, y) 
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are studied where X, Y are single-valued analytic in (x, y). 
The method consists of considering the rotated system 


dx /dt =X cos @— Y sin 0, dy/dt=X sin 0+ Y cos 0, OS0Sr. 


This idea, in slightly greater generality, has been exploited 
by Duff [Proc. Nat. Acad. Sci. U. S. A. 36, 749-752 (1950); 
these Rev. 12, 412], and his results include those of the 
present paper. E. A. Coddington (Cambridge, Mass.). 


Bautin, N. N. On the number of limit cycles appearing 
with variation of the coefficients from an equilibrium state 
of the type of a focus or a center. Mat. Sbornik N.S. 
30(72), 181-196 (1952). (Russian) 

Consider the system 

(1) t=Dear'y’, y= LDbar'y', 

where i+k=1, 2. Let E be the Euclidean 10-space referred 

to the coordinates a4, 5%. Take more especially the systems 


for which 
@:0b01— Gordo >9, G10 +b1=0, 


i.e. for which the characteristic roots of (1) relative to the 
origin are pure imaginary. The origin is said to be of cyclic 
order k=0 relative to the space E whenever: (a) there exist 
€o, 69 both >0 such that in the ¢9-neighborhood of the point 
M of E representing (1) there exists no point N representing 
a system possessing more than k limit-cycles in a 49-neigh- 
borhood of the origin in the plane (x, y); (b) whatever «<e 
and 5<4» there exists a system whose representative point 
N is in the e-neighborhood of M and which has k limit-cycles 
in the 5-neighborhood of the origin in the (x, y)-plane. It is 
shown that the cyclic order =3 and an example where the 
value 3 is attained is given. The method consists in changing 
coordinates and time to reduce (1) to the canonical form 


(2) E=hix—y—Age*+ (2a +As)xy+ray” 
y=xtrytrar®+ (2As+Ag)xy — Ary” 


and dealing with the same question in the space of the ),. 
From (2) one deduces a polar coordinate system 


dp 
(3) —=pR,+pR:+ ::: 
dg 


where R, is a polynomial in sin gy, cos g and the \,;. The 
solution p(¢) of (3) such that p(0) =p» is given by a series 


e(¢) = povi(, Ax) +p0*v2(y, As) +°--, 


convergent for all ¢ and all \; in a suitable neighborhood of 
the analogue of M. By substituting in (3) and identifying 
the powers of po there arises an infinite recurrent differential 
system for the v;. The limit-cycles near the origin correspond 
to the solutions in po of 
po= pods (2x, As) + pov2(2e, As) +---. 

The extensive discussion of the system yields the asserted 
result. [References: N. N. Bautin, C. R. (Doklady) Acad. 
Sci. URSS (N.S.) 24, 669-672 (1939); these Rev. 2, 49; 
H. Dulac, Bull. Sci. Math. (2) 32, 230-252 (1908); W. 
Kapteyn, Nederl. Akad. Wetensch. Verslagen, Afd. Natuur- 
kunde 19, 1446-1457 (1911); 20, 1354-1365; 21, 27-33 
(1912). ] S. Lefschetz (Princeton, N. J.). 


Lewis, Daniel C. Inequalities for complex linear differen- 
tial systems of the second order. Proc. Nat. Acad. Sci. 
U.S. A. 38, 63-66 (1952). 

Let dw/dt = aw+ Bu, du/dt = -yw+éu be a system of differ- 
ential equations in which a, 8, y, 6 are complex-valued 
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functions of the real variable ¢ of class C' on an interval J: 
toSt<t,, where t; may be ©. The author considers the 
case A= (§—a)*+48y70 and y0 on J and derives sharp 
inequalities satisfied by the function 


Q(t) = | w(t) |?-+(27)-"(6 — &) wit + (27)-"(5 — a) du 
+([2y|*|8—a|*+R) | u*|. 


Here w(t) and u(t) are arbitrary solutions of the given sys- 
tem, R=|A|/4y7, and the bar over a quantity, as usual, 
denotes the conjugate of the quantity. As a special case of 
this inequality the author shows that if F(t), G(¢), and ¢ are 
real and of class C' in ¢, and if F and G are positive and 
FG is monotone increasing on J, every solution u(t) of 
(d/dt)(Ge**du/dt)+ Fe‘*u=0 is bounded. The author points 
out that this is a kind of generalization of a theorem of the 
reviewer [same Proc. 35, 190-191, 422 (1949); these Rev. 10, 
708] who proved a similar result for the case g=0, F>0, 
G>0, FG monotone increasing, and F, GeC°. 
W. Leighton (St. Louis, Mo.). 


Grobman,D.M. Characteristic exponents of systems near 
to linear ones. Mat. Sbornik N.S. 30(72), 121-166 
(1952). (Russian) 


The author considers non-linear vector-matrix differ- 
ential equations of the form dz/dt=Az+f(z,t) where 
f(z, t) is subjected to conditions of the type, f(0, )=0, 
f(z, #)|| Se) - lel], || f(e1, 4) — f(s, #)|| Se@® - |lt1—22||. Under 
various assumptions concerning g(t) it is shown that the sets 
of values obtained from lim sup;.. log ||z||/# and lim sup,.. 
log ||y||/t, where dy/dt= Ay, are the same. 

R. Bellman (Stanford University, Calif.). 


Hartman, Philip. On linear second order differential 
equations with small coefficients. Amer. J. Math. 73, 
955-962 (1951). 

Let f be a real-valued continuous function for TSi< @. 
The equation (1) x’’+ fx =0 is said to be oscillatory or non- 
oscillatory according as one (hence every) non-trivial solu- 
tion of (1) has or does not have an infinity of zeros on 
Txt<«. Assuming that f is such that F(t) =lim J f(s)ds 
(X— & ) isconvergent, the following three results are proved. 
(1) The condition fr* exp (—AJr‘F(s)ds)\dt<@, where 
A =4, implies that (1) is oscillatory. This assertion is false 
if A>4. (II) If 2’+4F’s=0 is non-oscillatory, then (1) is. 
(III) If (1) is non-oscillatory and fr* exp (Bfr'F(s)ds)dt = « 
holds for B=4/3, no solution x=x(t) of (1) satisfies 
0<Sr*x*(t)dt< ©. This assertion is false if B=4/3 is re- 
placed by any B<4/3. E. A. Coddington. 


Hartman, Philip, and Wintner, Aurel. On an oscillation 
criterion of Liapounoff. Amer. J. Math. 73, 885-890 
(1951). 

Let g(t) be real and continuous on the interval [0, 77. If 
no real-valued (non-trivial) solution of #+9(#)x =0 can have 
more than one zero in [0, 7], the differential equation is 
called disconjugate. Let r(#)>0 be continuous on (0, 7). 
The authors prove that if 


To 
I r(t)|q(t) |\dtST inf {r()/(T—2)}, 


where inf is over 0<¢<T, then the equation is disconjugate. 
Moreover the assertion is false if the right side is increased 
by any «>0. (The case r(#)=1 is familiar, as the authors 
observe.) N. Levinson (Cambridge, Mass.). 
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Atkinson, F. V. es of a differential 
equation. Actas Acad. Ci. Lima 14, 28-33 (1951). 
The author considers the differential equation 


Y"+FY=0, 


where Y= Y(x) and F= F(x) are functions of a real variable 
x (0=x< @) whose values lie in a complex commutative 
Banach algebra R. He shows that, if (i) F’(x) exists and is 
continuous for 0=x< @, (ii) F(x) is of bounded variation 
over (0, ©), (iii) (F())— exists, and (iv) ||exp (#F(x))||S1 
for 0=x< @ and all real ¢, then for any solution Y= Y(x) of 
the above equation there are constant elements A, B of R 
such that 


Y=A exp (if rac) +2 exp (-if Fax) +01) 


as xo, A. F. Ruston (London). 
Prodi, Giovanni. Nuovi criteri di stabilita per l’equazione 
y"+A(x)y=0. IL. Atti Accad. Naz. Lincei. Rend. Cl. 

Sci. Fis. Mat. Nat. (8) 11, 30-34 (1951). 

It was shown by Ascoli that the boundedness of the solu- 
tions of (1) u’’+a(t)u=0 is preserved if a(¢) is replaced by 
a(t)+5(t) where b(t) is absolutely integrable over (to, ©). 
The author proves some general theorems concerning the 
boundedness of the solutions of (1) and uses these to show 
that the analogue of Ascoli’s result is not valid if one re- 
places absolute integrability by bounded variation and the 
additional condition that b(#) approach zero as t>~. 

R. Bellman (Stanford University, Calif.). 


Obi, Chike. Periodic solutions of non-linear differential 
equations of the second order. IV. Proc. Cambridge 
Philos. Soc. 47, 741-751 (1951). 

The author investigates the existence of subharmonic 
solutions for the real non-linear differential equation 
#+ F(x, z, e,t)=0 where F is analytic and of least period 
2e/w in t; e=(e, +--+, €,) is small; and F(x, z,0,#) is not 
linear in x and z. The author emphasizes the importance of 
using at least three small parameters, €;, €2, ¢s. By so doing 
it becomes possible to get much more interesting examples 
of subharmonics than with one or two small parameters. The 
specific results are too long to be stated here. 

N. Levinson (Cambridge, Mass.). 


Obi, Chike. Periodic solutions of non-linear differential 
equations of the second order. V. Proc. Cambridge 
Philos. Soc. 47, 752-755 (1951). 

The equation ¢—«,(1—x*)¢+x=hk,i+kox+e cos wt is 
considered where ¢;, €2, &; and k: are all small and w+0 is a 
constant which may be rational or irrational. The author 
proves a conjecture of Littlewood that even when w is irra- 
tional there exist small isolated values of €1, €2, 2; and k2 such 
that subharmonic solutions occur. N. Levinson. 


Reeb, Georges. Sur les solutions périodiques de certains 
systémes différentiels perturbés. Canadian J. Math. 3, 
339-362 (1951). 

In this paper the author presents a complete exposition 
of results previously stated in part in several brief articles 
(C. R. Acad. Sci. Paris 227, 1331-1332 (1948); 228, 1097- 
1098, 1196-1198 (1949); 229, 969-971 (1949); Arch. Math. 
2, 205-206 (1950); Acad. Roy. Belgique Bull. Cl. Sci. (5) 
36, 324-329 (1950); these Rev. 10, 409, 557, 558; 11, 378; 
12, 182, 196]. The principal object of study is the stability 
of the qualitative properties of solutions of differential 
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equations depending on a parameter and the methods are 
those of topology and of the Cartan calculus of differential 
forms. The principal results are conditions for existence of 
periodic solutions; these are applied to relaxation oscillations 
and to geodesics in a manifold homeomorphic to an n-dimen- 
sional sphere. W. Kaplan (Ann Arbor, Mich.). 


Rudin, Walter. Inversion of second order differential 

operators. Proc. Amer. Math. Soc. 3, 92-98 (1952). 

On connait la représentation intégrale des différences de 
fonctions convexes par une intégrale de noyau |x—¢| ou une 
fonction de Green, par rapport A une mesure y». On peut 
approfondir le cas od » correspond a une densité continue. 
C’est ce que fait l’auteur dans le cas plus général od |’équa- 
tion y’’=0 a laquelle correspond la notion de convexité est 
remplacée par une équation linéaire homogéne du deuxiéme 
ordre. M. Brelot (Grenoble). 


de Castro Brzezicki, Antonio. Recurrence formulas for the 
differential equation y’’+2nq(x)y’+r(x)y=0. Revista 
Mat. Hisp.-Amer. (4) 11, 217-221 (1951). (Spanish) 
The author shows that under certain rather restric- 
tive conditions the solutions of the differential equation 
y’’ +2nq(x)y’ +r(x)y=0, where m is a positive integer, can 
be given explicitly in terms of the solutions of the equation 
y’’ +r(x)y=0. The possibilities of the method are illustrated 
by a few simple examples. L. A. MacColl. 


Amerio, Luigi. Questioni di stabilita in problemi di mecca- 
nica e di elettrotecnica. Rend. Sem. Mat. Fis. Milano 
21 (1950), 82-89 (1951). 

The author discusses the asymptotic behavior of the solu- 
tions of the non-linear differential equation 


u"’+au'+5b sin u=c, 


which occurs in connection with the synchronization of 
motors, using the classical theory of Poincaré relating the 
behavior in the large to the behavior in the neighborhood of 
the singular points. R. Bellman. 


Richard, Ubaldo. Su un’equazione non lineare del secondo 
ordine. Univ. e Politecnico Torino. Rend. Sem. Mat. 10, 
305-324 (1951). 

In the differential equation 


a BY 2 | +00 0 
| * x)y 


let P(x) and Q(x) be continuous functions such that P(0) =0 
and dP(x)/dx>0, Q(x)>0, for x>0. The author studies 
properties, for x>0, of the solutions that assume a pre- 
scribed positive value at x=0. The main question investi- 
gated is the existence of zeros of such solutions. The 
following is a sample of the numerous results obtained: 
Assume that 21, that lim... fo*Q()f7P-'(u)du= © and 
that f.*P-(t)dt diverges for a—0 but converges for b>. 
Then, (a) a zero exists, if »<1; (b) if no zero exists, then 
lims.« y(x) =0; (c) if 


i 
(x) = -P@-| f ovat 


is non-decreasing, no zeros exist; (d) if @(x) is non-increasing 
and vanishes for x—>+ , then a zero exists. Statements (c) 
and (d) above and several others are proved by studying cer- 
tain auxiliary functions of the form a(x)y**'!+-b(x)yy’ +cy”. 
Some more precise results are obtained in the special case 
that P(x) =x, Q(x) =<x*. W. Wasow. 
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¥Oldenbourg, Rudolf C., und Sartorius, Hans. Dynamik 
selbsttiitiger Regelungen. 1. Band. Allgemeine und 
mathematische Grundlagen, stetige und unstetige Rege- 
lungen, Nichtlinearititen. 2ded. Verlag von R. Olden- 

bourg, Miinchen, 1951. 258 pp. (1 plate). DM 26. 

The first edition of this book [Oldenbourg, Munich, 1944] 
was reprinted by the American Society of Mechanical 
Engineers [New York ] in 1948. The present second edition 
is essentially a reprint of the first edition except for some 
minor corrections. There are no traces in the book of influ- 
ence by work done outside Germany after 1940, which may 
account for the unusual and also not quite up-to-date treat- 
ment of its subject when compared with that of most other 
recent publications in this field. Nevertheless, this is a 
thoroughly systematic and skillful presentation of the 
mathematical and dynamical foundations of automatic 
regulation. The first half of the book deals with linear con- 
tinuous control, the second half with some parasitic non- 
linear phenomena in regulation, with simple nonlinear on-off 
regulators and with linear pulsed regulators. As a figure of 
merit for the quality of the regulation the authors choose the 
time integral of the error, and many specific regulators are 
worked out that are optimal in the sense that they minimize 
this figure. The application of it is, of course, limited to 
non-oscillatory regulators. 

Some of the introductory sections of the book are purely 
mathematical, dealing with differential equations, the 
Fourier and Laplace transformations, etc. This part con- 
tains several misstatements. For example, on page 36 zeros 
and poles are named as the singularities of an analytic func- 
tion and on page 40 it is stated that the Laurent expansion 
of a rational function in the neighborhood of a singular point 
has finitely many positive and negative powers. 

M. Golomb (Lafayette, Ind.). 


Brodin, Jean. Stabilité et continuité paramétrique d’un 
servomécanisme linéaire 4 coefficients dépendant du 
temps. C. R. Acad. Sci. Paris 234, 800-801 (1952). 
Considering variable linear servomechanisms, the author 

gives a condition which is sufficient for stability, and also 

some formulae relating to the continuity of the error signal 
with respect to a parameter. The results, at least in part, are 
not essentially new, and their practical value appears to be 

slight. L. A. MacColl (New York, N. Y.). 


Gassmann, F. Uber mechanische Empfanger von Seismo- 
graphen und Schwingungsmessern. Arch. Meteorol. 
Geophys. Bioklimatol. Ser. A. 3, 408-422 (1951). 
L’auteur étudie la partie réceptrice mécanique d’un seis- 

mographe en la considérant comme un systéme a un degré 

de liberté et en supposant les déplacements u de l’indicateur 
par rapport au support comme petits, sans imposer la méme 
limitation aux mouvements du support. La relation entre 
ces derniers et u s'exprime par I'équation différentielle 
linéaire u’’ + 2yu’'+Eu+h)=G(t). Le coefficient E contient 
des termes qui dépendent du temps mais que l'on peut 
négliger dans beaucoup des cas, et alors l’influence des 
mouvements du support ne se fait sentir que par la fonction 
perturbatrice G(t). L’auteur en donne l’expression explicite 
sous une forme relativement simple. Ceci permet de classifier 
toutes les formes possibles de récepteurs mécaniques 4 un 
degré de liberté. Pour ces récepteurs il existe un théoreme 
d’addition ce qui permet une certaine souplesse dans la 

construction des modéles simples de récepteurs répondant a 

telles ou telles exigences pratiques. V. A. Kostitsin. 
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Glazman, I. M. On the spectrum of linear differential 
operators. Doklady Akad. Nauk SSSR (N.S.) 80, 153- 
156 (1951). (Russian) 

The differential operator /(y) = (—1)*y®+-¢(x)y is con- 
sidered over a<x<b where — © Sa<bS+ @ and |q(x)| is 
integrable over (a, 8) for any a and 6 satisfying a<a<6<b, 
The author generalizes a theorem of Weyl, where n=1, to 
the general case by showing that if g(x)—++ © as xb and 
if a is a regular point (with appropriate boundary condi- 
tions) then the spectrum is discrete. A second result is the 
following. If b= and lim sup,..|q¢(x)| =M, then every 
interval of length exceeding 2M in the half-line \>0 con- 
tains a point of the continuous spectrum of the appropriate 
operator. Other results are given including restrictions on 
the point spectrum for the case when f*|q(x)|dx<@ 
where again the case m=1 is of course known. The case 
—Au+q(x1, --+,%,)% is also discussed briefly. The results 
are based on certain theorems valid for operators in Hilbert 
space. N. Levinson (Cambridge, Mass.). 


Levinson, Norman. The £-closure of eigenfunctions asso- 
ciated with self-adjoint boundary value problems. Duke 
Math. J. 19, 23-26 (1952). 

Let D be the set of all complex-valued functions x = x(¢) in 

a closed finite interval (a, b) which have absolutely continu- 

ous derivatives of order <m and put Lx=poxr™ + ---+p,x 

where fo, «-- are continuous and | po| #0. Let 


(1) Use) = Daige't-Y(a) + dye (6) =0 


be # linearly independent boundary conditions and put 
(u, v) = f.*uddt whenever the integral exists. Under the as- 
sumption that L is self-adjoint with respect to U, i.e. that 
(Lu, v) =(v, Lu) whenever u and v belong to D and satisfy 
the boundary conditions (1), a simple function-theoretic 
proof that the set of eigenfunctions of L satisfying (1) is 
complete in £,, is given. In a special case a similar procedure 
has been used by Kneser [Math. Ann. 58, 81-147 (1904); 
pp. 113-116]. L. Gaérding (Lund). 


Titchmarsh, E. C. On the summability of eigenfunction 
expansions. Quart. J. Math., Oxford Ser. (2) 2, 258-268 
(1951). 

In this paper the following theorem is proved. Suppose 
that in the problem of the differential equation 


¢’+—D—¢(x)]e=0 (OSx<@) 


with the boundary condition ¢(0) cos a+ ¢’(0) sin a=0, 
there is a discrete spectrum, consisting of eigenvalues 
Ao<Ai<-+++, An, with corresponding eigenfunctions 
Wa(x). Let f(x) be L*(0, ©), and let c,= fo*f(x)Wa(x)dx. 
Then 


An 
tim 5 (1-—*)cata(a) =f) 
A-voo An <A A 
wherever f(x) is continuous; and, more generally, wherever 
So’ | f(x+t) — f(x) |dt=0(n) as 7-0, and so almost every- 
where. The author’s proof employs contour integration and 
combines the method of Hilb [Math. Ann. 76, 333-339 
(1915) ] and those of his own book, Eigenfunction expan- 
sions associated with second-order differential equations 
[Oxford, 1946; these Rev. 8, 458]. He states that a similar 
theorem can be obtained in cases where the spectrum of the 
Sturm-Liouville system is not discrete. W. Leighton. 
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Thomas, Johannes. Untersuchungen iiber das Eigenwert- 
problem 


£ (02) +reGe)9=0; f "A@ydx= f "B(x)yde =0. 


Math. Nachr. 6, 229-260 (1951). 

Using a theorem of W. M. Whyburn [Trans. Amer. Math. 
Soc. 30, 630-640 (1928), the author proves that the prob- 
lem in the title possesses an infinite number of positive 
eigenvalues \ without finite accumulation point, provided 
the following assumptions are satisfied in a=x=b: f(x) is 
continuously differentiable, g(x) is continuous, and f(x), 
g(x), A(x) are positive. Furthermore, A(x) and B(x) are to 
be linearly independent, and f-g as well as A/g must be 
non-decreasing. On the basis of this theorem numerous 
results are derived concerning the zeros of the eigenfunc- 
tions, the location of the eigenvalues, Green's function, the 
non-homogeneous problem, and the reduction to an integral 
equation. W. Wasow (Los Angeles, Calif.). 


Pignedoli, Antonio. Su una equazione differenziale che si 
presenta nel problema delle vibrazioni di una membrana 

a contorno epicicloidale fisso. Atti Sem. Mat. Fis. Univ. 

Modena 4, 3-25 (1950). 

The problem of calculating the vibrations of a membrane 
whose boundary is an epicycloid can be transformed, by 
conformal mapping, into an eigenvalue problem in a circular 
domain. If the eigenfunctions of this problem are expanded 
in a Fourier series with respect to the central angle @, the 
Fourier coefficients are seen to be functions of the radius 
vector r that have to satisfy a certain infinite system of 
ordinary differential equations. If the circle whose rolling 
motion generates the epicycloid is sufficiently small, then 
the differential equations of this system can be approxi- 
mately replaced by a differential equation in one unknown 
function only, of the form 





@F, idF, — tut +ere-v]F, <0 
de rd nr’ 2s pi 
where s=1, 2, ---,#; ¢<1, and yu,” is an eigenvalue of the 


transformed vibration problem. The solutions F, to be found 
will have to be regular at r=0 and zero for r=1. The main 
object of the author is the study of this differential equation. 
For its solutions he suggests the name “‘epicycloidal func- 
tions’. In addition to familiar reduction to a Fredholm 
integral equation, the author discusses a transformation of 
the differential equation to a Volterra integral equation 
whose kernel is a simple combination of Bessel functions, 
and some explicit solutions in the case = 2. 
W. R. Wasow (Los Angeles, Calif.). 


Seifert, George. A third order boundary value problem 
i in aeroelastic wing theory. Quart. Appl. Math. 
9, 210-218 (1951). 
The author proves that the system 


(*) 1!” (xx) + p(x) u’ (x) + (g(x) + Ju(x) =0, 
u(0) =u’(0) =u’’(1) =0 


has an infinite number of real characteristic values and that 
if the upper bounds of | p(#)| and |g(¢)|, and the positive 


- numbers |p(1)|, Jfo'|p(é)|dt, fo'lg(t)—p’(é)|dt are small 


enough, then all the characteristic values of (1) are real. 
He indicates a pair of transformations which take the ad- 
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joint of the system 


(**) 


© BI(2)  —re(x)s=0 
7 x) x)s=0, 


2(0) =2' (1) = (EI (x)z’ (x)) sn: =0 


into (*). The system (**) is of interest in aeroelastic wing 
theory. M. Gottlieb (Chicago, IIl.). 


Kato, Tosio. Note on Schwinger’s variational method. 

Progress Theoret. Physics 6, 295-305 (1951). 

This is a continuation of an earlier paper [Physical Rev. 
(2) 80, 475 (1950); these Rev. 12, 613, 1003]. The author 
goes on to prove that the Schwinger version of the varia- 
tional method for scattering problems, described for instance 
by J. M. Blatt and J. D. Jackson [ibid. (2) 76, 18-37 (1949), 
pp. 20-22], gives a lower bound to the absolute value of 
the asymptotic phase » of the wave function provided (1) 
the potential is semi-definite (everywhere non-negative or 
non-positive) and (2) the potential is not too strong, which 
implies that |n| <x. A modification of the iteration method 
is also proposed: if w: is the wave function obtained by 
iteration of “,, the method consists in replacing u, by the 
best possible linear combination of u, and #2, which gives 
a more rapid convergence than the original method of 
Schwinger. A proof that the modified method converges to 
the correct solution, is given in an appendix. It is further 
shown that the Schwinger method can be adapted to yield 
an estimate of an upper bound for ||, provided the iterated 
wave function #2 is calculated. L. Hulthén (Stockholm). 


Kato, Tosio. Upper and lower bounds of scattering phases. 
Progress Theoret. Physics 6, 394-407 (1951). 
Consider the radial wave equation for S-scattering 


(1) LU uj) =d*u/dr?+ (k?+ W(r))u=0. 


The correct solution @ of (1) with the boundary #(0) =0 de- 
fines the asymptotic phase by the relation a(r)—sin (kr +4), 
r— ©. We now introduce a trial function u(r), with u(0) =0 
and 


(2) ue(r)—cos (kr+6) +, sin (kr+8), 


where @ is a fixed constant and )y a variation parameter, 
related to the phase by \y=cot (»—@). The following well- 
known equation then holds 


(3) Rpm hy — f * uel [ue Jdr+ f " weL[ wer, 


where ig is the correct value and wy =us— ‘iy. The next step 
is to define an eigenvalue problem with eigenvalues » and 
eigenfunctions ¢(r): 


(4) Ll ¢]+upe=0 


with boundary conditions 9(0) = 0, ¢(r)—>const. X sin (kr +8), 
r—o. Here p=p(r) is some fixed non-negative weight func- 
tion which may appropriately be chosen as | W(r)| if W(r) 
is of constant sign. It is now possible to show that 


(S) ayes’ Shy — Bde + f uel [uy Jer Boe, 
0 


where ay is the smallest positive eigenvalue ~ and —, the 
smallest negative eigenvalue (numerically). «* is defined by 


(6) = f " (Lue) *e~dr. 
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Furthermore the mean error of us can be estimated in the 
following sense: 


f os — te)*pdr =max (ag, Bo-*) - 9’. 


As an example, the scattering of slow electrons by hydro- 
gen atoms is treated with satisfactory result, the phases 
being determined with an accuracy of one part in a thousand 
or less. 

The reviewer would like to take this opportunity to men- 
tion a paper by N. Zeilon, not quoted by the author [Acta 
Univ. Lundensis [Lunds Univ. Arsskrift] N.S. Sect. 2. 43, 
no. 10 (1947); these Rev. 9, 383], in which similar ideas have 
been discussed. L. Hulthén (Stockholm). 


Hadamard, J. Partial differential equations and functions 
of real variables. Gaz. Mat., Lisboa 12, no. 50, 3-6 
(1951). (Portuguese) 

The author illustrates by means of examples, how various 
problems in partial differential equations lead to the con- 
sideration of more or less restricted classes of real functions, 
including the analytic functions, functions of class C*, and 
functions with unique continuation properties. 

F. John (New York, N. Y.). 


Bajada, Emilio. Teorema d’unicita per una equazione 
differenziale alle derivate parziali del primo ordine con i 
dati di Cauchy. Atti Accad. Naz. Lincei. Rend. Cl. Sci. 
Fis. Mat. Nat. (8) 11, 158-164 (1951). 

The system 2,= f(x, y, 2, zy), 2(0, y)=c(y), where f, c are 
known and f satisfies the Lipschitz condition, does not have 
in a properly chosen region two distinct solutions which 
satisfy the Lipschitz condition. (The arguments 2, and 2, 
seem inadvertently interchanged in the introduction.) 

J. M. Thomas (Durham, N. C.). 


(Germay, R. H. J. Sur les systémes récurrents d’équa- 
tions aux dérivées partielles du premier ordre, de forme 
résolue par rapport aux dérivées partielles en x,. Bull. 

} _ Soc. Roy. Sci. Liege 20, 69-76 (1951). 

Germay, R. H. J. Extension du théoréme de Mme. de 
Kowaleski aux systémes récurrents d’équations nor- 
males aux dérivées partielles d’ordre quelconque. 
Bull. Soc. Roy. Sci. Liége 20, 135-142 (1951). 

In the Cauchy-Kowalevsky normal form arbitrarily fix 

the orders r;(j=1,---,m) of the left members. Let D, 

(k=1, ---, ©) bean infinite sequence of such systems in the 

unknowns Zz (j=1,---,m;k=1,---, ©). Transform D, 

into E, by allowing in the right members of E, all the argu- 

ments in the right members of D,, ---, Diese, where g is a 

fixed non-negative integer. The right members are assumed 

holomorphic with a common bound. The present papers 
extend the Cauchy existence theorem to the system com- 
posed of E,, the first treating the case r;= 1 and the second 

the general case. J. M. Thomas (Durham, N. C.). 





Simoda, Seturo, et Nagumo, Mitio. Sur la solution bornée 
de l’équation aux dérivées partielles du type elliptique. 
Proc. Japan Acad. 27, 334-339 (1951). 


Let x=(x,, --*,%Xm) range over the entire space E,, and 
consider the elliptic differential operator 
Ou Ou 
L(u) = 0a,—+ Dd 
(u) = Da; eons x "on, 


with continuous coefficients. The authors treat the problem 
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of the existence of solutions of (*) L(u) —c(x)u=0 which are 
bounded over E,,. A simple example shows that even when L 
is reduced to the Laplacian and c(x) >0 for all x the equation 
(*) can have bounded solutions provided m2=3. That this is 
not so for m =2 is proved by applying the following unique- 
ness theorem. Suppose that ¢(x)20 is continuous, and sup- 
that there exists a function H(x) which is twice differ- 
entiable for all x, and such that H(x)>0, L(H) <c(x)H(x), 
and H(x)—©« uniformly as |x|*=}x?-+«. Then the 
equation L(u)—cu=0 has no non-trivial bounded solution. 
This theorem is derived from a slightly more general but 
rather complicated lemma which could be useful for similar 
problems. W. Feller (Princeton, N. J.). 


Yosida, Késaku. A theorem of Liouville’s type for meson 

equation. Proc. Japan Acad. 27, 214-215 (1951). 

Let R be a connected domain of a two- or more-dimen- 
sional Euclidean space. Suppose that the boundary 6R of R 
is smooth and lies in a bounded portion of the space. Let 
m(x) be continuous and m(x)2=m>0 for xeR. If then h(x) is 
a solution of Ah(x) =m(x)h(x) for xeR such that the normal 
derivative of h(x) on 6R vanishes and such that for some 
a<m/}"? one has h(x) =O(exp a|x|) as |x|?=Dx2> =, 
then h(x) =0. This uniqueness theorem is proved by a simple 
application of Green’s formula to m(x)h?(x) =h(x)Ah(x). 
The theorem implies an existence theorem for the Fokker- 
Planck equation Ah=h,. [Cf. Yosida, J. Math. Soc. 
Japan 3, 69-73 (1951); these Rev. 13, 560. ] 

W. Feller (Princeton, N. J.). 


Codegone, Cesare. Problemi vecchi e nuovi di trasmis- 
sione del calore. Univ. e Politecnico Torino. Rend. Sem. 
Mat. 10, 111-138 (1951). 

An expository article. F. G. Dressel (Durham, N. C.). 


Dacev, A.B. On the heat conduction of a nonhomogeneous 
bar. Doklady Akad. Nauk SSSR (N.S.) 82, 861-864 
(1952). (Russian) 

Consider a thin nonhomogeneous bar of length / which 
extends along the x-axis from x =x» to x =x’ with a tempera- 
ture function u(x, t) which satisfies the equation 


(1) =( s) =o 


where k, p and o are continuous functions of x. The initiai 
and end conditions are 


(2) u(x,0)=@(x), (xo<x<x’), 
(3) u(xo,t)=o(t), u(x’, t)=y¥(t), (¢>0), 


where ®, ¢ and y are arbitrary bounded integrable functions. 
In this paper the solution to the above problem is found 
formally by reducing it to a multi-layer problem in heat 
conduction. The interval (xo, x’) is broken into n arbitrarily 
chosen parts. In the typical subinterval the function k(x) is 
replaced by k;=k(x,;). The same is done for p and ¢. Thus 
for each of the subintervals equation (1) is replaced by 

a '. n OtUin hy 
q Sz. wm 

ox? ot Pid; 
where 1,,(x,¢) is the temperature function in the interval 
Ax;=x;—x;,. At the point x=x;, u,;, satisfy the conditions 
Duin Oust n 


5 in = mn k,— 
(5) tin = Ui4s, rs x 











i=1,2,---,n” 
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The initial and end conditions become 
(6) Uin(x, 0) = ,(x) = (x), (xi-1 <x <x), 
(7) tin(Xo, t)=G(t), tan(x’, t)=y(t), #>0. 
It is shown that u,,(x, 4) has u(x,t) as its limit as no 
(xo <x<x’, #>0) and satisfies (1), (2) and (3). 
C. G. Maple (Washington, D. C.). 


Davies, D. R., and Walters,T.S. The effect of finite width 
of area on the rate of evaporation into a turbulent atmos- 
phere. Quart. J. Mech. Appl. Math. 4, 466-480 (1951). 
Un des auteurs [Davies, méme J. 3, 51-63, 64-73 (1950); 

Proc. Roy. Soc. London. Ser. A. 202, 96-103 (1950) ; ces Rev. 
12, 141, 370] a étudié en détail ce probléme dans le cas d’un 
contour parabolique. Malheureusement la solution exacte 
utilise les fonctions de Mathieu d’un type spécial qui n’ont 
pas encore été calculées. I] est donc trés difficile d’obtenir des 
résultats concrets pour estimer numériquement la relation qui 
relie la largeur finie de la bande avec la vitesse d’évaporation. 
Afin de remédier a cette difficulté, les auteurs étudient le 
probléme en introduisant un modéle simplifié: Ils étudient 
la diffusion turbulente de la vapeur pour une aire rectangu- 
laire d'une longueur infinie et de largeur finie, composée 
d’un nombre infini de lignes-sources, la direction du vent 
moyen étant paralléle aux sources. On suppose en outre, que 
l’intensité des sources est constante le long de la direction 
du vent moyen et variable normalement 4a la direction du 
vent de facon que la concentration de la vapeur soit con- 
stante dans toute l’aire. Cette hypothése parait assez 
plausible en comparant la loi théorique avec les résultats 
obtenus en soufflerie. 

Pour résoudre le probléme, les auteurs utilisent deux 
méthodes: l'une, la méthode bien connue des sources qui 
fournit la condition (1) 8X/dx=0 pour une ligne-source 
paralléle 4 la direction du vent moyen orienté le long des 
axes des x (X est la concentration de la vapeur); la seconde 
méthode consiste 4 résoudre |’équation de la diffusion 


ox @ ox ti) ox 
Ox doy oy oz dz 


en utilisant la condition (1); K, et K, coefficients de diffusion 
latérale et verticale qui sont proportionnels a z'~, en utili- 
sant la loi exponentielle obtenue par Davies dans son 
mémoire cité ci-dessus. 

On trouve finalement que la vitesse d’évaporation E est 
proportionnelle 4 W'-" (W la largeur de la bande). Les 
auteurs étudient aussi le cas od K, est proportionnel a 2”, le 
deuxiéme cas étudié par Davies. Dans ce cas E est propor- 
tionnel 4 W“+*™). En considérant le processus adiabatique, 
on trouve respectivement E~ W*° dans le premier cas et & 
W*-* dans le second cas. 

Pour vérifier ces résultats les auteurs ont procédé a 
quelques expériences en soufflerie. Les résultats expéri- 
mentaux sont en bon accord avec les prévisions théoriques. 

M. Kiveliovitch (Paris). 


Zwirner, Giuseppe. Sull’approssimazione degli integrali 
del sistema differenziale 


= f(x,y, 2), 2(xe, 9) =V(y), (x, 90) = o(e). 


Ist. Veneto Sci. Lett. Arti. Cl. Sci. Mat. Nat. 109, 219-231 

(1951). 

Hyperbolic paraboloids are used to approximate the solu- 
tions of the system in question and to prove their existence. 


A maximum and a minimum solution are found. 
J. M. Thomas (Durham, N. C.). 
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Integral Equations 
Conti, Roberto. Criteri sufficienti di stabilita per i sistemi 


di equazioni integrali lineari. Atti Accad. Naz. Lincei. 

Rend. Cl. Sci. Fis. Mat. Nat. (8) 11, 164-169 (1951). 

The author considers the question of the boundedness of 
the solution of the vector-matrix integral equation 


s=c(t)+ 3 (LA) + Bt) Jo(ts) +a-+5(t,) Jat, 


subject to the condition that the solution of 


y=cl(t)+ j. [A (ta) y(t) +0 Jat, 


is bounded. He shows that a theorem of Ascoli, proven for 
the case a=0, is valid for arbitrary constant a. 
R. Bellman (Stanford University, Calif.). 


Ashour, A. A. Certain expansions connected with integral 
equations. Proc. Math. Phys. Soc. Egypt 4, no. 2, 9-14 
(1951). (English. Arabic summary) 

Hilbert showed that if in the integral equation 


fle) f K(x, 9) f(y)dy=e(x), 


K(x, y) symmetric, continuous except for x=y, then in 
some cases the Fredholm formulas are effective if one sets 
K(x, x)=0. This paper derives recurrence relations for the 
coefficients of the Fredholm determinant A(A) and its first 
minor A,(j; A), the coefficients being fK“ (x, x)dx and 
K(x, y), r=1,3, ---, where K(x, y) is the rth iterated 
kernel of K(x, y), under the assumption: K(x, y) symmetric 
and continuous for xy, and K(x,x)=0. Application is 
made to the problem of induction of electric currents in 
symmetrically conducting surfaces of resolution. 
T. H. Hildebrandt (Ann Arbor, Mich.). 


Zernov, N. V. On the solution of an integral equation of 
boundary (diffraction) problems of electrodynamics. 
Akad. Nauk SSSR. Zurnal Tehn. Fiz. 21, 766-771 (1951). 
(Russian) 

The solution of some diffraction problems in which the 
diffracting surface is plane or has axial symmetry can be 
made to depend upon an integral equation of the first kind 
in which the kernel has a logarithmic singularity. The first 
section of this paper outlines a method of solving the equa- 
tion to any degree of accuracy, based on the solution of a 
known singular integral equation and the use of power 
series expansions. The second section gives some of the 
details of the application to the case of radiation in a plane 
wave-guide striking a plane conducting screen with an 
infinitely long slit. F. V. Atkinson (Ibadan). 


Natalevité, V.K. Ona nonlinear singular integral equation 
and a nonlinear boundary problem of the theory of 
analytic functions. Doklady Akad. Nauk SSSR (N.S.) 
83, 19-22 (1952). (Russian) 

The integral equation considered is of the form 

(1) a(s)u(s)+5(s)v(s) =®(s, u(s), v(s), A) 


where 
1 7 o—s 
v(s)=——f u(c) ctg —de 
2x 0 2 


and u(s) is the unknown function. It is a generalization of 
the equation treated by Guselnov [Mat. Sbornik N.S. 








26(68), 237-246 (1950); these Rev. 12, 172], and is equiva- 
lent to the problem of determining the function f(z) =u+1 
analytic inside the unit circle and satisfying the nonlinear 
boundary condition (1) together with f,**v(«)do=0. The 
functions a, b, @ are of Hélder type and a*(s)+5*(s) =1. By 
the use of the analytic function g(z) =x+-iy which satisfies 
the linear homogeneous boundary condition 


a(s)x(s)+5(s)y(s)=0, x*(s)+y*(s)=1, 


equation (1) is reduced to a form that can be treated by the 
method of successive approximations. The resulting exist- 
ence theorems, integrability and branching conditions de- 
pend on the index of the contour a*(s)+5?(s) =1 (0Ss=2z). 
M. Golomb (Lafayette, Ind.). 


Vainberg, M. M. On the variational theory of character- 
istic values for nonlinear integral equations. Mat. 
Sbornik N.S. 30(72), 3-10 (1952). (Russian) 

In an earlier paper [Mat. Sbornik N.S. 26(68), 365-394 
(1950); these Rev. 12, 340] the author proved the existence 
of characteristic values and characteristic functions for a 
system of nonlinear integral equations. The same results are 
obtained in this paper by the application of a variational 
principle in the function space itself rather than in the 
approximating finite-dimensional subspaces. 

M. Golomb (Lafayette, Ind.). 





Functional Analysis, Ergodic Theory 


*Halperin, Israel. Introduction to the theory of distribu- 
tions. Based on the lectures given by Laurent Schwartz. 
University of Toronto Press, Toronto, 1952. vi+35 pp. 
$2.00. 

The following topics are considered: point-functions as 
functionals, the calculus of distributions, order classification, 
continuity and convergence properties, nullity sets and 
supporting sets, differential equations involving distribu- 
tions, distributions in several variables, convolution theory, 
Fourier series for distributions. E. Hille. 


*Dorleijn, Margrenus. Beschouwingen over codrdinaten- 
ruimten, oneindige matrices en determinanten in een 
niet-Archimedisch gewaardeerd lichaam. [Considera- 
tions on coordinate spaces, infinite matrices and deter- 
minants in a non-Archimedian valued field]. Thesis, 
Free University of Amsterdam, ‘s-Gravenhage, 1951. 
92 pp. (Dutch. English summary) 

This thesis consists of four chapters: (I) Introduction; 
(II) Linear coordinate spaces with entries in a complete non- 
Archimedean valued field K; (III) Infinite matrices with 
entries in K; (IV) Infinite determinants with entries in K. 
The thesis deals with an analysis of sequence spaces \= {x}, 
x={x,,---}, x@K, associated linear functionals, linear 
transformations expressible by means of matrices, rings of 
matrices, and an analog of H. v. Koch’s theory of infinite 
determinants; the investigation is in part analogous with 
certain parts of the following papers: Kéthe and Toeplitz 
[J. Reine Angew. Math. 171, 193-226 (1934), quoted as 
KT]; Kéthe [ibid. 178, 193-213 (1938), quoted as K] [see 
also Kéthe, Math. Ann. 116, 719-732 (1939)], Allen [J. 
London Math. Soc. 18, 142-147 (1943); these Rev. 5, 226, 
quoted as A], v. Koch [Bihang till Kongl. Svenska Vetens- 
kaps-Akademiens Handlingar, 22, Afd. I, no. 4 (1896), 
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quoted as vK]; the author fails to mention in his bibli- 
ography a paper by Monna [Nederl. Akad. Wetensch., Proc. 
53, 1548-1559=Indagationes Math. 12, 493-504 (1950); 
these Rev. 12, 715, quoted as M]. The author uses the 
definitions and notations of KT and K as we shall do in this 
review. Many of the proofs in KT and K carry over without 
much change; the principal difference is that in the present 
paper the author takes advantage of the stronger converg- 
ence properties of non-Archimedean valued fields. 

Chapter II is in large measure contained in M, except that 
\ complete (see M for definition) implies \ perfect, and that 
the analog of strong convergence of KT is equivalent to 
convergence (see M for definition). 

The almost universal assumption in Chapter III is that 
AD¢. Many of the corresponding results of KT remain true, 
e.g., the column space of (A) =A, while its row space =\*; 
the normality of \ implies that Z(A) is a ring (the theorem 
is based on a characterization not valid in the classical case 
of the ring property of Z(A)), A perfect implies (A) is a ring 
(see also M), etc. Counterexamples are given to illustrate 
the extent of the theory. There are some results on the 
transposes of £(A) which are valid both in the classical case 
and in the present context (the results are new even for the 
classical case). Maximal matrix rings are discussed (see KT 
and A); again many of the classical results carry over. A 
mode of convergence of matrices is introduced (differing 
from KT) implying that A,—A, B,—B implies that 
A,B,—AB. The chapter concludes with an application to 
linear equations with infinitely many unknowns (see K); 
necessary and sufficient conditions for the existence of solu- 
tions are obtained in terms of \* and the transpose of the 
coefficient matrix, and also in terms of series (analogous 
to K). The proofs are based on the possibility of extending 
continuous linear functionals from a subspace to the whole 
space (this theorem is not equivalent to that mentioned in 
M; Dorleijn’s definition of continuity—weaker than that 
of M—implies, for example, that the set of continuous linear 
functionals on A coincides with \*). 

Chapter IV parallels some of the developments of vK; 
the author obtains conditions for the existence of the de- 
terminant A, of an infinite matrix A (motivated by counter- 
examples) ; he also finds conditions implying that A,Ag = A,z. 
G. K. Kalisch (Minneapolis, Minn.). 


Allen, H. S. Groups of infinite matrices. Proc. London 

Math. Soc. (2) 54, 111-134 (1952). 

The author considers (‘‘Kéthe-Banach”) spaces a with 
elements x={x,}, m=1,2, ---,x, complex, with a norm 
\|x||, which are perfect [Kéthe and Toeplitz, J. Reine Angew. 
Math. 171, 193-226 (1934); Kéthe, Math. Ann. 114, 
99-125 (1937)], such that the convergence with respect 
to the norm coincides with the “strong projective con- 
vergence” (i.e., convergence with respect to the other norm 
N(x) =sup,|ux|, where ux = Yo ntinXn, >| UnXn| <+ © for all 
xea and sup)jy);s:|%y| 1). As in the papers quoted above, 
the ring (a) of infinite matrices A such that Axea for each 
xea is considered. The matrices A with Aa=a, A’a*=a* 
(A’ is the transposed matrice and a* is the “dual” space of 
the u={u,}) form a group G(a). The main results of the 
paper (which cannot be reproduced here) concern alge- 
braical and topological (with respect to the natural strong 
topology) properties of Z(a) and G(a). It is to be regretted 
that connections with the Banach theory of linear operators 
are not indicated. 

G. G. Lorentz (Toronto, Ont.). 
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Bearman, Jacob E. Rotations in the product of two Wiener 
spaces. Proc. Amer. Math. Soc. 3, 129-137 (1952). 
The author considers the behavior of functionals F(x, y) 

of two variables, for [x(#), y(#) JeC® C, under transformations 


X()= f cos 6(s) dx(s) — f sin 6(s) dy(s), 
0 0 


Y()= f sin 0(s) dx(s)+ f cos 6(s) dy(s), 
0 0 


where @(t) is of bounded variation on 0==1. In contrast 
to what one might expect from the behavior of functionals 
of one variable, the author shows that the Wiener integral 
over C@C of any Wiener summable functional F(x, y) is 
invariant under such a transformation, that is, the trans- 
formation preserves measure as well as measurability. The 
proof first makes use of the fundamental expression for the 
integral of functionals depending only on the values of 
x(t) and y(t) at a finite number of values of ¢t. The trans- 
formation formula for the functional so restricted and for 
the angle of rotation constant follows from the correspond- 
ing result in Euclidean space. The theorem in its general 
form is derived from this result in stages. The paper closes 
with an application in which the author uses his formula 
to evaluate a (single) Wiener integral of a form not previ- 
ously evaluated. W. T. Martin (Cambridge, Mass.). 


Cameron, Robert H. The first variation of an indefinite 
Wiener integral. Proc. Amer. Math. Soc. 2, 914-924 
(1951). 

Under very general conditions the author shows that 
the functional G(u) = JXnswF(x)dex has a finite variation 
5G(u| yo) = (d/dh)G(u+hyo) },-o, and he obtains an expres- 
sion for it. A special case of this result leads to the following 
formula for “integration by parts in function space”’: 


Z "F(x)8G(x| yo)dex 


-f “G@)| 27%) f we (de() BFC) foe 
c 0 


where y(t) is assumed to be absolutely continuous and to 
have a derivative yo'(#) which is essentially of bounded 
variation on 031, and where F, G and their first varia- 
tions satisfy suitable (Wiener) measurability and summa- 
bility properties. The author uses these results to evaluate 
new Wiener integrals. He also obtains a theorem on the 
Wiener integral of a Volterra derivative. W. 7. Martin. 


Radstrém, Hans. An embedding theorem for spaces of 
convex sets. Proc. Amer. Math. Soc. 3, 165-169 (1952). 
Let M be a commutative semi-group with cancellation, 

N the group associated with M by the classical method of 

extending semi-groups, and m the natural isomorphism of 

M into N. [See, for example, L. Graves, The theory of 

functions of real variables, McGraw-Hill, New York, 1946, 

p. 24; these Rev. 8, 319.] The author shows that if on M 

are defined a metric and a multiplication by non-negative 

real scalars (satisfying certain natural and unavoidable con- 
ditions), then a metric and multiplication by real scalars can 
be introduced in N so that N becomes a normed linear space 
and both distance and products by non-negative scalars are 
invariant under m. From this follows an embedding theorem 
for certain classes of convex subsets of a normed linear space, 
metrised by the Hausdorff distance. The following lemma 
seems of independent interest: Suppose A, B, and X are 
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subsets of a normed linear space, with B closed and convex, 
X bounded, and A+XCB+X. Then ACB. 
V. L. Klee, Jr. (Princeton, N. J.). 


Ingleton, A. W. The Hahn-Banach theorem for non- 
Archimedean valued fields. Proc. Cambridge Philos. 
Soc. 48, 41-45 (1952). 

Let K be a field with a non-trivial non-Archimedean 
valuation, E a linear space over K having a real-valued 
norm with customary properties. It is proved that a neces- 
sary condition for the Hahn-Banach theorem to hold for 
linear functionals on subspaces of E is that E be non- 
Archimedean, that is, satisfy the strong triangle inequality: 
\|x+-y|| max (||x||, ||y||). For a given K it is shown that in 
order for the Hahn-Banach theorem to hold in every non- 
Archimedean space over K, it is necessary and sufficient 
that the intersection of any totally ordered collection of 
spheres in K be non-empty. This condition on K is equiva- 
lent to maximal completeness [Kaplansky, Duke Math. J. 
9, 303-321 (1942); these Rev. 3, 264]. I. S. Cohen. 


Kelley, J. L. Banach spaces with the extension property. 

Trans. Amer. Math. Soc. 72, 323-326 (1952). 

A Banach space B is said to have the Hahn-Banach exten- 
sion property if each bounded linear transformation F of a 
subspace of any Banach space C into the space B has a 
linear extension F’ carrying all of C into B such that 
||F’||=||F ||. The author proves that each such space is 
equivalent to the space of continuous real-valued functions 
on an extremally disconnected compact Hausdorff space. 
This verifies a conjecture of Nachbin, who proved the 
theorem under the added hypothesis that the unit sphere of 
B has an extreme point [same Trans. 68, 28-46 (1950) ; these 
Rev. 11, 369; see also Goodner, ibid. 69, 89-108 (1950) ; these 
Rev. 12, 266]. M. Jerison (Lafayette, Ind.). 


Arens, Richard. The adjoint of a bilinear operation. Proc. 

Amer. Math. Soc. 2, 839-848 (1951). 

There are considered: Normed linear spaces X, the con- 
jugate spaces X~ of normed linear functionals over X, and 
the conjugate spaces X-~ over X~. Also: bounded bilinear 
mappings m on XX Y to Z, m* on Z~XX to Y~-, m** on 
Y--XZ- to X~, and m*** on X--X Y—— to Z—~. Finally, 
m‘ on YXX to Z is defined by m‘(y, x) =m(x, y) on XX Y 
to Z. By example it is shown that if m is the multiplication 
in a commutative, associative, normed algebra then m*** 
need not be commutative. The problem of finding conditions 
under which m‘***! = m*** is the generalization of the prob- 
lem of commutativity which is studied in this paper and 
such mare called regular. The principal results (3.3 Theorem) 
are stated in terms of certain weak topologies in X. The 
p-topology in X~- is that in which a directed set of f,eX- 
converges to f if for every xeX, f,(x) converges to f(x). The 
p-topology in X~ is that in which f, converges to f in the 
p-topology and, further, the set [f,] is bounded in the norm 
of X-. A linear operation on X~ to Y~ is p— p continuous 
(#—P continuous) if its continuity is defined in terms of the 
p-topologies (j-topologies) in X- and Y~. It is shown that 
the following statements are equivalent: (1) m is regular; 
(2) m* is regular; (3) m***(a, 8) is p—p continuous in 8 for 
each a; (4) m*** is #—f continuous in @ for each a; (5) 
m'‘****(q, 8) is p— p continuous in a for each 8; (6) m has an 
extension m such that m(a, 8) is continuous in a@ for each 
6 and in @ for each a; (7) same as (6) with p— > replaced by 
p—p. (Cf. Arens, Monatsh. Math. 55, 1-19 (1951); these 
Rev. 13, 372.] L. W. Cohen (Queens, N. Y.). 
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Block, H. D. Linear transformations on or onto a Banach 

space. Proc. Amer. Math. Soc. 3, 126-128 (1952). 

By use of the Baire category theorem, the author proves 
the following two results. (1) If T is a distributive operator 
from a Banach space X onto a normed space Y, then there 
is a number m>O such that, for any x of X, there is a 
sequence x,—x such that ||7x,||Sm\|x|| and {7x,} is a 
Cauchy sequence. (2) If T is a distributive operator from a 
normed space X onto the whole of a Banach space Y, then 
there is a number m>0O such that, for any y of Y, there 
is a Cauchy sequence {x,} such that ||x,||=m||y|| and 
Tx,—y. A. F. Ruston (London). 


Shimoda, Isae. On the behaviour of power series on the 
boundary of the sphere of analyticity in abstract spaces. 
Proc. Japan Acad. 27, 61-64 (1951). 

With the exception of a few minor changes this is the same 
as a previously published paper of the same author [J. Sci. 
Gakugei Fac. Tokushima Univ. 1, 1-5 (1950); these Rev. 
13, 356 }. A. E. Taylor (Los Angeles, Calif.). 


Hille, Einar. On the generation of semi-groups and the 
theory of conjugate functions. Kungl. Fysiografiska 
Sadllskapets i Lund Férhandlingar [Proc. Roy. Physiog. 
Soc. Lund] 21, no. 14, 13 pp. (1952). 

A closed linear operator U with the dense domain D(U) 
of a complex (B)-space E into E is the infinitesimal generator 
of a one-parameter family 7(£), 0Sé, of linear operators 
on £E into E satisfying T(é)7(é)=T7(i+é), strong 
limg.e, T(E) = T(E,), T(O) =I and ||T(é)||S1, if and only if 
ALR; U)||S1 for A>0, where R(A; U) = (AT— U)— [Hille, 
Functional analysis and semi-groups, Amer. Math. Soc. 
Colloq. Publ. v. 31, New York, 1948; K. Yosida, J. Math. 
Soc. Japan 1, 15-21 (1948); these Rev. 9, 594; 10, 462]. 
The author gives another proof of the above result based 
upon the Post-Widder inversion formula for Laplace inte- 
grals: starting from the identity 


n—l 


[Sa) P-CLSO) P= — TLSeA) ITSO) PO 


= m 
x| E(- o*( (mn) U-*5,0)S.0) 


Sm(d) =[mdrR(A; VU)", 
the semi-group 7(£) is obtained by 


T()x =strong lim [2*/&R(2*/é; U) }*x, xeD(U*). 


The arguments are applied to the case 


ee 
Usf=— Je) = lim — {f(t—s) —f(t+s)} sds, 


fel,(—, 2), i<p<o. 


By the theory of Hilbert transforms due to M. Riesz (to 
whom the present paper is dedicated) and Titchmarsh, it is 
proved that the resolvent R(A; U) exists and is given by 


RO; U)f= fst-+u)K(u, du, 


where K(u, A) = (1/2) fo*[cos ua/(a+d) ]da; thus the cor- 
responding semi-group T p(t) is the Poisson transform 
(/e) f2.Cf(t+u)/(@+u*) ]du. In the author’s book referred 
to above, the same result is proved for the case p=2 in 
another way, starting from Tp, not with Ug. 

K. Yosida (Nagoya). 
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Salehov,G.S. Application of the method of continued frac- — 
tions to the solution of squared operator and functional 
equations. Doklady Akad. Nauk SSSR (N.S.) 82, 201- 
204 (1952). (Russian) 

Let H be a linear operator from a normed space X 
into X. The equation (1) HL*x—Lx=<x is solved for the 
operator L by the linear iterative process defined by 
(2) Haswlarix—Layix=x, where H,,:;=HL, and Lo=0, 
L,=J (the identity). A first theorem states that if (3) 
||| =qg=1/4 (in X), then in the region 


(4) |Z|| <[1 — (1 —49)"*]/2g 


equation (1) has a unique solution L*, and L* is a linear 
operator. Moreover, if g< 1/4 then (5) ||L*—L,|| <4"(1—8)" 
where 6 = (1—[[1 —4q]**)(1+[1 —4q]}*) <1; and if g=1/4 
then (6) ||L*—L,|| <4[#?/6—S3ti1/k*]. The proof runs as 
follows: Using ||H,.4;|| |||} -||Z.|| one obtains ||H,,:||=A.<1 
where \X, is the mth convergent of the continued fraction 

q q 


i— i— 


and ||Za41\|<<An/g, An =A(1—8")/(1—8"*) for g<1/4 and 
An = md/(1+n) for g=1/4. Hered =lim A, = $[1 — (1 —4q)"”]. 
From La—Lnyi= Dre1(Ha41—Hz) and 


\|2n+1—H,|| S|| A) - ||L.—Le-| 
and || >-?oHsi1 As || =(m+1)d,” one obtains 
|La4i—Lal| Sq(1 ~h,)- |\Z.—Le-s|l. 


Hence L*=lim L, exists, and L* is linear since each L, is. 
The estimates (5) and (6) and the uniqueness readily follow. 
Theorem 2 shows that if {Q,} is defined by Q.1.=Q.=J 
(identity), Q.41= —Q.+HQ,-,: then the L, of (2) is given 
by L.=Q,7'Q,-1. The equation x = Hx*+-y is also consid- 
ered, where H carries the square of every element of a 
normed ring into an element of the same space. For this 
equation a result analogous to Theorem 1 is obtained. There 
is also an example in which an approximate solution of a 
non-linear integral equation is obtained. J. M. Sheffer. 


Fichera, Gaetano. Geometria analitica degli spazi fun- 
zionali ed equazioni differenziali lineari. Matematiche, 
Catania 6, 67—84 (1951). 

Lecture given at the University of Catania in May, 1951. 


VeKakutani, Shizuo. Ergodic theory. Proceedings of the 
International Congress of Mathematicians, Cambridge, 
Mass., 1950, vol. 2, pp. 128-142. Amer. Math. Soc., 
Providence, R. I., 1952. 

The author surveys part of the progress made in ergodic 
theory in the last twenty years. The starting as well as 
central points of this report are the two ergodic theorems: 
the mean ergodic theorem due to J. von Neumann and the 
individual ergodic theorem of G. D. Birkhoff. The various 
proofs of these two theorems, their sharpening and generali- 
zations, as well as their relation to each other, are discussed. 
The connection of these two theorems (especially the indi- 
vidual ergodic theorem) with several well known theorems 
and proofs are pointed out and discussed; for example, the 
Martingale theorem, the law of large numbers, the random 
ergodic theorem due to S. Ulam and J. von Neumann and 
the proof by F. Riesz of the differentiation theorem. An 
extensive bibliography is given. Y. N. Dowker. 
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Zygmund, A. An individual ergodic theorem for non- 





commutative transformations. Acta Sci. Math. Szeged 

14, 103-110 (1951). 

Independently of N. Dunford [same Acta 14, 1-4 (1951); 
these Rev. 13, 49], the following individual ergodic theorem 
is proved: Let S be a set of finite Lebesgue measure and let 
U™, «--, U* be a set of one-parameter measure-preserving 
transformations of S onto S such that f(U;'---U,*x) is, 
for real-valued measurable function f(x) on S, measurable 
in the product space of the \’s and of x. Let f(x) be a real- 
valued measurable function satisfying 


[seo ttog* 4) )Mae< «. 
Then 


Al Ar 
i (Aaa) f ff f(U™---UPx)dy-- Oy 


exists and is finite for almost every x of S. The proof is 
based upon an ingenious application of an argument due to 
H. R. Pitt [Proc. Cambridge Philos. Soc. 38, 325-343 
(1942); these Rev. 4, 219], which was used in proving 
Birkhoff's individual ergodic theorem (the case k= 1). Thus 


{ f Prerede} Aas f112)| (log*| 400) det dans 
(0<a<1), 


Ai Ar 
F*(e)=sup f +f | f(U---UP*x) | dr + dd 


plays an essential role in the present paper: by this in- 
equality the proof of the theorem is reduced to the case of 
bounded f and then, by an induction relying again upon an 
idea of Pitt [loc. cit.] to the case of k=1 (Birkhoff’s indi- 
vidual ergodic theorem). K. Yosida (Nagoya). 


Krasnosel’skii, M. A. The decomposition of operators 
acting on a space L‘toaspace L®. Doklady Akad. Nauk 
SSSR (N.S.) 82, 333-336 (1952). (Russian) 

Let go be a fixed number, 1<g 92, and let A be a linear 
bounded operator from L* to L® for every g, g=q=2, 
p-'+q7' =1, and let A be positive Hermitian as an operator 
on L*. The author shows that such an operator can be de- 
composed as A=HH* where H, H* are linear bounded 
adjoint operators, H from L* to L*, H* from L* to L’, for 
any g, g@o<q=2. If A is completely continuous on L’ so is H. 

M. Golomb (Lafayette, Ind.). 


Routledge, N. A. A result in Hilbert space. Quart. J 

Math., Oxford Ser. (2) 3, 12-18 (1952). 

Suppose X is a bounded subset of the metric space M. The 
radius r(X) of X is the infimum of numbers ¢ such that for 
some point p of M, X is contained in the sphere S(p; ¢) of 
center p and radius ¢. A center of X is a point c of M such 
that X C S(c; r(X)). A much-proved theorem asserts that for 
M =E*, X has a unique center and r(X) =d(X)[n/(2n+2) }}, 
d(X) being the diameter of X. (The most satisfactory proof 
is probably that of Blumenthal and Wahlin [Bull. Amer. 
Math. Soc. 47, 771-777 (1941); these Rev. 3, 90].) By 
applying this theorem to certain projections of the set in 
question, the author obtains the corresponding result in 
Hilbert space, with r(X)=d(X)/2*. [Reviewer's notes: 1) 
The author’s treatment has the advantage of being ele- 
mentary and constructive. By use of somewhat less ele- 
mentary tools, his result can be extended to a wider class of 
spaces, in the manner indicated below. 2) Suppose M satis- 
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fies the following condition (I): If a family of spheres in M 
is such that each finite subfamily has a non-empty inter- 
section, then the entire family has a non-empty inter- 
section. (By weak compactness of spheres, (I) is satisfied by 
every Banach space which is equivalent to an adjoint space; 
by a theorem of Nachbin [Trans. Amer. Math. Soc. 68, 
28-46 (1950); these Rev. 11, 369] the space C(Z) satisfies 
(I) for every extremally disconnected compact Hausdorff 
space Z.) Set s=sup {r(F)| finite FC X}. From (1) it follows 
that ().ex, >.5(x;#) is non-empty. Thus X has at least one 
center and r(X) =%§<3) If M is a uniformly convex Banach 
space, then M is reflexive and hence satisfies (1), so 2) 
applies. And uniform convexity implies that the intersection 
of two different spheres of equal radius is contained in a 
sphere of smaller radius, so X must have a unique center. 
4) Related results appear in a paper of Brodskil and Mil’man 
[Doklady Akad. Nauk. SSSR (N.S.) 59, 837-840 (1948); 
these Rev. 9, 448].] V.L. Klee, Jr. (Princeton, N. J.). 


Hamburger, Hans Ludwig. Five notes on a generalization 
of quasi-nilpotent transformations in Hilbert space. 
Proc. London Math. Soc. (3) 1, 494-512 (1951). 

A linear bounded transformation on a Hilbert space H to 
itself is said to satisfy condition (a) in a domain DCH if, for 
every xeD, lim ||A*x||"*=0. Here D is a linear manifold. 
In the special case where D=H, A is a quasi-nilpotent in 
the usual sense and lim ||A*||*=0. The transformation A 
is called an N-transformation if either A or A* satisfies 
condition (a) in a domain D (or D*) dense in H. A is called 
a perfect N-transformation if both A and A* satisfy (a) in 
dense domains D and D* respectively. The author obtains 
several criteria sufficient to insure that A is a perfect 
N-transformation. An infinite set of elements x;, x2, --~ is 
called an infinite Jordan chain belonging to A if Ax,=0 
and Ax,=%,—; (2Sn< «). The author investigates the con- 
nection between Jordan chains which span H and a subclass 
of N-transformations. R. S. Phillips. 


Fan, Ky. Maximum properties and inequalities for the 
eigenvalues of completely continuous operators. Proc. 
Nat. Acad. Sci. U. S. A. 37, 760-766 (1951). 

Let A, ---,Am be completely continuous operators in 
Hilbert space and let Aj 2ZAj22=--- be the eigenvalues of 
A;*A;. Using a result by A. Horn [same Proc. 36, 373-375 
(1950); these Rev. 13, 565] the author proves that 








max] >> (U1A1- ++ UmAm%i, X1)| SD (Ars* + Ams)? 
1 1 
and 
: n 
max |det (U;A1° ++ UnAm%i, Xe)| STTAss- + + Ams 
i 








U,, «++, Um and x, +++,» running over all unitary oper- 
ators and all orthonormal sets respectively. For m=1 the 
latter inequality is due to H. Weyl [ibid. 35, 408-411 
(1949); these Rev. 11, 37] and for m=2 the former is due 
to von Neumann [Izvestiya Nautno-Issled. Inst. Mat. Meh. 
Tomsk. Gosudarstv. Univ. 1, 286-300 (1937) ]. Further, if 
A and Bare completely continuous and \,, «;, 4; and o; are the 
eigenvalues of A*A, B*B, (AB)*(AB) and (A+B)*(A+B) 
respectively, then 
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and $(s/o1, °++, Von) <O(V/A1, ++) +6(/ m1, -* +) for any 
symmetricgauge function ¢. It follows that if limn"\, =w< © 
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and lim n’x, =0, then lim inf n’c,=w [cf. H. Weyl, Math. 
Ann. 71, 441-479 (1912) ]. L. Gdérding (Lund). 


Cronin, Jane. A definition of degree for certain mappings 
in Hilbert space. Amer. J. Math. 73, 763-772 (1951). 
The author considers mappings in Hilbert space H of the 

form I+C+T, where IJ is the identity, C is linear, self- 

adjoint and completely continuous, and T maps a subset of 

H into H with T(0) = (0), and with a neighborhood N of 0 

and a constant B>0 existing such that if x,, x.eN then 


\| 71) — T (x2) || SBL |||] + |lxn}| Les — 2H) J 


The object is to define the degree relative to such mappings 
taken over “sufficiently small sets’’ and to establish the 
invariance of the degree under homotopy, assuming the 
dimension of the null space of J+C is constant during the 
homotopy. For sufficiently small suitable constants ¢,>0 
and ¢,>0 the sphere S on which ||x|| <e, is introduced, and 
the mapping degree of ([+C+T)|S at y such that ||y|| <e. 
is defined as the Leray-Schauder index of J+C at 0. 
Mappings are given with degrees in this sense but for which 
the Leray-Schauder theory is not developed since T need 
not be completely continuous. A method of computing the 
degree is given. Marston Morse (Princeton, N. J.). 


Dye, H. A. The Radon-Nikodfjm theorem for finite rings 
of operators. Trans. Amer. Math. Soc. 72, 243-280 
(1952). 

Let M be a self-adjoint algebra of bounded operators on 

a Hilbert space, which contains the identity operator J and 

is closed in the weak topology for operators. The author 

assumes that any set of pairwise orthogonal projections in 

M is at most countable and that M is finite in the sense of 

Murray and von Neumann. Let p and ga be states of M, i.e. 

positive linear functionals on M which are countably addi- 

tive on the projections. The notion of absolute continuity 
is defined between p and a by setting «<p, if p(P) =0 implies 
o(P)=0 for all projections PeM. The main object of the 
paper is the study of this generalization of absolute con- 
tinuity to the non-commutative case. One of the main 
results of the paper is an analogue of the Radon-Nikodym 
theorem which is formulated as follows. With each (count- 
ably additive) state p of M a Hilbert space L2(M, p) is 
associated which consists of certain densely defined oper- 

ators and whose inner product is expressed in terms of p. 

Then o <p implies the existence of an element T of L2(M, p) 

such that o(A)=p(T*AT) for all AeM. In the course of the 

proof many other interesting results are obtained. 
F. I. Mautner (Baltimore, Md.). 


Talmadge, R. B. Representation of complete systems of 

functions. Duke Math. J. 19, 203-218 (1952). 

A complete system s [Hausdorff, Mengenlehre, 2nd ed., 
de Gruyter, Berlin-Leipzig, 1927, p. 236] (essentially, a 
uniformly closed algebra and lattice) of bounded real-valued 
functions on a space S is isomorphic and isometric to the 
Banach algebra and lattice of all continuous, real-valued 
functions on a suitable compact Hausdorff space. Here, the 
latter space is obtained by applying Wallman’s [Ann. of 
Math. (2) 39, 112-126 (1938) ] construction to the lattice of 
subsets of S of the form {x| f(x) =0} for some non-negative 
f in s. As an application, representations of Baire classes 
of functions are obtained. 


M. Jerison (Lafayette, Ind.). 
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(Marinescu, G. On a general mechanics. I. Continu- 
ous motion. Acad. Repub. Pop. Rom4ne. Bul. Sti. Ser. 
Mat. Fiz. Chim. 2, 211-217 (1950). (Romanian. Rus- 
sian and French summaries) 

Marinescu, G. Ona general mechanics. II. Space of 
continuous motions. Acad. Repub. Pop. Rom4ne. Bul. 
Sti. Ser. Mat. Fiz. Chim. 2, 575-581 (1950). (Ro- 
manian. Russian and French summaries) 

Marinescu, G. On a general mechanics. III. Notion 
of velocity. Acad. Repub. Pop. Rom4ne. Bul. Sti. Ser. 
Mat. Fiz. Chim. 2, 583-587 (1950). (Romanian. 

| Russian and French summaries) 

A theory of abstract dynamical systems is initiated, in 
which the phase-space L is not assumed to consist of points. 
Instead, L is a “‘lattice with diameter function”’, in the sense 
defined by A. P. Gomes [C. R. Acad. Sci. Paris 226, 2112- 
2113 (1948); these Rev. 10, 137]. Notions of a continuous 
motion and of uniform convergence in the space of continu- 
ous motions are defined ; it is shown that, if L is topologically 
complete, then every uniformly convergent sequence of 
continuous motions has a continuous limit. In the separable 
case, a concept of mean velocity is also defined. 

G. Birkhoff (Cambridge, Mass.). 


q 








Theory of Probability 


de Finetti, Bruno. Aggiunta alla nota sull’assiomatica 

della probabilita. Ann. Triestini. Sez. 2. (4) 4(20), 5-22 

(1951). 

The author continues his earlier discussion [Ann. Tries- 
tini. Sez. 2 (4) 3(19) (1949), 29-81 (1950); these Rev. 13, 
140]. He stresses here the relation between abstract and 
empirical probability, discussing specifically, among other 
things, the role of complete additivity, and the significance 
for probability of the axiom of choice. J. L. Doob. 


Cadwell, J. H. The bivariate normal integral. Bio- 
metrika 38, 475-479 (1951). 
It is shown that the integral of the bivariate normal dis- 
tribution over a polygon can be evaluated in terms of the 
function 


1 h paslh 
Vth, =—f f° exp—4er-+y") dry 
2aJo Yo 
depending only on 2 parameters instead of the usual 3 of 


the function 1 (x? — 2pxy+-y*) 
2 “ee — Lpxy a 
M(h, k, d= —aal, J at 2(1—p?) 


The following approximation and its maximum error are 
derived, 
V(h, g)™=(2e)— tan (@/)a— exp [—hq/2 tan-'(q/h) }). 
G. E. Noether (Boston, Mass.). 


Steyn, H.S. The Wishart distribution derived by solving 
simultaneous linear differential equations. Biometrika 
38, 470-472 (1951). 


Sales Vallés, Francisco de A. Introduction to a geo- 
metrical study of the theory of errors. Collectanea 
Math. 3, 25-52 (1950). (Spanish) 

The author investigates the effect of varying the metric 
of n-dimensional space on several criteria determining the 
plausible value and law of error of a single random variable, 
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n sample values of which are available. He concludes that 
the plausible value is either the mean or a value minimizing 
the distance from the sample point to a point on the line 
with equal coordinates. The law of error, at one extreme 
of the possible metrics, is Laplace’s first law (density 
function de~*!*!), at the other the Gauss-Laplace (normal) 
law. Two laws, reducing to both of these with proper 
choice of parameters are: (Subottine’s) K exp—a|x|*, and 
K exp—a[A|x|+(1—A)x*], the author’s own suggestion; for 
both of these, he develops relations determining the two 
parameters from moments. J. Riordan. 


Good, I. J. Corrigenda: Random motion on a finite 
Abelian group. Proc. Cambridge Philos. Soc. 48, 368 
(1952). 

Cf. same Proc. 47, 756-762 (1951); these Rev. 13, 363. 


Rvatova,K.L. Domains of attraction of many dimensional 
stable distributions. Dopovidi Akad. Nauk Ukrain. 
RSR. 1950, 179-181 (1950). (Ukrainian. Russian sum- 
mary) 

Let {&:, ---, &'} be a sequence of mutually independ- 
ent random vectors in an n-dimensional Euclidean space, 
with a common probability distribution P(T) (where I is a 
Borel set). Generalizing the corresponding well-known re- 
sults for s=1 the author gives conditions on P(I) which are 
necessary and sufficient for the existence of sequences of 
numbers B,™, ---, B,™, and A,™, ---,A,™ for which the 
random vectors X™ with components {& —A,™}/Bs™ 
have probability distributions converging to an s-dimen- 
sional quasi-stable distribution of a prescribed type. This, 
of course, includes a multi-dimensional central limit 
theorem. No proofs are given. W. Feller. 


Rvatova, K. L. A many dimensional local theorem for 
stable limit distributions. Dopovidi Akad. Nauk Ukrain. 
RSR. 1950, 183-189 (1950). (Ukrainian. Russian sum- 
mary) 

The theorems of the preceding review are considered for 
the case where the components £;,) assume only integral 
values. It is proved that under appropriate conditions not 
only the probability distributions converge, but that (after 
an appropriate norming) the probabilities of the individual 
lattice points tend to the limiting probability density. 

W. Feller (Princeton, N. J.). 


Gnedenko, B. V., and Korolyuk, V.S. Some remarks on 
the theory of domains of attraction of stable distributions. 
Dopovidi Akad. Nauk Ukrain. RSR. 1950, 275-278 
(1950). (Ukrainian. Russian summary) 

This note is meant as an addendum to Chapter 7 of a 
recent book by Gnedenko and Kolmogorov [Limit distribu- 
tions for sums of independent random variables, Moscow- 
Leningrad, 1949; these Rev. 12, 839]. Since this book is 
unavailable to the reviewer and to most readers, we refer 
to P. Lévy, Théorie de l’addition des variables aléatoires 
(Gauthier-Villars, Paris, 1937]. Let {x,} be a sequence of 
mutually independent random variables with a common dis- 
tribution function F(x). As is shown in the two texts, in order 
that there exist sequences A, and B, of numbers such that 
the distribution of the variables (X,+---+X,)B,'—A, 
converges, it is necessary and sufficient that F(x) belongs to 
the domain of attraction of a quasi-stable law [Lévy, loc. 
cit., p. 210; the two texts apparently use different termi- 
nologies |. The authors give a new necessary and sufficient 
condition that this be the case. This condition involves the 
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asymptotic behavior of the characteristic function near the 
origin. They also show A, can be expressed in terms of B,. 
W. Feller (Princeton, N. J.). 


Meizler, D. G. On the limit distribution of the maximal 
term of a variational series. Dopovidi Akad. Nauk 
Ukrain. RSR. 1950, 3-10 (1950). (Ukrainian. Russian 
summary) 

Let x, be a sequence of mutually independent random 
variables with distribution function F,(x). Let 


&,=max (x;,---,X,) and G,(x)=Pr {t,=x} =TIFi(x). 


For the case F,,(x) = F(x) Gnedenko [Ann. of Math. (2) 44, 
423-453 (1943); these Rev. 5, 41] found all possible limiting 
distributions of sequences G,(a,x+5,) and gave criteria for 
the occurrence of the various cases. This theory is here 
generalized to the case of unequal components. The same 
problem was treated in a similar way by Juncosa [Duke 
Math. J. 16, 609-618 (1949); these Rev. 11, 375]. 
W. Feller (Princeton, N. J.). 


Moran, P. A. P. A characteristic property of the Poisson 
distribution. Proc. Cambridge Philos. Soc. 48, 206-207 
(1952). 

If X and Y are independent non-negative integer-valued 
random variables, if some integer is assumed with positive 
probability by each, and if X has conditionally a binomial 
distribution for every given value of X+Y, then X and Y 
are Poisson. J. L. Hodges, Jr. (Chicago, IIl.). 


Janossy, L., Rényi, A., and Aczél, J. On composed Poisson 
distributions. I. Acta Math. Acad. Sci. Hungar. 1, 
209-224 (1950). (English. Russian summary) 

Let X(t) be a stochastic process such that (1) X(¢) as- 
sumes only non-negative integral values, (2) the increments 
of X(t) over a set of non-overlapping ¢-intervals are mutually 
independent, (3) the distribution of X (t+) —X(#) is inde- 
pendent of ¢. Under these circumstances the distribution of 
X(t) is given by an infinitely divisible law, and is therefore 
a “composed Poisson distribution.”’ [Cf. P. Lévy, Théorie 
de l’addition des variables aléatoires, Gauthier-Villars, Paris, 
1937, chapter 7.] The authors are apparently unaware of 
the pertaining literature and prove this result directly with- 
out using the advantages resulting from the use of generating 
functions. In the next section they characterize their proc- 
esses as those described by infinitely divisible distributions. 
This is essentially a repetition of the argument in terms of 
generating functions, except that the authors introduce the 
superfluous condition that E(X(#))=¢ (whereas it is not 
necessary to assume the existence of E(X(#))). Finally the 
authors check that certain distributions are infinitely 
divisible, although this property is usually implied in their 
definition. W. Feller (Princeton, N. J.). 


Rényi, Alfréd. On composed Poisson distributions. I. 
Acta Math. Acad. Sci. Hungar. 2, 83-98 (1951). (Eng- 
lish. Russian summary) 

The arguments of the preceding review are generalized 
to the time-inhomogeneous case. The author introduces 
unnecessary uniformity conditions which are not used in 
P. Lévy’s approach. The paper follows the same pattern 
except that (following an oral suggestion of Kolmogorov) the 
author refers to the theory of infinitely divisible distribu- 
tions without, however, noticing that the latter contains the 
developed theory. W. Feller (Princeton, N. J.). 
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Bellman, Richard, and Harris, Theodore. On age-depend- 
ent binary branching processes. Ann. of Math. (2) 55, 
280-295, (1952). 

Proofs, and some extension, of the results announced in 

an earlier paper [Proc. Nat. Acad. Sci. U. S. A. 34, 601-604 

(1948); these Rev. 10, 311]. J. ZL. Doob (Urbana, IIl.). 


Daboni, Luciano. Studio delle probabilita subordinate in 
un caso particolare di processo stocastico. Ann. Triestini. 
Sez. 2. (4) 4(20), 23-48 (1951). 

Let {x(t),0St<«} be a Brownian motion (Wiener) 
process, and define y(#) by y(#) =fo'x(s)ds. The author finds 
the distribution of y(#), the joint distribution of a pair y(t), 
y(t2), of a triple y(t), y(t2), (ts), and the associated condi- 
tional distributions. J. L. Doob (Urbana, IIl.). 


Milicer Gruzewska, Halina. Sur la distribuante de deux 
variables dépendantes. C. R. Acad. Sci. Paris 233, 
1256-1258 (1951). 

The author discusses two-dimensional distribution func- 
tions, stressing their relations with the one-dimensional 
marginal distributions and the conditional distributions. 

K. L. Chung (Ithaca, N. Y.). 


Milicer-Gruzewska, Halina. Un schéma probabiliste de 
processus stochastique. C. R. Acad. Sci. Paris 233, 
1345-1346 (1951). 

The author applies her observations in the preceding note 
to Markov processes. The notation P(t;, *, t2, Z) denotes a 
conditional (transition) probability when « is a point and a 
joint probability when « is a set. K. L. Chung. 


Ramakrishnan, Alladi. Some simple stochastic processes. 

J. Roy. Statist. Soc. Ser. B. 13, 131-140 (1951). 

A stochastic process of the Markov type can usually be 
described by a differential or integrodifferential equation 
describing the infinitesimal behavior of its transition prob- 
abilities. In a wider class of processes there occur “ regenera- 
tion points,”’ such as a return to equilibrium, such that the 
Markovian property holds at least whenever the system 
passes through a regeneration point. It is then frequently 
possible to describe the process in terms of an integral equa- 
tion which, roughly speaking, enumerates the various con- 
stellations leading to the occurrence of the first regeneration 
point at time ¢. The author uses this method to treat several 
special stochastic processes. In particular, he gives a 
simplified theory of the processes described by Janossy in 
the theory of cosmic rays [Cosmic Rays, Oxford, 1948 and 
various papers ]. Next he treats the negative binomial (or 
Polya) process, the “birth-death, and immigration’’ process 
of D. G. Kendall, and a cascade multiplicative process. 

W. Feller (Princeton, N. J.). 


Spiegel, M.R. The random vibrations of a string. Quart. 

Appl. Math. 10, 25-33 (1952). 

The author studies the motion of a string surrounded by 
a gas. The string, discretized, is considered as n particles of 
equal mass harmonically bound. Using the solution of the 
associated Fokker-Planck equation the following are calcu- 
lated: (a) the characteristic function of the sum of the 
squares of the deviations of the displacements from given 
initial positions, (b) the mean square deviation of the dis- 
placement of the particles from a given initial distribution, 
and (c) the mean square deviation of a single particle given 
its initial displacement. Letting the number of particles go 
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to infinity the corresponding quantities for a continuous 
string are obtained. In this case results in (c) agree with 
those obtained by Van Lear and Uhlenbeck [Physical Rev. 
(2) 38, 1583-1598 (1931)]. J. L. Snell. 


Woodward, P. M., and Davies, I. L. Information theory 
and inverse probability in telecommunication. Proc. 
Inst. Elec. Engrs. Part III. 99, 37-44 (1952). 


de Jager, J. On additive insurances. Verzekerings-Arch. 

29, 39-65 (1952). (Dutch. English summary) 

The author considers a type of insurance, the benefits of 
which are expressible as additive functionals of the pre- 
miums paid previously—generalized ‘“‘money purchase” 
plans. Writing the benefit to all survivors to age y as 
py =a", 4P(s) with P(a)=0 and P(s) 7, where p, is an 
additive functional of P, the author derives the following 
relation for W,, the reserve at age 2, 


W.=D-" f "{E(s, 2)-+ F(s)}dP(s) 


where E(x, 2)=f."Dixz, dt, F(x)=D,—E(x,x), Dy is the 
standard commutation function for survivors and a and w 
are, respectively, the first and last ages of the mortality 
table. W, is thus expressed as the sum of terms relating, 
respectively, to past and future premiums. The principle of 
equivalence requires that F(x) =0, a<x<w. 

H. L. Seal (New York, N. Y.). 





Mathematical Statistics 


Neyman, Jerzy. Raisonnement inductif ou comportement 
inductif? Les conceptions modernes de la statistique 
mathématique. 25th Session of the International Sta- 
tistical Institute, September, 1947, Washington, D. C., 
Proceedings, vol. III, pp. 423-431 ; discussion, pp. 432-433. 
Exposition of the author’s views on the philosophical 

foundations of statistics. By ‘inductive behavior’’ is meant 

the totality of ‘“‘tentatively general rules which adjust our 
behavior to a limited amount of observation”. The theory 
of mathematical statistics is part of the theory of probabil- 
ity. Its aim is “to study the properties of those rules of 
inductive behavior which determine our actions as functions 
of chance variables’’. The principal objections in the discus- 
sion center on the use of a priori distributions. 

J. Wolfowitz (Ithaca, N. Y.). 


Westenberg, J. A tabulation of the median test with com- 
ments and corrections to previous papers. Nederl. 
Akad. Wetensch. Proc. Ser. A. 55=Indagationes Math. 
14, 10-15 (1952). 

Treats a well-known nonparametric test of the null hy- 
pothesis that two distributions are the same, presumably 
especially powerful against the alternative that the two 
distributions are shifted with respect to each other. 

L. J. Savage (Paris). 


*Kaarsemaker, L., and van Wijngaarden, A. Tables for 
use in rank correlation. Computation Department, 
Math. Centrum, Amsterdam. Rep. R 73, i+17 pp. (1952). 
For a given number n of subjects ranked according to two 

criteria, the size of Kendall's coefficient of rank correlation 

is proportional to the score S [see M. G. Kendall, Rank 
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correlation methods, Griffin, London, 1948.] Only the cases 
in which no ties in ranks occur are considered. If S is 
the sample value, E(S)=0 on the null hypothesis of no 
association. To test this null hypothesis, Kendall tabulated 
P,(S2S), the probability that if the null hypothesis is true, 
SZ2S for n subjects for »=10 for all possible values of S 
[loc. cit., p. 141]; the present authors extend these tables 
to n=40. They also tabulate for »=40 and a=0.005, 0.01, 
0.025, 0.05 and 0.1 the smallest value of S for which 
P,(S2S) Sa. For n>40, the distribution of S is satisfac- 
torily approximated by the normal distribution and for 
40 <n=100 a table of the standard deviation of S is given. 
A recursion method used in the calculation of the first tables 
is developed. C. C. Craig (Ann Arbor, Mich.). 


Hartley, H. O., and Pearson, E.S. Moment constants for 
the distribution of range in normal samples. Bio- 
metrika 38, 463-464 (1951). 

The moment constants of the distribution of the range in 
samples of size » drawn from a normal population with unit 
variance are tabulated for m =2 to 20. The authors note that 
there are some discrepancies between this table and some 
earlier results of Grubbs and Weaver [J. Amer. Statist. 
Assoc. 42, 224-241 (1947) ]. D. G. Chapman. 


Grundy, P. M. The expected frequencies in a sample of 
an animal population in which the abundances of species 
are log-normally distributed. I. Biometrika 38, 427- 
434 (1951). 

Let f(m)=[1/me(2x)"*] exp {—4o~*(In m/a)*} be the 
frequency function of a log-normal distribution and 


=f [e-™m’ /r!]f(m)dm. 

0 

The author gives tables for 1—¢@» and ¢, for 
logis a= —2.0(.25)3.0 


and o*?=2(1)16. These tables are useful in the study of 
animal populations. E. Lukacs (Washington, D. C.). 


Thompson, H. R. Truncated lognormal distributions. I. 
Solution by moments. Biometrika 38, 414-422 (1951). 
The author observes that in a number of cases an observed 

skew distribution of a discrete variable which takes on the 

values 0,1, 2, --- can be made approximately normal by 
means of a logarithmic transformation. Since the frequency 
at zero, often a large fraction of the total, must be repre- 
sented by the area under the normal curve from — ~ to the 
transformed right boundary of the zero-class, the trans- 
formed distribution is termed a truncated lognormal distri- 
bution. To avoid tedious iterative methods for estimating 
the mean and variance of the normal distribution by maxi- 
mum likelihood, the author develops a moments estimation 
method which is relatively conveniently carried out by the 
use of tables which he gives for two auxiliary functions. 

Further, since there are now obvious grouping errors in the 

calculation of the moments to which Sheppard’s corrections 

do not apply, he has developed a set of tables for these cor- 
rections from a series of lognormal distributions constructed 
from tables. There are numerical examples. 

C. C. Craig (Ann Arbor, Mich.). 


Cook, M. B. Two applications of bivariate &-statistics. 
Biometrika 38, 368-376 (1951). 
In a previous paper [Biometrika 38, 179-195 (1951) ; these 
Rev. 13, 142] the author derived bivariate k statistics and 
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product cumulant formulas up to weight six. In the present 
paper he finds the first four non-central and central mo- 
ments of the sample correlation coefficient in samples of 2 
including terms of order m~*, and applies these results in 
case the parent population is a special Gram-Charlier expan- 
sion, a problem considered more generally by Gayen [Bio- 
metrika 38, 219-247 (1951); these Rev. 13, 53]. Assume the 
regression of y on x in the population is y= a+ x and in the 
sample y=a+bx. The author derives the first four non- 
central and central moments of } in samples of » including 
terms of order n~*. These results are illustrated in a particu- 
lar case. L. A. Aroian (Culver City, Calif.). 


Cansado, Enrique. A study of bivariate distributions. 
Trabajos Estadistica 2, 149-178 (1951). (Spanish. 
English summary) 

Many of the usual characteristics are formally computed 
for each of three types of bivariate distributions, appar- 
ently selected for their formal analytic simplicity. 

L. J. Savage (Paris). 


Banerjee, D. P. On some new recurrence formulae for 
cumulants of multivariate multinomial distributions. 
Proc. Indian Acad. Sci., Sect. A. 34, 20-23 (1951). 

The author shows that the cumulants of any order of the 
Bernoulli multinomial distribution and the bivariate Ber- 
noulli may be expressed as polynomials of cumulants of 
lower order, a problem considered in a different manner by 
Wishart [Biometrika 36, 47-58 (1949); these Rev. 11, 528]. 

L. A. Aroian (Culver City, Calif.). 


Picard, H. C. Eine allgemeine Theorie der mehrdimen- 
sionalen Korrelation. Mitteilungsblatt Math. Statist. 3, 
103-112 (1951). 

This paper consists essentially of a discussion of canonical 
correlation theory although this term is not used and no 
sampling theory is treated. The essential results, originally 
developed by Hotelling, are now well known in the literature 
on modern multivariate statistical theory. Presumably the 
author is not aware of this literature since no reference is 
made to it. S. S. Wilks (Princeton, N. J.). 


Bradley, Ralph Allan. Corrections for nonnormality in the 
use of the two-sample /- and F-tests at high significance 
levels. Ann. Math. Statistics 23, 103-113 (1952). 

The author outlines a geometrical method of derivation 
of the distribution of the two-sample Student-Fisher ¢ test 
in samples from a general class of populations which gives 
the result in terms of quadratures which reduce to the usual 
result when the population is normal. To simplify the result 
an approximation is introduced which may be expected to 
be useful for high significance levels. This gives the final 
distribution of ¢ in the form of the distribution for normal 
universes multiplied by a sum of two functions which serves 
as a correction factor for non-normality. A similar develop- 
ment is given for the distribution of the variance ratio F. 
A method for the approximate evaluation of the correction 
factors is developed. C. C. Craig. 


Bradley, Ralph Allan. The distribution of the ¢ and F 
statistics for a class of non-normal populations. Virginia 

J. Sci. (N.S.) 3, 1-32 (1952). 

The distribution of the one-sample Student-Fisher ¢ for a 
general class of sampled universes is derived as a multiple 
quadrature. This is developed in powers of 1/t with methods 
for evaluating the coefficients. Examples are worked for 





666 


universes obeying the Cauchy distribution and the “ squared 
hyperbolic secant” distribution. Similar developments in the 
case of tthe two-sample Student-Fisher ¢ and the variance 
ratio F are outlined. C. C. Craig (Ann Arbor, Mich.). 


Tanner, J. C. The delay to pedestrians crossing a road. 

Biometrika 38, 383-392 (1951). 

The author considers the problem of a pedestrian or group 
of pedestrians crossing either one stream of traffic proceed- 
ing in the same direction or a double stream of traffic pro- 
ceeding in opposite directions. The fundamental probability 
distributions and moment generating functions are found 
based on various assumptions of the behavior of the traffic 
and the pedestrian stream. An example illustrates the 
theory. L. A. Aroian (Culver City, Calif.). 


Gil-Pelaez, J. Note on the inversion theorem. Bio- 

metrika 38, 481-482 (1951). 

The usual statement of the inversion theorem of Lévy for 
expressing the (cumulative) distribution in terms of the 
characteristic function contains an undetermined constant. 
In case the distribution is of the continuous type, the author 
modifies the proof to include evaluation of this constant. 


C. C. Craig (Ann Arbor, Mich.). 


Jordan, K4roly. Les ensembles statistiques renouvelés et 
le remplacement industriel. Mat. Lapok 2, 165-189 
(1951). (Hungarian. Russian and French summaries) 
This is an expository article discussing Fréchet’s work on 

the theory of self-renewing aggregates [M. Fréchet, Sta- 

tistical self-renewing aggregates, Fouad I Univ. Press, 

Cairo, 1949; these Rev. 11, 606]. Like Fréchet, the author 

deals exclusively with the discontinuous case. 

E. Lukacs (Washington, D. C.). 


Gihman,I.I. On the empirical distribution function in the 
case of grouping of the data. Doklady Akad. Nauk 
SSSR (N.S.) 82, 837-840 (1952). (Russian) 

Given two independent random samples of size N, and 
N; from a population with continuous distribution F(x). Let 
the x-axis be divided into m intervals J;,i=1, ---,. Let 
bi=SraF(x), ge=Xierpi, and denote by Fy,(k), Fw,(k), 
Fy(k), N=N,+N:2, the empirical (sample) distribution 
functions based on the grouped data. Let ¢ be some param- 
eter and define 


m(k) =m(k, €) = N"*(Fy(k)—q), 
na(k) = n2(k, €-) = [NiN2/N}"( Fw, (k) — Fr, (k)], 
n(k) = (m(k), m2(k)}. 


The paper investigates the limiting distribution of an ex- 
pression based on 9(k) as No, p,—0 as «0. The main 
results are contained in two theorems stated without proof. 

Let Ra, Ra’, kg, ke be a sequence of four indices such that 


7= {Qea» Qka’s Qkgs qeg}—>{a, a’, Bp’, B} =%70, 
0Sa=a'<p’<s=1, 


as e—0. Let x= {x;, x2}, y= {¥1, ¥2} be two possible sets of 
values of »(k.) and (ks), resp., such that x—x°, yy’. Con- 
sider for j = 1, 2 sequences of four numbers A; = {a;, b;, ¢;, ds}, 
@;5¢;Sd;50;, such that A;>A/ = {a/, bY, c?, d?}. Denote 
by E;=Ej(ka’, kg, ;) the event that for all indices &, 
Ra SkSky, we have a;<;(k) <b; and also Cj <nj(Re) <d;. 
Finally, denote by P7(x|\x,A2|y) the conditional prob- 
ability of the joint events E, and E; if 9(k.) =x and (kg) = y. 
Theorem 1: If, ase—0, Ni © , Nz & , p90 uniformly in i, 
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then 
P(x | Aa, Aa] y)—G% (21° | Ar? | 1°) - H% (20° | Aa” | yo"), 
where $%(x|A|y)=w(to, So), to=a/(B—a), So=x°B/(B—a) 


and in the region (s, ), O=t=’/(8—8’),a(1+2) <s <b(1+0), 
the function u(t, s) satisfies the differential equation 


au, au 6 Fu 
a as 2 Os 


with the following boundary conditions: 


u(t, (1+2)b) =u(t, (1+2)a)=0, OSt=p'/(8—8’), 
u(6’/(B—B’),x)=¥(x), aB/(B—B’)SxSbs/(8—8’), 


¥(x) being the characteristic function of the interval 
(c8/(8—8’), d8/(8B—8’)). Theorem 2: Let a;=c;, b;=d,;, 
j=1, 2, and i(t, s) =limg-4 u(t, s). Then Theorem 1 remains 
valid even if 8’ =8 if we set 


$%(x|A|y) = (to, So). 


Theorems 1 and 2 may be used to generalize and in some 
cases simplify theorems by Kolmogorov, Smirnov, Manya, 
and Kvit. For references, see, e.g., the paper by Kvit [same 
Doklady 71, 229-231 (1950); these Rev. 11, 528]. Thus, e.g., 
Theorem 4: 


G°% *B.B (| {— 20, b, — 0, db} | y) 
=1—exp {—2(b—y)(b—x)/(B—a)}. 


Consider the limiting conditional distribution g(x, h) of the 
chance variable 9;(k.) if max, nj(k) <;(k.a), where the maxi- 
mum is taken over all k for which | qi. —q| >, h fixed. Then 
Theorem 5: As h-0, ¢(x, 4) converges to 


2/(a(l—a)) V2 
(24)-? f ste t"dz, 
0 
G. E. Noether (Boston, Mass.). 


Jones, Howard L. Formulas for the group sequential 
sampling of attributes. Ann. Math. Statistics 23, 72-87 
(1952). 

The author uses the vectorial techniques of Bartky [same 
Ann. 14, 363-377 (1943); these Rev. 5, 209] to derive the 
latter's exact formulas for the OC and ASN functions in 
special cases of group sequential sampling of attributes. The 
method may be modified to give the exact ASN function in 
special cases where observations are taken one at a time 
(other methods for obtaining this result were given by 
Wald, by Girshick, and by Pélya), and to obtain a formal 
expression for the usual unbiased sequential estimator of 
fraction defective which is used after inspection has termi- 
nated. Approximations of Wald, Bartky, and the author to 
the ASN and OC functions are compared for three illustra- 
tive plans. J. C. Ktefer (Ithaca, N. Y.). 


Bartlett, M.S. The goodness of fit of a single hypothetical 
discriminant function in the case of several groups. Ann. 
Eugenics 16, 199-214 (1951). 

This paper is in the line of earlier contributions the author 
has made to the theory of linear discriminant functions. He 
is concerned with significance tests for such functions, either 
fitted or hypothetical in the case of more than two groups. 
He observes that for three or more groups the group means 
may not define a unique direction or, if they are collinear, 
the direction they determine may differ from that defined 
by a hypothetical discriminant function. He discusses and 
illustrates the adaptation of existing approximate tests to 
deal with both of these questions. Then, generalizing results 
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obtained by E. J. Williams [as yet unpublished], he derives 
exact factorizations of the residual likelihood criterion after 
the sum of squares due to the discriminant factor has been 
removed which lead to an exact test procedure which is 
illustrated. Means of finding approximate confidence inter- 
vals for the coefficients in the discriminant factor which are 
exact in special cases are also illustrated. C. C. Craig. 


Noether, Gottfried E. Onaconnection between confidence 
and tolerance intervals. Ann. Math. Statistics 22, 603- 
604 (1951). 

The author points out that (conservative) confidence 
limits for the binomial parameter can be interpreted as per 
cent points of certain coverages associated with a sample 
from a continuous one-dimensional cumulative distribution 
function. D. F. Votaw, Jr. (New Haven, Conn.). 


Chown, L. N., and Moran, P. A. P. Rapid methods for 
estimating correlation coefficients. Biometrika 38, 464— 
467 (1951). 

The authors consider a sample [x;, y;] (¢=1, 2, ---, 2) 
from a bivariate normal population with correlation coeffi- 
cients p. They propose to use r,=sin (rg/2) as an estimator 
for p. Here g=(m—1)°DT"'ax sbi igs, where aij=sgn 
(x:—x,;), bis =sgn (yi—y,) and sgnx=+1 or —1 as x>0 
or <0 and sgn 0=0. It is shown that in large samples and 
for values of p near to 0 the efficiency of this estimator is 
approximately 0.33. A similar method is suggested for the 
estimation of serial correlations. E. Lukacs. 


Moran, P. A. P. Estimation methods for evolutive proc- 
esses. J. Roy. Statist. Soc. Ser. B. 13, 141-146 (1951). 
Let N be a positive integer, and let T be the time required 

for NV events to occur in a Poisson process with parameter 4. 

The author suggests the random variable 7/N as an esti- 

mate of 1/A. This basic idea, of fixing N and letting T 

depend on the sample, is applied to estimate the parameter 

values of various other processes. First the application is 
made to the preceding case under the hypothesis that the 
events are counted by a counter which has a fixed dead time 
after each actuation. Then the application to a simple birth 
process is made: an individual twins with probability Adz in 
time dt and the problem is to estimate \. If N(¢) is the num- 
ber of individuals at time #t, if N is a specified positive 
integer, and if T is the first value of ¢ with N(#)— N(0)=N, 

the author finds N-'f,7N(t)dt as an estimate of 1/A. D. G. 

Kendall, fixing T and making N a random variable, sug- 

gested the reciprocal of this quantity as an estimate of \ 

[J. Roy. Statist. Soc. Ser. B 11, 230-264 (1949); these Rev. 

11, 672.] The same idea is applied to a birth and death and 

a related process. J. L. Doob (Urbana, IIl.). 


Mann, Henry B. The estimation of parameters in certain 

stochastic processes. Sankhyd 11, 97-106 (1951). 

The author studies the estimation of parameters occurring 
in the following two processes. (A) X; is given by the differ- 
ence equation, X .4,= X1s+es, where ¢, is independent of X;, 
normally distributed with mean zero and variance cr and 
the «,,, (¢=1, ---,) are completely independent random 
variables if the intervals (¢;, t;+-7;) do not overlap. (B) X; is 
the Ornstein-Uhlenbeck (O.U.) process, i.e., X14. =@,X i+ err, 
a,=e-**, 8>0, where ¢,, is normal with mean 0 and variance 
o*(1—a,*), the other conditions on the ¢’s being the same as 
in (A). It is further assumed that X, has the normal dis- 
tribution with mean 0 and variance o°. 





- 
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Let Y,=X1+f(t), X: being the process given in (A) and 
f(2) is of bounded variation in the interval (0, 7) and satisfies 
a Lipschitz condition of order one in that interval. Assuming 
that the process Y, is completely known in the interval the 
author discusses the estimation of f(#) in the two special 
cases when (i) f(#) is linear in ¢, and (ii) a trigonometric poly- 
nomial. For the O.U. process it is shown that N"/*(D—28e*) 
has a limiting normal distribution with mean 0 and variance 
8e*6", where D denotes 


1 {Xnr—X(n—1pr}? 
mena pant , 
On the left-hand side of equation (16) o*yyp should be re- 


placed by gp’. All the proofs follow by straightforward 
computations. G. Kallianpur (Berkeley, Calif.). 


Nr=T. 


Moran, P. A. P. The random division of an interval. II. 

J. Roy. Statist. Soc. Ser. B. 13, 147-150 (1951). 

[For part I see Suppl. J. Roy. Statist. Soc. 9, 92-98 
(1947) ; these Rev. 9, 291. ] The author discusses tests of the 
null-hypothesis that a given sequence of events is the result 
of a Poisson process. This is equivalent to saying that the 
successive time intervals are independently distributed ac- 
cording to a common exponential distribution. As alterna- 
tive hypothesis the author proposes the assumption that the 
common distribution be a chi square distribution with 2p 
degrees of freedom, #1. One can then use a homogeneity 
test (as proposed by Bartlett), or a test suggested by Green- 
wood, etc. The comparison shows advantages of the former 
method. W. Feller (Princeton, N. J.). 


*Bilackwell, David. Comparison of experiments. Pro- 


ceedings of the Second Berkeley Symposium on Mathe- 

matical Statistics and Probability, 1950, pp. 93-102. 

University of California Press, Berkeley and Los Angeles, 

1951. $11.00. 

Two ways are suggested for making precise the notion 
that experiment a is preferable to experiment 8: a is more 
informative than 8 (a_.§) if, whatever be the decision prob- 
lem, any risk attainable with £ is also attainable with a 
(Bohnenblust, Shapley, and Sherman, unpublished); and a 
is sufficient for 8 (a> 8) if the random variable observed in 
a may be further randomized to have the distribution of 
that observed in 8 (Blackwell). The author shows, assuming 
the number WN of states of nature to be finite, that a> im- 
plies a8. The converse is established for N=2. As an 
illustration, it is shown that when sampling from a doubly 
dichotomized population in order to test independence, it is 
preferable to sample from the rarest stratum. [Cf. Sherman, 
Proc. Nat. Acad. Sci. U. S. A. 37, 826-831 (1951); these 
Rev. 13, 633.] J. L. Hodges, Jr. (Chicago, IIl.). 


«Wald, A., and Wolfowitz, J. Characterization of the 


minimal complete class of decision functions when the 

number of distributions and decisions is finite. Proceed- 

ings of the Second Berkeley Symposium on Mathematical 

Statistics and Probability, 1950, pp. 149-157. Univer- 

sity of California Press, Berkeley and Los Angeles, 1951. 

$11.00. 

Consider a (non-sequential) statistical decision problem 
with the space of distributions consisting of a finite number 
m of distinct probability distributions on a Euclidean space, 
and the space of decisions being also finite. It is easy to see 
that every admissible decision function is a Bayes solution 
with respect to some a priori probability distribution, but 
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that the converse is not true. The authors introduce 
the concept of a Bayes solution with respect to a sequence 
(Etna = (Ea, ** -» Eim)tws1 Of a priori probability distributions. 
This is defined as follows: When h=1 it is a Bayes solution 
with respect to &. When h>1 it is a Bayes solution with 
respect to & if one restricts oneself only to those decision 
functions which are Bayes solutions with respect to the 
sequence £,, ---, &~1. The main result of the paper is the 
following: A decision function is admissible if and only if it 
is a Bayes solution with respect to a sequence of hom 
a priori probability distributions £,---,& such that 
Li-14>0 for j=1, ---, m. Asis natural in these studies the 
proof involves a rather elaborate study of the intersections 
of a convex body with its supporting planes. 
A. Dvoretzky (Jerusalem). 


Matusita, Kameo. On the theory of statistical decision 
functions. Ann. Inst. Statist. Math., Tokyo 3, 17-35 
(1951). 

In the development of his theory of statistical decision 
functions Wald [Statistical decision functions, Wiley, New 
York, 1950; these Rév. 12, 193] set up the general statistical 
problem as a zero-sum two-person game between Nature 
(say) and the statistician. His treatment of the two 
“players” is, however, not symmetric. The pure strategies 
of Nature are taken to be really “pure” in the sense that 
each is a single distribution function. However, the pure 
strategies of the statistician are already randomized decision 
functions. This procedure entails certain mathematical 
conveniences. 

The author of the present paper sets out to remove this 
asymmetry. In his formulation the pure strategies of the 
statistician are non-randomized decision functions. He then 
makes stronger assumptions than Wald and proves again 
some of the principal existence theorems of Wald, but only 
for the non-sequential case. Now, mixing non-randomized 
decision functions obviously gives one of Wald’s randomized 
decision functions. The present development could therefore 
contribute something new only if the converse of the last 
statement were not true, i.e., if it were not true that every 
Wald randomized decision function could be expressed as a 
mixture of non-randomized decision functions. This con- 
verse was actually proved by Wald and Wolfowitz [Ann. of 
Math. (2) 53, 581-586 (1951); these Rev. 13, 143] under 
conditions much weaker than those of the present author 
and for the sequential case, where the principal difficulty 
arises. Thus the value of the present paper must be con- 
sidered expository. The author remarks that the paper cited 
above reached him while his own was in proof. 

In Section 5 the author introduces a cost function, while 
still keeping the problem non-sequential. His conclusion is 
that his previous results hold also when a cost function is 
introduced, if certain regularity conditions hold. It seems 
to the reviewer that the author has overlooked the fact that 
his resultant decision spaces may not be convex. 

J. Wolfowitz (Ithaca, N. Y.). 


Nelder, J. A. A note on the statistical independence of 
quadratic forms in the analysis of variance. 
38, 482-483 (1951). 

If we take a simple p Xq two-way analysis of variance, we 
have the identity: 

Lu Oe. +L (x. —x..P2+ 0 (es —x..)? 

aj ‘ij 43 


“J 


Biometrika 


+E (ej — Xi. — 2.5 4+..)*. 
aj 
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If we denote the linear forms in the x;;: %.., x;.—%.., ¥%.j—.., 
and xij —%;.—X.j+%.., Dy Visj, Voss, Yass, ANA Yass respectively, 
write x, Yi, ¥2, ¥s, ¥« for the five pgX1 vectors {x.;}, {y1;}, 
{yess}, {yess}, {yeu}, and then write y. = Bx, we have (i) B, 
is symmetrical for all a, (ii) Bs +B:+B,;+B,.=I, and (iii) 
B..Bs is skew symmetric for a# 8. The author shows that if 
the x,; are independent normal variates with zero means and 
unit variances, the conditions (i), (ii), and (iii) are sufficient 
for the quadratic forms on the right of the identity x’B,*« 
to be independently distributed as x*’s with degrees of 
freedom equal to the trace B,. C. C. Craig. 


David, H. A. Further applications of range to the analysis 

of variance. Biometrika 38, 393-409 (1951). 

Previous work of Patnaik [Biometrika 37, 78-87 (1950); 
these Rev. 12, 116] and Hartley [ibid. 37, 271-280 (1950); 
these Rev. 12, 621 ] on the use of range in analysis of vari- 
ance is extended to more complicated problems: double 
classification with replication, double classification with 
two-factor treatment combinations, and split-plot designs. 
Examples and the necessary tables are included. 

J. L. Hodges, Jr. (Chicago, Iil.). 


Duncan, D. B. On the properties of the multiple compari- 

sons test. Virginia J. Sci. (N.S.) 3, 49-67 (1952). 

It is sometimes desirable to supplement the usual analysis 
of variance tests of the equality of means by considering the 
possibility that some specified means are smaller than others 
while nothing can be said about the relative ranking of some 
groups of means. A test to decide which of the possible 
hypotheses should be accepted is called by the author a 
multiple comparison test. 

In the reviewer’s opinion the paper is rather difficult to 
read and does not give a satisfactory discussion of the 
problem. This is the more regrettable as the problem seems 
to be of practical importance. Essentially the same problem 
was discussed in a different manner by Tukey [Biometrics 
5, 99-114 (1949); these Rev. 11, 43] and a closely related 
problem was treated by Paulson [Ann. Math. Statistics 20, 
95-98 (1949); these Rev. 10, 467]. E. Lukacs. 


Delaporte, Pierre. Une nouvelle méthode d’analyse fac- 
torielle. 25th Session of the International Statistical 
Institute, September, 1947, Washington, D. C., Proceed- 
ings, vol. III, pp. 241-257. 

Under the usual assumptions in factor analysis that the 
scores in a battery of k tests given to m subjects are linear 
forms in a general factor, a number of group factors, and 
factor specific to each test, that the factors are statistically 
independent, and that the test scores obey a normal k-vari- 
ate distribution it is known that the vanishing of the set of 
Spearman tetrad differences is a necessary and sufficient 
condition for the coefficients of all group factors to be zero. 
Noting that the equality of sets of common ratios of correla- 
tions is equivalent to the vanishing of the tetrads, the author 
sets up a graphical technique for approximately determining 
confidence intervals for the members of each set in large 
samples from which one can make a judgment of the ten- 
ability of the hypothesis of a common value for each set. If 
after this procedure is carried out the presence of a number 
of group factors is required to account for the observed 
correlations, a weighted average of the estimates of any one 
coefficient of the general factor is given as the estimate of 
this coefficient with minimum variance and an approxi- 
mately normal distribution for k large. With these coeffi- 
cients estimated, a further application of the same method 
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to the differences between observed correlations and the 
products of the corresponding general factor coefficients 
provides estimates of the group factor coefficients. The 
author gives the results of the successful application of 
his method to an artificially constructed example. 

C. C. Craig (Ann Arbor, Mich.). 


Box, G, E. P., and Wilson, K. B. On the experimental at- 
tainment of optimum conditions. J. Roy. Statist. Soc. 
Ser. B. 13, 1-38; discussion: 38-45 (1951). 

Suppose a response 7 is a function of k factors or variables 
%1, Xe, °**, Xp. It is desired to maximize (minimize) 7 and to 
determine experimentally and efficiently the position of the 
maximum (minimum) under the assumptions that experi- 
mental error is small, that a sub-region only of the factor 
space R need be investigated, and that the experiments may 
be conducted sequentially. In order to reach a near sta- 
tionary region from a remote point the method of steepest 
ascent (descent) is used. To do this it is assumed that the 
response 9 at any point of the factor space of k dimensions 
is represented by a regression equation of polynomial form 
in the k variables. The regression equation is estimated by 
the method of least squares, and from the estimates of its 
constants the partial derivatives needed for the method of 
steepest descent are obtained. In the course of their work 
new types of experimental designs are introduced. 

This leads to a thorough study of experimental design. 
Each particular design is represented by a matrix, and from 
this the precision matrix and transforming matrix may be 
calculated. The efficiency of two different designs are then 
compared by the precision matrices per observation after 
equating the variances of the marginal distributions of the 
experimental points. If the assumed equation for 7 is not of 
the correct form, bias is introduced in the estimation of the 
constants of the regression equation. This bias is investi- 
gated by means of the authors’ theory of aliases. The alias 
matrix may be compared for different designs. It is not 
possible briefly to indicate the new types of designs intro- 
duced by the authors nor to compare them with the usual 
types of factorial and fractional factorial designs. In the 
near-stationary region of a maximum the authors fit the 
results by n-dimensional conics and analyze the resulting 
surface. Several illuminating examples from the chemical 
industry illustrate the theory. Practically every phase of 
experimentation is discussed, the effects of higher deriva- 
tives, the effects of a change of scale, types of designs, nu- 
merical techniques, addition of new observations, and the 
various biases which may occur; the discussion comments 
on these aspects of the paper. L. A. Aroian. 


Yates, F. Bases logiques de la planification des expéri- 

ences. Ann. Inst. Poincaré 12, 97-112 (1951). 

The author begins with the discussion of an experiment 
arranged in randomized blocks. It is well known that the 
customary assumption of independence of the random terms 
in this arrangement is not satisfied. The author therefore 
discusses distribution-free tests and remarks that these, 
although exact, are in no way unique. Another difficulty 
arises from the fact that one would wish to refute arrange- 
ments which are obviously unsatisfactory which vitiates 
the assumption of randomness. In certain cases it is however 
possible to make a random choice from a subuniverse of 
arrangements in such a way that the error can be correctly 
estimated. The author then proceeds to the discussion of 
the Latin square arrangement and draws attention to the 
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danger of systematic errors resulting from special features 
of the design used. An example is also given of a Latin 
square in which the error estimate is vitiated. A short 
discussion of the analysis of covariance concludes the paper. 
H. B. Mann (Columbus, Ohio). 


Yates, F. Quelques développements modernes dans la 
planification des expériences. Ann. Inst. H. Poincaré 12, 
113-130 (1951). 

This is an exposition of modern developments in the 
design of experiments. The first part of the paper is devoted 
to a discussion of factorial experiments, including a discus- 
sion of the weighing problem, and to the theory of confound- 
ing in factorial experiments. There follows a discussion of 
fractional replications, split plot designs, balanced and par- 
tially balanced incomplete block designs, lattices, lattice 
squares and quasi-Latin squares. The author concludes with 
a discussion of an experiment requiring a succession of 
treatments to be applied to the same experimental unit. 

H. B. Mann (Columbus, Ohio). 


Thompson, H. R., and Dick, I. D. Factorial designs in 
small blocks derived from orthogonal Latin squares. J. 
Roy. Statist. Soc. Ser. B. 13, 126-130 (1951). 

The authors construct one two-factor and several three- 
factor designs for factorial experiments where the first factor 
is at p” (p a prime) levels. The authors give explicitly the 
analysis of the designs and compute the efficiency factors. 
The designs are partially confounded designs. At least one 
of the main effects is affected by the confounding. 

H. B. Mann (Columbus, Ohio). 


Cox, D. R. Some systematic experimental designs. Bio- 

metrika 38, 312-323 (1951). 

Consider an experiment to compare a number of treat- 
ments arranged in time. It is assumed that the mean of 
the experiment at time j if the ith treatment is applied is 
given by a;+ )2-1a,¢,(j) where a; is the effect of the ith 
treatment and £,(¢) is the mth orthogonal polynomial for 
N equally spaced time points. The treatments are orthogonal 
to the trend if and only if }>;§a(j) =O where }>;m denotes 
summation over all experiments on the ith treatment. In 
this case the treatment effects can be estimated as if the 
trend were absent. The author first finds for several special 
cases designs for which the treatment effects are orthogonal 
to the trend. The author then considers designs with treat- 
ment effects orthogonal to all but one é,, in particular, sym- 
metrical designs (orthogonal to ¢, and £;) with p=3. For 
these and other special cases the author gives explicitly the 
solutions of the normal equations and the efficiency factors. 
The latter turn out to be very satisfactory for symmetrical 
designs with p= 3. The author remarks that in contrast to 
this a random arrangement of the treatments may have 
rather low efficiency. H. B. Mann (Columbus, Ohio). 


Schiitzenberger,M.P. An extension problem in the theory 
of incomplete block designs. J. Roy. Statist. Soc. Ser. B. 
13, 120-125 (1951). 


Gebelein, Hans. Maximalkorrelation und Korrelations- 
spektrum. Z. Angew. Math. Mech. 32, 9-19 (1952). 
(German. Russian summary) 

Maximum correlation as defined by Hirschfeld and 
Gebelein [same Z. 21, 364-379 (1941); these Rev. 4, 104; 
cf. the review of Friede und Miinzner, ibid. 28, 158-160 
(1948); these Rev. 10, 50] is known to equal A~'”, where 
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X is the smallest eigenvalue of an integral equation. The 
concept is here discussed from the viewpoint of the sequence 
of eigenvalues, called the correlation spectrum. 

H. Wold (Uppsala). 


Mathematical Economics 


Dresher, Melvin. Games of strategy. Math. Mag. 25, 

93-99 (1951). 

This is an expository paper on the two-person, zero-sum 
game. The definitions of optimal mixed strategies and value 
of a game are given and the fundamental theorem on the 
existence of a value for finite games is stated. Five examples 
of games, finite and infinite, are given with their solutions. 

D. Gale (Providence, R. I.). 


y *Koopmans, Tjalling C. Analysis of production as an 
efficient combination of activities. Activity Analysis of 
Production and Allocation, pp. 33-97. Cowles Commis- 
sion Monograph No. 13. John Wiley & Sons, Inc., New 
York, N. Y.; Chapman & Hall, Ltd., London, 1951. 
$4.50. 

Let A be an NXK-(‘technology’’) matrix; x, a non- 
negative K-(‘activity’’) vector; y=Ax, the N-(“‘com- 
modity’’) vector. The elements of y may be considered as 
various primary, intermediate, and final commodities; those 
of x are the levels of activity which multiply the various 
columns of A, each such column representing the contribu- 
tion to y from a unit operation of the corresponding activity. 
Negative (positive) elements in such a column of A repre- 
sent use (production) of the corresponding commodity in 
this activity. Various assumptions on A (e.g., no x20 can 
make y=Ax non-negative and not zero) and y (e.g., (*) x 
must be chosen such that ypriZ=npri where pri is the sub- 
vector of primary commodities and p,; is a given negative 
vector) are introduced (and discussed extensively) at various 
points to make the model realistic. The main purpose of the 
paper is to characterize, for a given A, the set of “efficient 
points’ y* which (1) correspond to some x20, (2) satisfy 
such restrictions as may be imposed on y (see above), and 
(3) are such that no y** satisfying (1) and (2) is 2y* with 
inequality for at least one component. Under various sets 
of assumptions the set S of all y satisfying (1) and (2) may 
be considered in N-space as a (1) convex polyhedral cone 
or a (II) cone intersected with a number of half-planes 
(see (*) above). The analysis is thus carried out mainly by 
utilizing properties of cones. For example, in case (1) a point 
y is efficient if and only if there is a normal vector p to S 
at y all of whose components are positive; p may then be 
considered as a vector of prices for which y maximizes the 
total value p’y of the output. A similar result (#) holds in 
(Il) except that the components of p corresponding to 
primary commodities used (not used) to their limit of avail- 
ability may (must) be zero. The paper is too long to discuss 
in further detail but it may be realized from the result stated 
above that many of the results of the paper (e.g. (#) above) 
follow from known results in decision theory and game 
theory if S is considered as the set of achievable risk points 
for player 1; an efficient point, as an admissible strategy 
for player 1; and a y which maximizes p’y for a given p, as 
a maximal strategy for player 1 relative to that strategy of 
player 2 which assigns probabilities proportional to the 
components of p to the latter’s N possible pure strategies 
[see, e.g., Wald, Statistical Decision Functions, Wiley, New 
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York, 1950; these Rev. 12, 193; also, Wald and Wolfowitz’ 

Proceedings of the Second Berkeley Symposium, Univ. of 

California Press, 1951, pp. 149-157; these Rev. 13, 667]. 
J. Kiefer (Ithaca, N. Y.). 


v*Gale, David, Kuhn, Harold W., and Tucker, Albert W. 
Linear programming and the theory of games. Activity 
Analysis of Production and Allocation, pp. 317-329. 
Cowles Commission Monograph No. 13. John Wiley & 
Sons, Inc., New York, N. Y.; Chapman & Hall, Ltd., 
London, 1951. $4.50. 

Let A, B, C, D be matrices and x, y, u, v scalars. A, B, C 
are fixed. The following two dual problems are considered: 
(1) to find a maximal matrix D satisfying Cx=Dy for some 
x20, y>0 such that Ax=By; (2) to find a minimal matrix 
D satisfying B’uSD’v for some u20, v>O0 such that 
A’'u=C’'v. The main theorem proved by the authors is that 
D is a solution for (1) if and only if it is a solution for (2). 
Necessary and sufficient conditions are given that such a 
solution D exist. If B and D are column vectors and y is a 
positive scalar, (2) reduces to a form arising in a study by 
Koopmans [chapter III, pp. 33-97 of this volume; see the 
preceding review ] of an efficient combination of production 
activities. If also C is a row vector so that » is a positive 
scalar and D a scalar, (1) and (2) reduce to forms (1’) and 
(2’) arising in other economic problems of linear pro- 
gramming whose solutions have been considered by Dantzig 
and others. The main theorem cited above enables one to 
prove a converse to von Neumann’s reduction of a game 
problem to a linear programming problem. This duality is 
expressed in the theorem that a matrix D is a solution for 
(1) or (2) if and only if the game with payoff matrix 
(4, ~3] has value zero and optimal mixed strategies [7], [5] 
with v>0, y>0. Since D appears as an unknown, the treat- 
ment of a programming problem as a game does not appear 
as useful as the opposite treatment. (However, in the special 
case of (1’) and (2’), the authors give Dantzig’s condition 
(3) of the following review as necessary and sufficient for a 
solution to exist.) Similar results hold when a linear restric- 
tion Ex = Fy is also imposed in (1) and the inequalities in the 
dual problem (2) are replaced by B’u+F’w=D'v and 
A'u+£E'wSC’'s, the sign of w being unrestricted. 

J. Kiefer (ithaca, N. Y.). 


*Dantzig, George B. A proof of the equivalence of the 
programming problem and the game problem. Activity 
Analysis of Production and Allocation, pp. 330-335. 
Cowles Commission Monograph No. 13. John Wiley & 
Sons, Inc., New York, N. Y.; Chapman & Hall, Ltd., 
London, 1951. $4.50. 

The linear programming problem (2’) of the previous re- 
view is usually stated (writing b, c for B, C) as (2*) to mini- 
mize the linear form b’u subject to 120 and A’uZ=c. The dual 
problem is (1*) to maximize c’x subject to x20 and AxSb. 
The author gives two simple methods which reduce a game 
problem to the form of a programming problem. He then 
shows conversely that, if (3) the symmetric game with payoff 


0 A’ -—¢ v 
matrix] -A 0 b | has an optimum strategy | w | (the 
cc —b’ = 60 5 


components corresponding to those of the matrix) for which 
z>0, then (4) u=s"'w and x=s~» give solutions to (2*) 





and (1*). J. Kiefer (Ithaca, N. Y.). 
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Arrow, Kenneth J. Alternative approaches to the theory of 
choice in risk-taking situations. Econometrica 19, 404— 
437 (1951). 

This paper surveys the literature in economics, philosophy, 
mathematics and statistics on the subject of choice among 
alternatives, the consequences of which are not certain. 
Particular attention is given the von Neumann-Morgen- 
stern theorem on the existence of a measurable utility 
corresponding to a known probability distribution of possible 
outcomes, to the Wald extension to decision functions of the 
Neyman-Pearson formulation and to works by Ramsey, de 
Finetti, Rubin, Chernoff, and Savage suggesting the applica- 
bility of the use of a priori probabilities. Comments are also 
made on the principles proposed by Carnap, Shackle and 
Knight and the criteria of min max risk and min max regret. 

H. Chernoff (Urbana, Iil.). 


Braicovich, Giovanna. Ricerca sulla teoria matematica del 
socialismo. Ann. Triestini. Sez. 2. (4) 4(20), 49-102 
(1951). 

Chapter One summarizes the pure theory of the socialist 
economy as it appears in the work of Pareto, Barone, 
Dickinson, and Lange. Frisch’s “Circulation Planning” 
scheme is also described. 

Chapter Two formulates the problem as one of maximiz- 
ing the profits of the s firms and the satisfactions of the V 
individuals, constrained by the production functions, the 
budget equations of individuals (with given incomes), and 
a set of balance equations for firms which require total 
revenues to equal the sum of fixed variable costs. The 
standard methods show that this problem has a solution, 
with the degrees of freedom involved in the initial distribu- 
tion of income, which is the same as the equilibrium point of 
a perfectly competitive economic system. The author doubts 
the ability of a competitive economy to achieve this equi- 
librium because of the extensive knowledge of the con- 
straints which would be implied, and because of the classical 
difficulties bound up with the existence of firms operating 
under decreasing costs, so that sale at marginal costs fails 
to cover unit costs. 

Chapter Three argues that with publicly owned means of 
production the problem posed by perfect knowledge would 
be at least simplified, and the State could cover the deficits 
of decreasing cost industries. It is then shown how a Central 
Planning Board could solve the social optimum problem in 
stages, using at each stage a system of prices to which firms 
and consumers are required to adjust competitively, each 
with knowledge of the functions and constraints characteriz- 
ing its own activity. This is essentially the trial and error 
procedure of Lange and Lerner. No explicit dynamics are 
introduced, so the problem of the convergence of successive 
trials is not raised [cf. Arrow and Hurwicz, Econometrica 
20, 86-87 (1952)]. R. Solow (Cambridge, Mass.). 





Mathematical Biology 


Y/ *Feller, William. Diffusion processes in genetics. Pro- 
ceedings of the Second Berkeley Symposium on Mathe- 
matical Statistics and Probability, 1950, pp. 227-246. 
University of California Press, Berkeley and Los Angeles, 
1951. $11.00. 

This paper initiates a systematic approach to mathe- 
matical models for stochastic processes which occur in 
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genetics and the theory of evolution. Existing methods are 
due largely to R. A. Fisher and Sewall Wright. Both 
discrete and continuous (diffusion) models are considered. 
The author treats first the classical branching process, 
showing how some of its properties, usually derived by 
special methods, follow from the general theory of Markov 
chains. (There are some errors in the footnote beginning at 
the bottom of page 230.) Next the simplest bivariate gene 
model is discussed, assuming random mating and constant 
population size=2N. This corresponds to a Markov chain 
whose state after p moves is the number of a-genes in the 
pth generation, the number of A-genes being 2N —number 
of a-genes. The transition probabilities are 


2N 7 \k ; \ 2N—k 

= (1 (ax) ax) 

k 2N 2N 

This model is then modified to allow for mutations, the 
modification allowing a nontrivial steady state distribution 
of gene frequencies. The author then treats diffusion equa- 
tions, considering first a simple model for the growth of 
continuous populations treated by him before [Acta Bioth. 
Ser. A. 5, 11-40 (1939); these Rev. 1, 22], and showing the 
connection between this and the classical branching process. 
In the theory of S. Wright the gene frequency u(t, x) satisfies 
an equation of the form 


u,= {Bx(1—x)u} 22— {Lve—(vit+72)x Ju}, 


where 8, 71, and 2 are constants. It is shown how this 
equation can be obtained by a limiting process from the 
bivariate discrete model mentioned above. The steady-state 
behavior has some unusual features. Finally, a more compli- 
cated bivariate model is discussed where the population size 
is not forced to remain constant. T. E. Harris. 


Marchand, Henri. Valeurs asymptotiques des probabilités 
d’association des génes dans une population soumise a 
une loi d’union sélective. C. R. Acad. Sci. Paris 233, 
1259-1261 (1951). 

Extends some of the theory of earlier notes [same C. R. 
231, 1029-1031, 1210-1212 (1950); these Rev. 12, 623] to 
traits depending on more than one pair of alleles. 

L. J. Savage (Paris). 


Marchand, Henri. Corrélations relatives au caractére 
primaire dans une population en équilibre soumise 4 une 
loi d’union sélective. C. R. Acad. Sci. Paris 233, 1346- 
1348 (1951). 

Applies the theory developed in the author's earlier note 

[see the preceding review ] to traits depending on a large 

number of pairs of alleles. L. J. Savage (Paris). 


Borel, Emile. Sur la transmission d’un caractére hérédi- 
taire dans les générations successives. C.R. Acad. Sci. 
Paris 233, 1241-1243 (1951). 

Touchs on random fluctuations of a character in a popula- 
tion, under the simplest genetic hypotheses. 
L. J. Savage (Paris). 


Méric, Jean. Sur la transmission d’un caractére hérédi- 
taire dans les générations successives d’une population 
stationnaire. C.R. Acad. Sci. Paris 234, 802-804 (1952). 
The numerical regularity empirically observed by Borel 

[see the preceding review ] in a table of numbers that he 

calls Q," applies when and only when k< 2m. 

L. J. Savage (Paris). 
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Haimovici, Adolf. On variations of a milieu formed from 
an arbitrary number of species and an arbitrary number 
of substances. Acad. Repub. Pop. Rom4ne. Bul. Sti. 
Ser. Mat. Fiz. Chim. 2, 27-32 (1950). (Romanian. 
Russian and French summaries) 

In spite of the title the author treats only the system 


x'/x= —atay+sist f Cfi(t—1)y(r) —fe(t—1r)2(r) dr, 


¥'/y= —a-ay+hs- f [falt—r)x(r) +falt—1)s(r) Jer, 
2’ = —asx— Bay 
+ f [fe(t—r)x(1) +falt—1)y(7) — fr(t—r)s(r) Jar, 


with x and y representing the species and z the substance, 
all constants being positive and all functions positive, 
bounded, and integrable over the infinite range. He asserts 
that given the functions x, y and z on the range from — © 
to ¢ the existence and unicity of the solution was demon- 
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strated by the method of successive approximation, and 
exhibits majorants used in the demonstration. 
A. S. Householder (Oak Ridge, Tenn.). 


Gougerot, Louis. Contribution a l’étude théorique du nerf 
assimilé 4 un conducteur @ noyau. Revue Sci. 89, 287- 
296 (1951). 

A l'aide du calcul symbolique, ont été obtenues les ex- 
pressions analytiques représentant le potentiel de membrane 
d’un nerf assimilé 4 un conducteur 4 noyau indéfini dans un 
sens et dont une extrémité est shuntée par une résistance et 
une capacité en paralléle. Les différents cas qui se présentent, 
selon les valeurs physiologiquement admissibles de ces 
derniéres, sont discutés. Une étude numérique en donne des 
exemples concrets avec calcul des valeurs correspondantes 
de la chronaxie et des courbes des quantités d’électricité 
liminaires. (Author’s summary.) A. S. Householder. 


Barbosa Viana, E. V. Mathematical biology. Revista 
Cientifica 2, 1-19 (1951). (Portuguese) 
Expository paper. 





TOPOLOGY 


Dirac, G. A. Note on the colouring of graphs. Math. Z. 
54, 347-353 (1951). 
A preliminary investigation of the problem of colouring 
the vertices of a graph in k colours so that no two vertices of 


the same colour are joined by an edge. W. T. Tutte. 


Jackson, James R. Comparison of topologies on function 

spaces. Proc. Amer. Math. Soc. 3, 156-158 (1952). 

The topologies on the set of continuous functions from a 
topological space X into a metrizable space Y that are con- 
sidered in this paper are: (a) k-topology (compact-open), 
and (b) d*-topology (d*(f, g) =sup d(f(x), g(x)), where d is 
a bounded metric on Y). Theorem 1. Every open set in the 
k-topology is also open in the d*-topology. Theorem 2. If X 
is completely regular and Y contains a nondegenerate arc, 
then a necessary (and sufficient) condition that the d*- and 
k-topologies be equivalent is that X be compact. 

M. Jerison (Lafayette, Ind:). 


Umegaki, Hisaharu. Compact set in uniform space and 
functions spaces. TOhoku Math. J. (2) 2, 292-298 
(1951). 

Let E be a uniform space and represent the topology of 
E by a pseudo-metric d,(p, g) where a ranges over an ab- 
stract set A. The author first shows that a convex linear 
topological space can be imbedded into a direct product of 
normed spaces. He then proves a compactness theorem of 
the Kolmogoroff-Tulajkov type, generalizing a theorem of 
the reviewer for Banach spaces [Trans. Amer. Math. Soc. 
48, 516-541 (1940); these Rev. 2, 318]. For uniform spaces 
X and Y, let C be the set of all continuous transformations 
on X into Y. A uniform topology is defined for C by means 
of the pseudo-metric function 


pam (f, g) =sup (xeM) da( f(x), g(x))[1+da(f(x), e(x)) P". 


According as M ranges over finite sets, compact sets, or all 
of X, this topology on C is designated by rw, rx, rs respec- 
tively. A topology r of C is said to be admissable if f(x) is 
continuous on the product space. (f,x) in the product 





topology of C (i.e. r) and of X. A set S in C is equi-continu- 
ous (or equi-continuous ?) if it is equicontinuous uniformly 
on X (or simply pointwise). The author shows that if C is 
equicontinuous p then the topologies rw and rx are equiva- 
lent and both admissable. If X is precompact and C is equi- 
continuous, then the topologies rw, rx, and rs are all 
equivalent and all admissable. He also proves theorems of 
the type: if S in C is precompact relative to rs, then S is 
equicontinuous ~. He applies these results to theorems of 
the type associated with the duality of character groups. 
R. S. Phillips (Los Angeles, Calif.). 


van Est, W. T., und Freudenthal, Hans. Trennung durch 
stetige Funktionen in topologischen Riumen. Nederl. 

Akad. Wetensch. Proc. Ser. A. 54=Indagationes Math. 

13, 359-368 (1951). 

Let R be a 7;-space (as is tacitly assumed in this paper). 
Let A, B be disjoint closed subsets. Write g(A/B) if A, B 
have disjoint open neighborhoods, and g-(A /B) if these can 
be chosen with disjoint closures. Write c(A/B) or c~(A/B) 
if there is a real continuous f such that f(A) and f(B), resp., 
their closures, do not intersect. Requiring any one, *(A/B), 
of these to hold for all such A, B or for all such A, B where 
A is but a point, or where both A and B are but points is 
an axiom which will be denoted by *(F, F), *(p, F), *(p, p) 
resp. Upon deleting extensionally repetitious axioms and 
using conventional names where possible, the following 
implications hold: 


normality—complete regularity—regularity 
| | 1 
c(F/F)}————_+c(p/ F) c(p/) > (p/p) Hausdorff. 


Some of these implications are well known to be irreversible. 
Here, by four additional examples it is shown that moreover 
there are no other implications even in the presence of the 
first countability axiom. The axiom of choice is used. 

R. Arens (Los Angeles, Calif.). 
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Ghika, Al. General metric spaces. Acad. Repub. Pop. 
Romane. Bul. Sti. Ser. Mat. Fiz. Chim. 2, 631-637 (1950). 
(Romanian. Russian and French summaries) 

Let F be the set of extended real-valued functions on a 
set T, FP, its positive elements, and let for f and g in FP, 
f<g mean that fxg and f(#)=g(¢) for all teT. A generalized 
semidistance (g.s.d.) 4(x, y) for x and y in a set E is defined 
to be a mapping of EXE into F, such that 8(x, x)=0, 
a(x, y) =8(y, x), 5(x, y)S8(x, z)+8(y, 2) for all x, y, 2 in E. 
A generalized distance (g.d.) satisfies, in addition, the con- 
dition that 5(x,y)=0 implies x=y. The author proves 
Bourbaki’s theorem [see N. Bourbaki, Eléments de mathé- 
matique, Part I, Livre III, Chap. 11, Hermann, Paris, 1940; 
these Rev. 3, 55] characterizing (separated) uniform spaces 
in terms of g.(s.)d.’s. 

If £ has a g.s.d. it is possible to introduce three uniform 
structures on E= {x}: 


u-| Vesta +++, (2) =[ eB: 5(x, NEvuseE on || 

k=l k=l 
where te7, w; is the characteristic function of ¢, a>0 is a 
real number; 


Wer = { Va(x) = [yeE; 8(x, y) Sea ]} 
where ¢(#) =1 for all teT, a a positive real number; 
Wr = { Va(x) = [yeE; 5(x, y) SaeF,)}; 
whence UCU.2kCUr. If E=F, the ring of all finite real 
valued functions on T, and if 4(f, g)=|f—g| (for f, gin F), 


then E is complete with respect to all three uniform 
structures. G. K. Kalisch (Minneapolis, Minn.). 


Ghika, Al. General normed modular spaces and linear 
operations. Acad. Repub. Pop. Rom4ne. Bul. Sti. Ser. 
Mat. Fiz. Chim. 2, 653-661 (1950). (Romanian. Rus- 
sian and French summaries) 

This paper is based on some previous work of the author 
[same vol., 399-405; these Rev. 13, 565; and the paper 
reviewed above; see these two reviews for notations and 
definitions]. Let E=(E, A)={x} be a unitary A-module 
where A is an F-ordered ring, with a seminorm p(x)eA such 
that p(x) =0 if and only if x=0. Theorem: If A =(A, A) is 
endowed with the uniform structure 

Us = { Valx) = [yeA ; p(x —y) = |x—-y| Sax]} 
where aeA,, then A is complete in Uy. If E=(EZ, F) isa 
unitary F-module with a seminorm where F is the ring of 
all real-valued functions on some set 7, and if the uniform 
structures U, U.rz, and Up on E are defined as in the preced- 
ing review (replacing 4(x, y) by p(x—~y)), then the author 
proves the theorem: A necessary and sufficient condition 

for the continuity of an F-linear mapping f of E=(E, F) 

into E’=(E’, F) in the topologies defined by the uniform 

structures U, U’ and Ur, Ur’ (U.rz, Ucr’) is the existence of 

a real positive function weF (a real positive constant func- 

tion weF) such that p(f(x)) Spp(x). G. K. Kalish. 


Wang, Hsien-Chung. Two theorems on metric spaces. 

Pacific J. Math. 1, 473-480 (1951). 

This paper brings a contribution to the theory of metric 
spaces in the line of Busemann, using methods from the 
theory of metrizable and especially Lie groups. Theorem I— 
Assumptions: E is a finite-dimensional, finitely compact, 
convex metric space with distance function d. For every 
point p of E there exists a neighbourhood W of p such that 
each point x(#) of W can be joined to p by one and only 











MATHEMATICAL REVIEWS 673 





one segment in E. The space E is two-point homogeneous, 
i.e. for any two points a,a’,b,b’ with d(a, a’)=d(b, bd’), 
there exists an isometry of E carrying a into b and a’ into b’. 
Conclusion: E is homeomorphic with a manifold. Theorem 
Il—Under the assumptions of Theorem I, if »=dim E is 
odd, then E is congruent either to the euclidean space, the 
hyperbolic space, the elliptic space, or the spherical space. 
Sketch of the proofs—(I) For «>0 sufficiently small, 
K(p, ¢) = {x|d(p, x) =e} is locally connected and 


R= {x|0<d(p, x) <e} 


is homeomorphic to K(p, €)X(0,«). The group I, of the 
isometries leaving p invariant, with van Dantzig-van der 
Waerden’s topology, is a Lie group. K(p, «) and hence R 
are locally euclidean. (II) K(p, ¢) is homeomorphic with the 
(n—1)-dimensional sphere. Each geodesic of E is congruent 
to a euclidean line. The identity component I,° of I, is 
either isomorphic with the rotation group R,_; or Cartan’s 
exceptional group G». In both cases there exists a reflection 
of E about each geodesic. From a theorem by Schur it 
follows that E is either hyperbolic or euclidean. 
C. Y. Pauc (Cape Town). 


Sierpinski, W. Sur une propriété des ensembles plans 
fermés et bornés. Matematiche, Catania 6, 132-134 
(1951). 

The author obtains the following result. Let E be a closed 
and bounded non-empty subset of the plane. Then the set 
of all lines d situated in the plane, passing through a fixed 
point O, and such that there exists no line parallel to d 
which has exactly one point in common with the set E is at 
most denumberable. The following problem remains un- 
solved. Let F be the family of all lines in a space R of three 
dimensions which pass through a fixed point of this space. 
Let E be a closed and bounded nonempty subset of R. 
Does there exist a denumerable family D of lines such that 
for each line d of the family F—D there exists a line parallel 
to d and having exactly one point in common with the set E? 

D. W. Hail (College Park, Md.). 


Utz, W.R. Anote on unrestricted regular transformations. 

Pacific J. Math. 1, 447-453 (1951). 

W denotes the class of real continuous functions g defined 
for =0 and such that (a) g(0)=0 and g(t)>0 when t>0, 
(b) for each triple #, t’, t’’20 the inequality ¢’ +2” Zt implies 
g(t’) +2(t’") =g(t). A transformation T of the metric space 
M with the distance function [, q], into itself, is called 
unrestricted regular if there exists a W-function g such that 
for each pair p, geM, [T(p), T(q)]=2([p, q]). Theorems: 
(1) If M is bounded, T unrestricted regular and has equi- 
continuous powers, then T is an isometry. (II) Every un- 
restricted, pointwise periodic T is an isometry. Idea of the 
proofs: The behaviour of [7*(p), 7(q) ]=g*(¢) for t=[, ¢], 
when n—, is discussed according as g(t) >¢ or g(t) <¢ and 
the only possibility g(t)=¢ follows. The steps are easy to 
visualize on the graphs y=g(t), y=t, following the pattern 
used to solve the equation g(t) =? by iteration. 

C. Y. Pauc (Cape Town). 


Floyd, E. E. On periodic maps and the Euler character- 
istics of associated spaces. Trans. Amer. Math. Soc. 72, 
138-147 (1952). 

Let L be the fixed-point set of a periodic map T of prime 
period p operating in a locally compact finite-dimensional 
Hausdorff space X. Let Y be the orbit space of 7. The 
author exhibits various homology sequences which involve 
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the so-called special homology groups of (X, T) introduced 
by the reviewer [see, for example, Lefschetz, Algebraic 
topology, Amer. Math. Soc. Colloq. Publ. v. 27, New York, 
1942, Appendix B; these Rev. 4, 84]. These groups are 
defined with the aid of the operators =1—T and 
o=1+T7+---+T7*?". The author also considers the groups 
defined with the aid of 5". Assuming always that the coeffi- 
cient group is J, (integers mod p) one has the relation 
5"3?-"=0 and from this the author obtains a homology 
sequence which had not been considered earlier. Noting that 
an exact sequence 


Ki: 7G 9-H KK - Met 


in which the groups are finite-dimensional vector spaces 
and all but a finite number vanish, implies k(H) = k(G)+k(K) 
where k(H) = >-(—1)‘ dim H; etc., the author obtains the 
following theorem: If X is compact and each H;,(X) is 
finite-dimensional, then the groups H,(L) and H,(Y) are 
finite-dimensional and x(X)#(p—1)x(L)=px(Y) when 
x(A) means kH(A). The results obtained by applying this 
theorem include (1) a generalization of the fixed-point 
theorem found for example in Appendix B (loc. cit.) in 
which the hypothesis that X be acyclic is replaced by the 
weaker hypothesis that }>(—1)‘ dim H,(X) #0 mod p and 
(2) the theorem that if p+2 and X has the homology groups 
of an m-sphere (over J,) so that L necessarily has the 
homology groups of an r-sphere for some rn (loc. cit.) 
then »—r is even. (This was proved by the reviewer [Ann. 
of Math. (2) 46, 357-364 (1945); these Rev. 7, 136] only 
for the case in which X satisfied certain further conditions 
involving local homologies.) P. A. Smith. 


Blanchard, André. Automorphismes des variétés fibrées 
analytiques complexes. C.R. Acad. Sci. Paris 233, 1337- 
1339 (1951). 

Let EZ, B, and F be complex analytic manifolds where E 

is a complex analytic fibre space with fibre F and base B. 

Let AE) and A%B) be the identity components of the 

groups of complex homeomorphisms of £ and B. If £ is 

compact the elements of A°(Z) preserve the fibre structure 
of EZ, and there is determined a homomorphism of A°(Z) 
into A°(B). If E is a compact principal fibre space then 

AE) preserves the principal fibre structure. In this case 

the fibre 1s given by a complex torus T and the kernel of 

the homomorphism A°(Z)—A%(B) is an extension of T by 

a discrete group. D. Montgomery (Princeton, N. J.). 


Hilton, P. J. Suspension theorems and the generalized 
Hopf invariant. Proc. London Math. Soc. (3) 1, 462-493 
(1951). 

Part 1: A sharpening of J. H. C. Whitehead’s suspension 
theorem [Quart. J. Math., Oxford Ser. (2) 1, 9-22 (1950); 
these Rev. 11, 610], results relating the group #,(XV e*, X), 
e” a cell attached to X, with the behaviour of the Freuden- 
thal suspension, and the determination of 2,(S?v5*), 
5S? v S* the union of two spheres with a point in common, 
for r=2p+2q—4. 

Part 2: A Hopf invariant is a homomorphism H: 
a(S*)—2(S*-") which has been defined by G. W. White- 
head whenever r<3n—3 [Ann. of Math. (2) 51, 192-237 
(1950); these Rev. 12, 847], and subsequently extended to 
r=3n—3 by Blakers and Massey [Proc. Nat. Acad. Sci. 
U.S. A. 35, 322-328 (1949); these Rev. 11, 47]. The author 
defines first a homomorphism y,: 2,(S")—>,4:(S") for all r 
and n, as the composition 


£(S*) oa v S*) S eosi(S*X S, SV SaaS) 
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where ¢, is induced by pinching the equator of S* to a point 
and mapping each open hemisphere topologically, Q is the 
projection onto the direct summand, and x,,,; is induced by 
shrinking S* v S* to a point. If rS4n—4, the Freudenthal 
suspension is an isomorphism onto: E: 2,(.S*°~')—2,4:(S"), 
and so H+=E-y, is a Hopf invariant; this coincides with 
that of Whitehead if r <3n — 3. Theorems analogous to those 
of G. W. Whitehead [loc. cit.] are proved for H+ and for 
the kernel of EZ in this extended range. Also, partial results 
are obtained for y, itself. Example: if aex,(S*) and Ea=0 
then E*y,(a) =0 if n is odd, and E*¥,(a)e2Ex,+3(.S*"**) other- 
wise. It follows that 5(S*) contains a subgroup isomorphic 
to m5(S*), x7(S*) contains a subgroup cyclic of order 2, 
wo(S*) 0, x9(S*) 0, and neither of w7(S*), 2(S*), wo(S*) 
are cyclic. 

Part 3: Application to A,?-polyhedra: a partial computa- 
tion of rn43(A,”), n=3, 4. J. Dugundji. 


Rohlin, V. A. On a mapping of the (n+3)-dimensional 
sphere into the n-dimensional sphere. Doklady Akad. 
Nauk SSSR (N.S.) 80, 541-544 (1951). (Russian) 

Let f: S—S be the Hopf map whose class generates 
a3(S*). Let E*f: S***-+S*** denote the k-fold Freudenthal 
suspension of f and let g= EfoK*foE*f: S—+S* be the com- 
position map which consists of E*f: S*-+5*, followed by 
E*f: SS, followed by Ef: S‘—>S*. Then the author asserts 
that g is inessential. This contradicts a result of the reviewer 
[see the preceding review ] which has been confirmed inde- 
pendently by G. W. Whitehead and others. The argument 
given in this paper is geometrical and not detailed. The 
reviewer has not made a sustained attempt to detect a 
possible flaw. P. J. Hilton (Manchester). 


Rohlin, V. A. Classification of mappings of an (n+3)- 
dimensional sphere into an n-dimensional one. Doklady 
Akad. Nauk SSSR (N.S.) 81, 19-22 (1951). (Russian) 
The author asserts in this paper that 2¢(.S*) is of order 6. 

The conclusion depends on that of an earlier paper by the 

author [cf. preceding review ] and it appears to the reviewer 

that it is this dependence alone which explains the dis- 
crepancy between the author’s value for 2¢(S*) and the 
conclusion, due to G. W. Whitehead and W. S. Massey 

(Bull. Amer. Math. Soc. 57, 491-492 (1951)] and others, 

that 2.(S*) has 12 elements. Actually, it has been shown 

that 2¢6(.S*) is cyclic of order 12, since Barratt and Paechter 

[see the following review] have obtained an element of 

order 4. In fact, the arguments of this paper show that the 

factor group ¢(.S*) — Ex;(*), where E is the Freudenthal 
suspension, is of order 6, and this conclusion is not in dispute. 
P. J. Hilton (Manchester). 


Barratt, M. G., and Paechter, G. F. A note on 7,( Vn). 

Proc. Nat. Acad. Sci. U. S. A. 38, 119-121 (1952). 

The main result of this note has two consequences, as 
follows. (a) The (k+3)-dimensional homotopy group of the 
k-sphere has an element of order four if k>2. [Reviewer's 
note: It has since been proved that this homotopy group is 
cyclic of order 12 if k=3, and is cyclic of order 24 if k>4; 
cf. W. S. Massey and G. W. Whitehead, Bull. Amer. Math. 
Soc. 57, 491-492 (1951), and J. P. Serre, in the paper re- 
viewed third below ] (b) Let Viym,» be the Stiefel manifold 
of all orthogonal m-frames in real Euclidean (k-+m)-space. 
The homotopy groups 7242(Vismm) have been calculated 
by several authors [cf. J. H. C. Whitehead, Proc. London 
Math. Soc. (2) 49, 479-481 (1947); these Rev. 9, 298; 
references are given in this paper (and in the review) to 
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similar results of B. Eckmann and G. W. Whitehead]. 
These calculations turned out to be incorrect, because essen- 
tial use was made of Pontrjagin’s erroneous announcement 
of 1938 that r,42(S")=0 for »>2. Making use of the fact 
that +,42(S") is cyclic of order two, the author gives the 
correct results on the groups :42( Viym,m)- 

The proof of the main result of this note depends essen- 
tially on results contained in a forthcoming paper of M. G. 
Barratt on the homotopy groups of certain function spaces. 

W. S. Massey (Providence, R. I.). 


Cartan, Henri, et Serre, Jean-Pierre. Espaces fibrés et 
groupes d’homotopie. I. Constructions générales. C. 
R. Acad. Sci. Paris 234, 288-290 (1952). 

Let X be an arc-wise connected space and x a point of X. 
For each integer g=1, S(X; x, gq) denotes the sub-complex 
of the total singular complex of X consisting of all singular 
simplexes whose (q¢—1)-faces are mapped into the point x. 
The homology and cohomology groups of S(X;x,q) with 
coefficients in a group G are denoted by H,(X; x, g, G) and 
H*(X; x, q, G) respectively and are called the “ Eilenberg 
Groups” of X at x. The problem of determining these 
Eilenberg Groups has been recognized as of importance for 
some time now. A method of attacking this problem is 
indicated in this note. 

A continuous mapping f of a space Y into a space X is 
said to ‘kill’ the homotopy groups 2;(X) for isn if x:( Y) =0 
for t= and if f induces an isomorphism of 2,(Y) onto 
«(X) for i>n. Theorem 1: If a mapping f of a space Y into 
X kills the groups 2;(X) for i=n, then the homology groups 
H,(Y) are isomorphic to H;(X; x, 2+1). Theorem 2: Given 
any arc-wise connected space X, there exists a sequence 
of spaces (X,m), n=1, 2,3, --- and continuous maps f,: 
(X,n+1)—(X, ) such that (X,1)=X, each f, kills the 
homotopy groups #;(X,) for in, and each f, is a fibre 
mapping in the sense of Serre [Ann. of Math. (2) 54, 425-505 
(1951); these Rev. 13, 574]. The fibre F, has the property 
that x.(F,) =0 for i%n—1, wa-1(Fn) =2,(X); such a space 
is called a K[x,(X), n—1]-space, and its homology groups 
are called Eilenberg-MacLane groups. 

This second theorem solves a problem proposed by Hure- 
wicz in 1946 [cf. problem 32 in the list given by Eilenberg, 
ibid. 50, 247-260 (1949); these Rev. 10, 726]. The authors 
indicate briefly the method. of construction of the spaces 
(X, ) and the maps f,. They also note that there exists a 
fibre space X’,, having the same homotopy type as (X, m), 
having (X,"+1) as fibre, and whose base space is a 
K(x,(X), 2 ]}-space. Using these two different fibre space 
structures and the spectral homology sequence of a fibre 
space [Serre, loc. cit.], one obtains a partial method of 
calculation of the Eilenberg groups of X and hence of the 
homotopy groups of X. The usefulness of this method of 
calculation depends on the extent of our knowledge about 
the Eilenberg-MacLane groups of a given group. 

W. S. Massey (Providence, R. I.). 


Cartan, Henri, et Serre, Jean-Pierre. Espaces fibrés et 
groupes d e. IL. tions. C. R. Acad. 
Sci. Paris 234, 393-395 (1952). 

This note gives various applications of the general 
methods indicated in the note by the same authors reviewed 
above. Some of the more easily stated of these results are 
as follows. (a) Let X be an arc-wise connected space. The 
relative homology groups H,{.S(X; x, »), S(X; x, +1) ] are 
isomorphic to the Eilenberg-MacLane groups H;(x,(X); ») 





MATHEMATICAL REVIEWS 





675 








for 1Si52n. (b) The homotopy groups of a Lie group are 
finite in every dimension in which there is no “ primitive” 
element in the cohomology ring with rational coefficients; 
in particular, this is true in every even dimension. (c) Let 
S denote a 3-dimensional sphere. For any prime p, the 
p-primary component of 22,(S) is cyclic of order p. The 
known results on (5S), s5(S), and we(S) are more easily 
proved by this method; 7(S) and 2,(S) are 2-primary 
groups; m(S) is the direct sum of a cyclic group of order 3 
and a 2-primary group. W. S. Massey. 


Serre, Jean-Pierre. Sur les groupes d’Eilenberg-MacLane. 

C. R. Acad. Sci. Paris 234, 1243-1245 (1952). 

For any abelian group II and any integer »=1, let K(I, n) 
denote the complex introduced by Eilenberg and MacLane 
[Ann. of Math. (2) 46, 480-509 (1945); these Rev. 7, 137]. 
The main purpose of this note is to study the cohomology 
ring with mod 2 coefficients of K(II, m). The study is made 
by an induction on the integer m by a method due to Serre 
(ibid. 54, 425-505 (1951); these Rev. 13, 574]. The most 
complete results are obtained in case the group II is cyclic 
of order two; in this case, the cohomology algebra of K (II, 2) 
is an algebra of polynomials over the field of integers mod 2. 
The generators of this algebra of polynomials are iterated 
Steenrod squares of the basic cohomology class of di- 
mension n. 

The author lists three different consequences of these 
calculations. (a) Since there is a one-to-one correspondence 
between cohomology operations defined for all spaces and 
the elements of the Eilenberg-MacLane cohomology groups, 
it follows that the only cohomology operations defined for 
all spaces with mod 2 coefficients can be obtained by apply- 
ing cup products to iterated Steenrod squares. (b) The 
details of the calculations show that there must exist 
identities between various iterated Steenrod squares. How- 
ever, these calculations do not give an algorithm for de- 
termining these identities. (c) Combining the results ob- 
tained on the cohomology groups of X(II, ») with a method 
introduced previously by H. Cartan and Serre [cf. the two 
preceding reviews ], the following results on the homotopy 
groups of the m-sphere, S*, are obtained: 

o(S*) =Z1, 


wr S*)=Z4+Z32, aya(S") =Za 


for n>4, 


r(S)=Z2, we(S)=Z24+Z2, 4o(S*)=Z:, 

and 2,44(.5") =0 for n>5. Here Z denotes an infinite cyclic 
group and Z, denotes a cyclic group of order g. The results 
in this list concerning 2,44(S*) for »>2 are entirely new 
[for results about 2,43(S"), see the third preceding review 
of the paper by Barratt and Paechter]. W. S. Massey. 


Serre, Jean-Pierre. Sur la suspension de Freudenthal. 

C. R. Acad. Sci. Paris 234, 1340-1342 (1952). 

In this note, several new results are announced about the 
Freudenthal suspension homomorphism. Combining these 
new results with results previously established by the author 
(ef. the three preceding reviews] and others, the following 
facts about the homotopy groups of spheres are obtained (the 
notation is the same as in the preceding review): s(.S*) = Zs, 
m9(S*) =Z2+Z2, 10(.S®) =Z>, (5°) =Z, Tn+6(5") =0 for 
n>6, and m(S*) =Z; or Z¢. W. S. Massey. 
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Nakaoka, Minoru. On Whitney’s extension theorem. J. 
Inst. Polytech. Osaka City Univ. Ser. A. Math. 2, 31-37 
(1951) 

Let R be an arcwise connected and simply connected 
Hausdorff space whose second homotopy group is finitely 
generated, and let K be a finite polyhedron. H. Whitney 
[Ann. of Math. (2) 50, 285-296 (1949); these Rev. 11, 531] 
gave a formula for the “secondary obstruction” to the ex- 
tension of a continuous map f: K*—R (which is assumed 
to be extendible over the 3-skeleton, K*). In this paper, the 
author gives an alternative method for defining the so- 
called Pontrjagin square [cf. J. H. C. Whitehead, ibid. 52, 
51-110 (1950); these Rev. 12, 43] and then uses the 
Pontrjagin square to give an invariant formulation of 
Whitney's extension theorem. The proof given for this 
theorem is patterned after Steenrod’s proof for the special 
case in which R is a 2-sphere [ibid. 48, 290-320 (1947); these 
Rev. 9, 154]. 

[Reviewer's note: more complete results along these lines 
have been obtained by J. H. C. Whitehead, ibid. 54, 68-84 
(1951); these Rev. 13, 150; and S. Ejilenberg, Proceedings 
of the International Congress of Mathematicians, Cam- 
bridge, Mass., 1950, vol. II, pp. 350-353; these Rev. 13, 
575. ] W. S. Massey (Providence, R. I.). 


Hu, Sze-Tsen. On the realizability of homotopy groups and 
their operations. Pacific J. Math. 1, 583-602 (1951). 
J. H. C. Whitehead [Ann. of Math. 50, 261-263 (1949); 
these Rev. 10, 560] has shown that, given a system of 
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groups 71, 2, -**, ®., ***, in which x; is abelian, i>1, and 
™, Operates on x; in a prescribed manner, then a CW-complex 
K may be constructed such that there are isomorphisms 
hy: a:=a(K), verifying h(a) =h,(€) (hi(a)), fer, aeri, é>1. 

In this paper, the author carries the realizability process 
a stage further by constructing a space B having the prop- 
erties stated above for K, and in which all Whitehead 
products [for definition, see Ann. of Math. (2) 42, 409-428 
(1941); these Rev. 2, 323] vanish. The construction is 
briefly as follows: Given #1, 72, +--+, ta, «++, let K(a;, 4) be 
the appropriate Eilenberg-MacLane complex [ibid. 51, 514- 
533 (1950); these Rev. 11, 735], and let P; be the semi- 
simplicial polytope associated with K(x;,i). Let X =P,, 
Y=P,XP;X -++, Then m(X) = 1, wi(x) =0,i> 1, 71( Y) =0, 
xi( Y)~; An element of :, operating on each x;, i>1, 
determines a homeomorphism of Y; this, combined with a 
suitable isomorphism +,(X) ~ 1, yields a homomorphism x 
of r:(X) into the group of homeomorphisms of Y. Following 
Steenrod, the author constructs B as a fibre bundle over X 
with fibre Y, structure group x(#:(X)) and characteristic 
homomorphism x, and then shows that B has the required 
realization properties. 

As an application, the author points out that if the fibre 
bundle B is constructed from the groups {2,} = {#,(S*)}, 
then B may be distinguished from S* by the Whitehead 
products; this shows that the Whitehead product is not 
determined by the homotopy groups and the operations of 
the fundamental group. The reviewer observes that this 
follows immediately from the construction of Y. 

P. J. Hilton (Manchester). 


GEOMETRY 


Stipanitch, Ernest. Sur une application géométrique des 
nombres complexes. Bull. Soc. Math. Phys. Serbie 3, 
no. 1-2, 57-64 (1951). (Serbo-Croatian. French sum- 
mary) 

The sum of angles under which a fixed line segment is seen 
from the vertices of a regular polygon is calculated by the 
use of complex numbers. M. Golomb (Lafayette, Ind.). 


Valentine, F. A. A class of convex curves related to the 
conic sections. Amer. Math. Monthly 58, 671-674 
(1951). 

Let L(x) designate the distance from a point x of the 
common plane to a straight line and S(x) the distance from 
x to a point P. Consider the set C of points x for which 
S(x)SeL(x), where e is a positive constant. C consists, 
according to the cases e<1, e=1 or e>1, of one bounded, 
one unbounded or two unbounded convex sets (namely of a 
set bounded by a conic section of eccentricity ¢). The author 
shows among other theorems that the same proposition 
holds when the point P is replaced by any bounded convex 
set. L. Fejes Téth (Veszprém). 


Jérgensen, Vilhelm. On additive measure. Mat. Tidsskr. 

A. 1951, 39-43 (1951). (Danish) 

To restore the simplicity and elegance of some of Euclid’s 
original proofs by obviating the modern procedure of treat- 
ing separately the commensurable and incommensurable 
cases of certain propositions in elementary Euclidean geom- 
etry, and to be able to omit or postpone until pedagogically 
feasible the introduction of the student to the notion of 
limit, the author advocates the postulation of the existence, 
for linear segments, of a positive, finitely additive measure 








having the same value for any two congruent segments. He 
shows how this postulate leads, without the intervention of 
infinitesimals, to a uniqueness theorem for this measure, 
as well as to certain results concerning proportion and 
projection of segments and the introduction of areal measure 
for rectangles. An analogous procedure is indicated for 
circular arcs. F. Bagemihi (Rochester, N. Y.). 


Miyazaki, Hiroshi. On the Klein’s geometry. Téhoku 

Math. J. (2) 2, 286-291 (1951). 

In Klein’s definition of geometry there is given a point set 
M and a group which maps M onto itself. Let A be an arbi- 
trary subset of M called a “figure.” Then A is congruent to 
B (A =B) if B is the image of A under a transformation of G. 
This concept of congruence satisfies the conditions: (1) 
A=A; (2) if A=B, then B=A; (3) if A=B and B=C, 
then A=C. 

A set of transformations A satisfying (1), (2), and (3) need 
not be a group as is shown by an example. The purpose of 
this paper is to obtain a sufficient condition that A be a 
group. When M is a finite point set, the situation is handled 
by a redefinition of “figure’’ and “congruence.” A figure A 
is a finite system A; (¢=1, ---,) where A; are arbitrary 
subsets of M. Let B=B; (j=1, ---,m). Then A=B means 
that m=n and that there is a transformation f of A such 
that f(A,) =(B,) (¢=1, ---,). Under these circumstances 
A must be a group if it satisfies (1), (2), and (3). When M is 
infinite this extended definition does not give assurance that 
A is a group. In this case define F to be a “fundamental 
figure” if every component of F is a single point and if for 
any F’ congruent to F the subset of A, Ar’, (each element of 
which takes F’ into F) is bicompact. Then if conditions (1), 
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(2), and (3) are satisfied and if there is a fundamental figure, 
then A is a group. Further, if A is bicompact, it admits a 
fundamental figure and so is a group. Applications are made 
to classical groups. C. B. Allendoerfer (Seattle, Wash.). 


Skopec, Z. A. Invariant elements of the family of collinea- 
tions with a ve basis. Doklady Akad. Nauk 
SSSR (N.S.) 81, 1003-1006 (1951). (Russian) 

It is shown that in a projective space of dimension m, any 
collineation which takes m-+-1 given points into m+1 given 
perspective points has invariant elements which are polar 
with respect to a quadratic hypersurface. This result is 
obtained by a study of normal curves and their secants. 

Marshall Halli (Washington, D. C.). 


Jarnefelt, G. A plane geometry with a finite number of 
elements. Verdff. Finn. Geodat. Inst. 36, 71-80 (1949). 
A set of incidence axioms for three-space is given and 

discussed. It is shown that there is a unique projective plane 

with five points on a line. This is of course the Desarguesian 
plane over the field with four elements. 
Marshall Hall (Washington, D. C.). 


Jarnefelt, G. Reflections on a finite approximation to 
Euclidean geometry. Physical and astronomical pros- 
pects. Ann. Acad. Sci. Fennicae. Ser. A. I. Math.-Phys. 
no. 96, 43 pp. (1951). 

Various difficulties in quantum theory can be avoided if 
we replace continuous space by a discrete space. The author 
is interested in the possibility of basing physics on a finite 
geometry. He studies the affine geometry over the finite field 
GF(p). The Euclidean axioms of incidence are of course 
satisfied. In addition the axioms of order and congruence can 
be satisfied locally if p is a prime such that —1 is a quadratic 
non-residue and all numbers 1, ---,m, for some m, are 
quadratic residues. If points A=(x,,y:), B=(x2, ys), 
C= (xs, ys) are collinear, then the ratio 


r= (x2—x1)/(x2—23) = (Y2—91)/(2—Y) 

is the ratio in which B divides the segment AC. We say that 
B is between A and C if r is a non-residue. With this defini- 
tion either 1) exactly one of A, B, C lies between the other 
two, or 2) each of A, B, C lies between the other two. When 
the first alternative holds, the theorem of Pasch is valid in 
its usual form, and from this we obtain a local theory of 
order. Marshall Hall (Washington, D. C.). 


Mikan, Milan. Non-Euclidean geometry. Rozpravy II. 
Tiidy Ceské Akad. 59, no. 3, 60 pp. (1949). (Czech) 
Dans ce mémoire qui est la suite d’un autre travail de 

auteur [méme journal 55, no. 6 (1945); ces Rev. 9, 619] 
sont étudiées les propriétés élémentaires des objets réglés 
dans l’espace non-euclidien 4 trois dimensions duquel la 
quadrique absolue est donnée. Quelques résultats élémen- 
taires qu’on obtient a l'aide de l’interprétation de l’espace 
réglés dans l’espace ponctuel a4 5 dimensions od dans |’espace 
de Mdbius sont prouvés. Les cas, quand la quadrique absolue 
est réelle et ne contient aucune droite réelle et quand la 
quadrique est imaginaire sont mentionés. F. Vyéichlo. 


Milan. Non-euclidian geometry. Acad. Tchéque 
Sci. Bull. Int. Cl. Sci. Math. Nat. 50 (1949), 59-60 (1951). 
A summary of the paper reviewed above. 


Kelly, L. M., and Nordhaus, E.A. Distance sets in metric 
spaces. Trans. Amer. Math. Soc. 71, 440-456 (1951). 
The authors continue in §§2, 4, 5 the investigations begun 

earlier [Canadian J. Math. 3, 187-194 (1951); these Rev. 








12, 850]. S, S’, S’: distance spaces. D(S’, S’’): set of the 
distances 5(x, y) with xeS’, yeS’’. D(S)(d-set of S): D(S, S). 
If S=U.S., then D(S)=U.D(S.)V Ua pD(Sa, Sp). n-set: 
set N of non-negative numbers including zero. Realization 
of N: space S with D(S) = N (without regard to the number 
of times each distance occurs in S). N is said to be “me- 
trically (resp. topologically) rigid” relative to a class of 
spaces {.S}, provided there is at least one realization of N 
in {.S} and any two realizations are congruent (resp. homeo- 
morphic). N is called “ proper’’ relative to the k-dimensional 
space E,, if every realization of N can be congruently im- 
bedded in E, but not in E,_,. N is called “irreducibly EZ,” 
if it is realizable in E, but not in E,_,. Initial interval: 
interval on the non-negative real axis X with endpoint zero. 
Metric basis of S: set B of S such that no two points of S 
have the same distances to the points of B. Main theorems 
in §2: (2.1) In order that a non-countable n-set N be the 
d-set of some separable metric space, it is necessary and 
sufficient that zero be an accumulation element of N. (2.2) 
A necessary and sufficient condition for an n-set N to be 
the d-set of some separable metric space of positive Menger- 
Urysohn dimension, is that NV contain an initial interval J. 
Hints to the proofs for sufficiency: (2.1) With a view to the 
separability requirement X is partitioned by the numbers 
a, of a suitably chosen, decreasing sequence tending to zero 
and the a*;,;=a,+i(a,— a2). For two elements u and v of N 
in the same partition interval, a modified Baire metric is 
used whose distance set is an enumerable subset of N. If 
u and v lie in different partition intervals, 5(u, ») = max (x, v). 
(2.2) X is partitioned into equal disjoint intervals J,, J», - - - 
shorter than J, 5(u,v)=|u—v| if uw and » lie in the same 
interval, else 5(u, v) = max (u,v). J; is then replaced by the 
k-dimensional euclidean (solid) sphere having J, as diam- 
eter. §3 is concerned with the topological relations between 
S and D(S) (Sierpinski-Steinhaus program). Propositions 
3.2-3.17 follow readily from the property (3.1) for D(S) to 
be a continuous image of the topological product SxS. 
(3.18): The d-set of an open set O in a complete convex 
metric space S is an F, (Hint: S is segment-connected). 
More elaborate is the counter-example of an open set in 
Hilbert space whose d-set is not a G;. (3.24): If S is a re- 
sidual at a point in a Banach space, D(S) contains an initial 
interval (Hint: If mnon-e D(S), any n-translate of S 
is disjoint from 5S). (3.26) In E; the d-set of a set 
dense in itself is dense in itself. This is false in spaces 
like Ey or the elliptic 3-space containing quadruples ’, 
r”, x’, x’ with d(p’, p”) =d(p’, x’) =d(p”, x’) =d(x’, x"), 
d(p’, x’) =d(p’’, x’’) zero and small. (3.28) If a space S of 
power p=X, has a finite metric basis, the power of D(5S) is p. 
A previously unpublished example by Kakutani and Erdés is 
given for a set S of power c in Hilbert space whose points 
have mutual rational distances. §4 gives rigidity theorems 
for n-sets, e.g. (4.1, 4.7): no m-set is rigid metrically or 
topologically relative to all metric spaces. §5 deals with 
proper and irreducible n-sets, e.g. (5.1): there are rigid n-sets 
properly E, for all k. (5.3): the n-set N° consisting of the 
square roots of all non-negative integers is irreducibly 4- 
dimensional. The proof of the impossibility of realizing N° 
in Es, involves the analysis of diophantine equations. 
Typical is the first step: if (0,0) and (1,0) represent two 
points at the distance 1, an arbitrary point of S has coordi- 
nates of the form (k/2, y), where & is an integer. The same 
technique is used in the case of E;, but owing to its length 
the proof is not reproduced. The short §6 is concerned with 
abstract sets provided with a complex “square of the dis- 


678 MATHEMATICAL REVIEWS 


tance”. Remarks: p. 440, line 2 from the bottom: “distinct” 
is superfluous, even disturbing; p. 445, line 9: “continuous” 
is superflyous; p. 452: the non-isometry assertions in the 
proof of theorem 4.1 and the “‘suitable’”’ adjustment in 4.2 
require some more explanation; p. 453: the definition for a 
“proper” m-set is less precise than that in the paper cited 
above. C. Y. Pauc (Cape Town). 


Algebraic Geometry 


Turri, Tullio. Sulle trasformazioni piane cicliche con sis- 
temi invarianti di cubiche per 7 punti, di sestiche doppia- 
mente per 8. Rend. Sem. Fac. Sci. Univ. Cagliari 20 
(1950), 155-170 (1951). 

Les résultats donnés par S. Kantor [Acta Math. 19, 
115-193 (1895)] pour les transformations envisagées sont 
incorrects. Reprenant la classification des transformations 
involutives qui conservent les cubiques d’un réseau avec 
sept points-base et celles qui conservent les sextiques passant 
doublement par huit points-base, l’auteur montre que si ces 
transformations ne conservent pas des systémes plus amples 
que ceux de définition, les courbes unies ne peuvent avoir 
que les genres 3 ou 2 (cubiques), 4 ou 3 (sextiques). II en 
déduit que les transformations cycliques avec sept points 
fondamentaux se raménent au produit de |l’involution de 
Geiser par une homographie cyclique non homologique de 
période 3; celles avec huit points au produit de I’involution 
de Bertini par une homographie cyclique non homologique 
de période 3. B. d’Orgeval (Alger). 


Predonzan, Arno. Intorno alle involuzioni piane /,*~”. 
Atti Accad. Naz. Lincei. Rend. Cl. Sci. Fis. Mat. Nat. 
(8) 9, 32-38 (1950). 

B. Segre a défini en 1948 ce que I’on doit entendre par 
involution J, du plan, et étudié quelques exemples [mémes 
Rend. (8) 5, 187-192 (1948); Boll. Un. Mat. Ital. (3) 3, 196- 
200 (1948); ces Rev. 11, 206; 10, 566]. Dans le présent 
mémoire, l’auteur étudie les involutions J,” telles que si 
G,-2 est un groupe générique de m—2 points du plan, 
l'involution résiduelle J,? = J,?*-* —G,_2 admette une courbe 
unie dont une composante irréductible U est indépendante 
du choix de G,_2. Examinant d’abord le cas n=3, |’auteur 
montre que la courbe U associée a J? = I; — P est nécessaire- 
ment rationnelle ou elliptique, d’od il résulte que J,? est du 
type de de Jonquiéres. Une analyse approfondie des points 
fondamentaux permet alors de montrer que le cas elliptique 
est exclu. U est crémoniennement équivalente a la droite. 
Ce résultat est ensuite étendu par récurrence au cas de 
n> 3. Un exemple simple de J,”"~* du type étudié est formé 
par l'ensemble des G, d’un plan affine ayant un barycentre 
donné. L. Gauthier (Nancy). 


Muracchini, Luigi. Sulla superficie rappresentativa di una 
trasformazione cremoniana fra piani. Boll. Un. Mat. 
Ital. (3) 5, 229-236 (1950). 

L’auteur commence par démontrer que les seules trans- 
formations crémoniennes d’ordre n=4 entre deux plans P,P, 
qui sont contenues dans une réciprocité, sont les trans- 
formations de de Jonquiéres. Sur la variété V,° de Segre 
représentant les couples de points de P,; et P:, une trans- 
formation crémonienne T est représentée par une surface Zr 
étudiée par Villa [Mem. Accad. Sci. Ist. Bologna. Cl. Sci. 
Fis. (9) 9, 133-144 (1942); ces Rev. 9, 464]. Les trans- 





formations de de Jonquiéres sont alors caractérisées par le 
fait que 2 appartient a un hyperplan S;. 

L’auteur démontre ensuite une conjecture de Villa, selon 
laquelle la surface Zr de Ss ou S, associée A T est la pro- 
jection faite d’un S,_, ou d’un S,_4 convenables, de la sur- 
face normale = de S,.4 associée 4 T par L. Godeaux [Acad. 
Roy. Belgique. Cl. Sci. Mém. Coll. in 8°. (2) 24, no. 2 
(1949) ; ces Rev. 11, 739]. L. Gauthier (Nancy). 


Segre, Beniamino. On the rational solutions of homogene- 
ous cubic equations in four variables. Math. Notae 11, 
1-68 (1951). 

A homogeneous cubic equation in four variables defines 

a cubic surface F in projective 3-space. This surface is 

assumed to be non-singular, the singular case having been 

treated by the author in an earlier paper [J. London Math. 

Soc. 19, 84-91 (1944); these Rev. 7, 52]. Assuming the 

equation has rational coefficients, the basic problem is to 

find points of the surface with rational coefficients; a related 
problem is to find on the surface curves, finite point sets, etc. 
which are determined by polynomial equations with rational 
coefficients. Such points, curves, etc. are called “‘rational’’. 

The point of view in the proofs is largely geometrical, much 

use being made of known properties of F, such as its inter- 

sections with other surfaces, the configuration of its 27 lines, 
and its Eckhardt points. Surfaces of the form }-ax?=0 are 
treated in special detail. Typical of the chief results are: 

(1) F has either no rational points or an infinite number; 

(2) F contains a non-trivial rational curve (i.e., not the 

complete intersection with a rational surface) if and only 

if it contains a rational set of 1, 2, 3, or 6 mutually skew 
lines; (3) F is expressible as a third order determinant of 
rational linear forms if and only if it has a rational point 
and a rational set of six mutually skew lines; (4) Riley’s 
equation, F=x,'+x+x;'+px,=0, where p is rational but 
not the cube of a rational number, has no parametric solu- 
tion x;=¢;(t), the g; being relatively prime rational poly- 
nomials, unless the curve thus given parametrically is the 
complete intersection of F with another surface. 

R. J. Walker (ithaca, N. Y.). 


Amato, Vincenzo. Curve algebriche autoreciproche a 
gruppo di monodromia Gs. Matematiche, Catania 6, 
113-118 (1951). 

Relations between the monodromy group of the self- 
reciprocal equation, f(z, u) = f.oa;(z)(u*-‘+u*)=0, and 
that of the equation 


(2, ¥) = Bo(2)y*+81(2)y** + - - - +8r(z) =0, 

which is obtained from f=0 by the transformation 

y=u+u", are examined. In particular, if the monodromy 

group of g=0 is the symmetric group 2(k) on & letters, 

then that of f=0 is Gs, the normalizer in 2(2k) of the 

permutation S = (1 :t%2)(m2us)- ~~ (ts) where the roots 

41, U2, ***, 2» Of f=0 are numbered so that wo_1%9;= 1. 
H. T. Muhly (lowa City, lowa). 


Bowman, F. The plane four-bar linkage. 

Math. Soc. (2) 54, 135-146 (1952). 

If ABCD is a four-bar linkage and C’BCD and D’CDA 
are parallelogram linkages, the whole system has a mobility 
of one, and ABCD, ABC’D, ABCD’ are the three different 
linkages that can be assembled with the four bars of the 
linkage ABCD. The diagonals of these linkages assembled 
as the mechanism ABCDC’D’ have only three different 
lengths. Let their squares be X, Y, Z. There are three cubic 


Proc. London 
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relations between X, Y, Z, with coefficients which are 
polynomials in the squares of the bar lengths. The author 
discusses these cubics with regard to their shapes and the 
maxima of X, Y, Z. How these considerations can be 
applied to linkage performance is not clear to the reviewer. 
A. W. Wundheiler (Chicago, IIl.). 


Tigano, O. Osservazioni intorno alle podarie rispetto a 
curve piane algebriche. Matematiche, Catania 6, 51-55 
(1951). 


Gallarati, Dionigi. Alcune questioni relative a particolari 
quartiche piane di genere uno. Boll. Un. Mat. Ital. (3) 
6, 215-218 (1951). ; 

In a paper of 1947 [Atti Accad. Naz. Lincei. Rend. Cl. 
Sci. Fis. Mat. Nat. (8) 3, 301-303 (1947) ; these Rev. 9, 609), 
the reviewer proved some properties of a plane quartic C‘, 
with one or more biflecnodes, showing, e.g., that if a plane 
quartic has at least two double points (not cusps) and three 
of the principal tangents are inflexional, the fourth has also 
the same property. These same results were proved later 
by Deddé [Period Mat. (4) 29, 11-32 (1951); these Rev. 13, 
155]. The author of the present paper finds again these 
results, assuming the curve to be of genus 1, and considering 
it as the projection of the skew elliptic quartic (of the 1st 
kind). V. Dalla Volta (Rome). 


Gemignani, Giuseppe. Sui sistemi lineari di ipersuperficie 
dotate di un punto multiplo variabile. Ann. Scuola 
Norm. Super. Pisa (3) 5, 143-149 (1951). 

A projective proof is given of the theorem of Bertini- 

Zariski for the elementary case of a linear pencil of curves in 


a plane with a variable group of double points, and their 
generalization to hypersurfaces. Also, an analogous reason- 
ing is applied for a proposition relative to a linear pencil of 
surfaces with a unique variable double point along a branch. 
P. Abellanas (Madrid). 


Turrin, Gino. Infinitely near points on algebraic surfaces. 

Amer. J. Math. 74, 100-106 (1952). 

The well known theorem of B. Levi [Ann. Mat. Pura 
Appl. (2) 26, 219-253 (1897)] to the effect that if P, P,, 
P;, --- is an infinite sequence of infinitely near points on an 
algebraic surface all of the same multiplicity »>1, then for 
any given p there exists g>~ such that P, iies on the trans- 
form of a »-fold curve passing through P,_,, is here proved 
by purely algebraic means for surfaces defined over fields 
of characteristic zero. Moreover, the result is strengthened 
to the extent that it is shown that there exists an index p 
such that for any g>>, the point P, lies on a »-fold curve. 
The proofs are based on related results established by 
Zariski [Ann. of Math. (2) 45, 472-542 (1944); these Rev. 
6, 102]. H. T. Muhly (lowa City, Iowa). 


d’Orgeval, B. Le diviseur de Séveri de certaines surfaces 
éres. Acad. Roy. Belgique. Bull. Cl. Sci. (5) 37, 

34-41 (1951). 

On montre qu'une surface irréguliére qui ne posséde pas 
un faisceau irrationnel de courbes, de diviseur s est l'image 
d'une involution d’ordre s sans points unis sur une surface 
de méme irrégularité et de diviseur 1. Les deux surfaces ont 
méme variété de Picard. On en déduit quelques relations 
entre invariants de surfaces dotées d’involution sans point 
unis. (Author’s résumé.) [The divisor s is the Severi invari- 
ant (cf. Zariski, Algebraic surfaces, Springer, Berlin, 1935, 
p. 96). ] D. B. Scott (London). 
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Nollet, Louis. Sur l’étude des surfaces algébriques carac- 
térisées par la condition »,>2(.+2). Acad. Roy. 
Belgique. Bull. Cl. Sci. (5) 36, 897-905 (1950). 

Ce mémoire est dans une certaine mesure une réponse 
critique 4 une étude de Jongmans sur le méme sujet [Bull. 
Soc. Roy. Sci. Liége 19, 250-266 (1950); Acad. Roy. 
Belgique. Bull. Cl. Sci. (5) 36, 485-494 (1950); ces Rev. 12, 
739]. L’auteur montre que la démonstration de Comessatti 
concernant la classification des surfaces algébriques vérifiant 
be=2p.+4 [références dans les reviews cités ], critiquée par 
Jongmans, est correcte, et que celle de Jongmans n’apporte 
aucun élément nouveau d'information. 

Cet exposé s’appuie sur une démonstration de I'irréducti- 
bilité de la partie variable du systéme canonique pour les 
surfaces vérifiant p >1, p.20, et p,=2p.+-4, donnée par 
l’auteur [ibid. (5) 37, 42-52 (1951); ces Rev. 12, 739], ce 
qui supprime une partie des surfaces hypothétiques de la 
5éme catégorie dans |’énumération de Jongmans. I! serait 
intéressant de trouver un exemple effectif de surface véri- 
fiant p,.=0, p,=2p.+4, contenant un faisceau de genre 
Po—Pa—e de courbes de genre 2, et un faisceau de genre e¢, 
(e=0, 1). L. Gauthier (Nancy). 


Godeaux, Lucien. Sur certaines surfaces algébriques 
possédant des points doubles uniplanaires. Revista 
Mat. Hisp.-Amer. (4) 11, 121-128 (1951). 

Let &,= > ¢ j.10;7,?x;? where a;;=1 and a;;= —1 for ij. 
After studying the analogous plane curves, the author con- 
siders the surfaces $,=0 for p=1, 2, 3,4. A typical result 
may be stated as follows. The sixth order surface #;=0 has 
eighteen ordinary uniplanar double points lying by threes 
on the edges of the tetrahedron of reference 7, and the 
tangent plane at one of these points D passes through the 
edge of T opposite to the edge containing D. A line through 
a double point D and one of the double points in the first 
neighborhood of D meets the surface in six points at D. 

G. B. Huff (Athens, Ga.). 


Gaeta, Federico. Explanations concerning the points of 
coincidence of a correspondence between two superposed 
algebraic varieties. Revista Mat. Hisp.-Amer. (4) 11, 
132-137 (1951). (Spanish) 

In a review of a previous paper by the author [same 
Revista (4) 10, 3-11 (1950); these Rev. 12, 529], the re- 
viewer has already pointed out that two misunderstandings 
occurred concerning the coincidences of a birational corre- 
spondence between superposed algebraic varieties [cf. also 
B. Segre, Atti Accad. Naz. Lincei. Rend. Cl. Sci. Fis. Mat. 
Nat. (8) 10, 335-336 (1951); these Rev. 13, 379]. Here the 
author shows with more details the causes of error in that 
paper, and gives an example of a quadratic transformation 
of a plane into itself possessing a line locus of imperfect 
hypercoincidences. B. Segre (Rome). 


¥#Hodge, W.V.D. The topological invariants of algebraic 
varieties. Proceedings of the International Congress of 
Mathematicians, Cambridge, Mass., 1950, vol. 1, pp. 
182-192. Amer. Math. Soc., Providence, R. I., 1952. 
Rappel des résultats de Lefschetz [L’analysis situs et la 
géométrie algébrique, Gauthier-Villars, Paris, 1924]: on 
obtient des propriétés des nombres de Betti de la variété 
algébrique V,, et une classification des cycles a l'aide d’un 
systéme “‘admissible” de sous-variétés algébriques V,,_: de 
V,.; pour qu'un cycle soit homologue a un diviseur, il faut 
et il suffit que les périodes des intégrales doubles algébriques 
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de premiére espéce de V,, par rapport a ce cycle soient nulles. 
L’auteur pose le probléme de caractériser, de fagon analogue 
les p-classes d’homologie contenant des p-cycles d’une sous- 
variété algébrique U,_. de V,, et indique un résultat partiel 
[Ann. Mat. Pura Appl. (4) 29, 115-119 (1949); ces Rev. 
12, 50). 

Sur une variété algébrique, on peut choisir une métrique 
kahlérienne telle que la forme fondamentale soit homologue 
aiV..—1. On explique l’analogie de la classification des cycles 
sur V,, par Lefschetz et de celle des formes harmoniques sur 
une variété kahlérienne compacte &,. On obtient des 
théorémes nouveaux sur l’homologie a coefficients entiers 
de §,. dans le cas od la forme fondamentale est homologue 
a un cycle entier (variété de type restreint) [Proc. London 
Math. Soc. (3) 1, 104-117 (1951); ces Rev. 12, 848]. Un 
probléme ouvert est celui de la caractérisation des variétés 
complexes possédant une métrique kahlérienne et, parmi 
elles, des variétés de type restreint dont on ne connait pas 
d’exemple non algébrique. 

Sur les variétés algébriques munies d'une métrique her- 
mitienne, les classes d’homologie caractéristiques (duales 
des classes caractéristiques de Chern) s’identifient aux 
classes d’homologie des cycles canoniques [Hodge, ibid. 1, 
138-151 (1951); ces Rev. 13, 380]. Ce résultat suggére 
l'étude du lieu des points stationnaires des intégrales de type 
(h, k) qui est, dans le cas h=m, k=0, une (m—1)-variété 
canonique. P. Dolbeauilt (Paris). 


Igusa, Jun-ichi. On the Picard varieties attached to alge- 

braic varieties. Amer. J. Math. 74, 1-22 (1952). 

Let V¢ be a nonsingular projective variety over the com- 
plex field. The period matrix of the Picard integrals of the 
first kind on V defines an abelian variety A‘, called the 
Albanese variety of V*, its dimension g being the irregularity 
of B, i.e. the number of linearly independent Picard differ- 
entials of the first kind on V. Moreover, by means of these 
integrals, there is defined a rational mapping ¢ of V into A. 
A discussion of this mapping and of its restrictions to the 
curves C which are generic linear sections of V, leads to the 
definition of an algebraic system of positive divisors on V 
parametrized by A and called a Poincaré family on V. Using 
Lefschetz’ theorem on the existence of a Picard differential 
of the 3d kind having as “residue” a given divisor Y on V 
(homologous to zero mod rational numbers) [cf. Weil, 
Comment. Math. Helv. 20, 110-116 (1947); these Rev. 9, 
65], one proves that such a divisor Y defines, in a unique 
way, a character xy of the homology group H;(V) (over 
integers). A study of these characters and of the divisors 
induced on the generic curves C by those of the Poincaré 
family, leads to the following result: there exists a homo- 
morphic mapping of the Albanese variety A* onto an 
abelian variety P* isomorphic with the factor group 
G.(V)/GiCV) (G.(V) (resp. Gi(V)) group of divisors alge- 
braically (resp. linearly) equivalent to zero on V), and 
called the Picard variety of V. It follows also from the proof 
that, in the case of V, algebraic equivalence between divisors 
is the same as homological equivalence over integers. The 
characters xy define a pairing between P* and the first 
Betti group of V. There is some sort of duality between the 
Albanese variety A and the Picard variety P: each one is 
the Picard variety of the other (and its own Albanese 
variety). The varieties A and P are absolute birational 
invariants of the projective model V. An appendix sketches 
a correspondence theory between nonsingular projective 
varieties. Another one proves that, for divisors on V, nu- 
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merical equivalence is the same as homological equivalence 
over rational numbers. 

As mentioned above, a systematic use is made of the 
generic linear sections of V. In particular it is proved that 
linearly independent Picard differentials of the first kind on 
V induce linearly independent differentials on such a section. 
The main tool used in this paper is the Hodge-De Rham 
theory of harmonic integrals. P. Samuel. 


Kawahara, Yasaku. Uber ebene algebraische Geometrie. 
J. Fac. Sci. Hokkaido Univ. Ser. I. 11, 150-163 (1950). 
The author develops plane algebraic geometry from the 

point of view of ideal theory; the plane in question is 
essentially the product of two projective lines. Starting with 
any field k, a point is defined as a 0-dimensional ideal of 
k[X, Y], or of A[X, ¥Y'] containing Y-, or of k[X—, Y] 
containing X-, or of k[X—, Y-] containing X~ and Y~. 
A curve is a 1-dimensional ideal of k[X, Y], or of RLX, Y-'] 
containing Y-', or of k[X~', Y] containing X—. Every curve 
has an algebraic function field of one variable over k; a 
prime divisor of this function field is called a branch of the 
curve. Every branch has a point of the curve as its origin, 
and every point of the curve is origin of a finite number of 
branches. A theory of singular points based on partial 
derivatives is developed. E. R. Kolchin. 


Uzkov, A. I. Fields of algebraic functions of one variable 
over an arbitrary field of constants. Uspehi Matem. 
Nauk (N.S.) 6, no. 5(45), 69-155 (1951). (Russian) 
This expository paper, inspired by the fact that the theory 

of algebraic functions and algebraic geometry (especially the 

modern developments of the past two decades) have not 
been in the center of interest of any of the major Soviet 
mathematical schools, gives an introduction to the theory 
of algebraic functions of one variable. The first section con- 
tains the algebraic preliminaries (including problems of 
inseparability) required for a modern theory. The second 
section deals with places and valuations of algebraic func- 
tion fields of one variable. The third section treats divisors, 
genus, repartitions (here called meromorphic functions), 
differentials, and the Riemann-Roch theorem proved 4 la 

A. Weil [J. Reine Angew. Math. 179, 129-133 (1938) ]. The 

fourth section discusses extension of the field of constants, 

and algebraic extension of the function field. Some final 
remarks connect the theory with the classical theory of 
algebraic functions of a complex variable. 

E. R. Kolchin (New York, N. Y.). 


¥*Jung, Heinrich W. E. Einfiihrung in die Theorie der 


algebraischen Funktionen zweier Veriinderlicher. Aka- 

demie Verlag, Berlin, 1951. xii+462 pp. 47 D.M. 

Let K be a field of algebraic functions of two variables 
over the field of complex numbers. The geometric approach 
to the study of K is by means of the points of some algebraic 
surface, preferably free from singularities, which is a model 
of the field K. The analytic approach, followed in the present 
book, uses as fundamental concept that of a place of the 
field K, a place being an isomorphism of K into the quotient 
field of the ring of convergent power series in two variables 
(the uniformizing variables at the place) with the require- 
ment that distinct couples of values of the variables u, 9 
in these power series sufficiently near to (0, 0) should lead 
to distinct values for some function of the field. However, 
the set of all places of the field K does not seem suitable 
for this approach (there are too many of them). The author 
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then considers the field K together with a certain set S of 
places; this set plays a role similar to the set of points of 
some definite model in algebraic geometry. Unfortunately, 
the author never states precisely which properties a set S 
of places must have in order to be usable in his theory. He 
takes K to be generated by three functions x, y, z, x and y 
being the independent variables, which play a privileged role, 
and z being bound to x and y by an equation F(x, y, z) =0. 
Two of the main requirements on S are as follows: a) neither 
x nor y may be undetermined at any place of S (i.e. x and y 
are represented at any place either by power series or by 
inverses of power series); b) being given any point (£, 9, £) 
of the surface F=0, there is a neighbourhood of this point 
on the surface which may be “covered”’ by a finite number 
of places in S. The author shows how it is possible to obtain 
a set of places which satisfies these conditions. Roughly 
speaking, his method is as follows. If D(x, y) is the discrimi- 
nant of F with respect to z, the multiple points of the curve 
D=0 are reduced by successive quadratic transformations 
in the (x, y)-plane. This being done, one is reduced to con- 
sider an equation F’(u, v, ) = 0 where the discriminant curve 
of F’ may be represented around u=v=0 by the relation 
uv =0; z may then be expanded in a power series in u/*, y'/, 
a and 6 being integers>0. This expansion must be suitably 
modified, since the resulting isomorphism of K into the 
field of quotients of the ring of power series in u’=x"/s, 
v’ =v'/* would not necessarily have the property that distinct 
pairs (u’, v’) lead to distinct values of z; but this modification 
can be carried on, leading to a set S of places with the re- 
quired properties. However, it is never clear in the subse- 
quent parts of the book whether it is meant that the places 
to be considered are specifically those constructed by the 
method indicated above or if more generai sets of places are 
acceptable. On the one hand, the author occasionally uses 
properties which seem to depend on the specific construction 
he has exhibited (for instance in the proof that there are 
only a finite number of “point prime divisors”); on the 
other hand, he reserves the right to use other independent 
variables x’, y’ instead of x, y without changing the set of 
places, as long as x’, y’ are nowhere undetermined. Besides, 
the author never states whether any point of the surface 
F(x, y, 2) =0 is to be the origin of (and not only to be covered 
by) at least one place of S, although this seems to be quite 
necessary in the theory of prime divisors. 

The notion of a prime divisor of K is the same as that of 
a discrete valuation of rank 1 (although the author seems 
to ignore the notion of valuation). A prime divisor is 
called of the first kind when there is a place S such that the 
functions which vanish on § are represented at S by func- 
tions which vanish on some curve of the (x, v)-plane, « and v 
being the local variables at S; if not, then § is said to be of 
the second kind. A divisor $ of the first kind is called a 
curve divisor if x, y are not both constant on §, a point 
divisor in the other case. The elements of the free abelian 
group on the prime divisors of the first kind are called the 
divisors; to every function there is associated in the usual 
way a divisor, and this gives rise to a division of the divisors 
into classes. 

These are the basic definitions of the author. In any book 
on algebraic functions of two variables, the paramount 
question is of course: how correct are the proofs? This ques- 
tion is very difficult to answer in the present case, especially 
in view of the lack of definiteness in the underlying defini- 
tions. At any rate, even if the argument seems to be sub- 
stantially correct, a considerable amount of work would 
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still be needed to make the proofs really rigorous. I shall 
only point out very few examples of the difficulties the 
reader is confronted with. In part II, chapt. 1, no. 10, p. 99, 
the author makes use of results to be obtained in part IV 
of the book; whether this does not create a vicious circle 
would of course require a superhuman patience to check. If 
© is a class and $ a divisor, the symbol wg(Q) has two 
distinct meanings: if $ is an integral divisor without mul- 
tiple component, then it is the defect of © on $; if more 
generally 3 is any divisor in whose class there exist integral 
divisors without multiple component, then wg(2) =wg,(Q) 
where $’ is a ‘“‘general” integral divisor of the class of $B. 
The trouble is that, even if $ is integral without multiple 
component, then wg(0) may be distinct from wg,(S.) when 
’ is a general integral element of the class of 8. When this 
case arises, the author makes the convention to denote by 
#g,(Q) the defect of O with respect to § itself, and not to 
8’, a hardly satisfactory solution. In part IV, chapt. 1, 
no. 3, the author makes use of Hodge’s theorems on differ- 
ential forms; however, these theoréms have only been 
proved for surfaces free from singularities, which is not the 
case under the assumptions made. 

We now turn to a brief description of the contents of the 
book. The introduction is concerned with the study of the 
field of rational functions of two variables. It contains an 
exposition of the method of reduction of singularities of a 
plane curve by quadratic transformations. Part I introduces 
the main concepts (places and divisors) as described above. 

Part II is concerned with proof of the Riemann-Roch 
theorem. Were the set of places given by the set of points of 
a model free from singularities, the result obtained would 
be the classical Riemann-Roch theorem, which has recently 
been considerably improved by Kodaira. As it is, only a very 
close scrutiny would allow one to decide whether the 
theorem proved by the author relatively to a certain set of 
places contains substantially more than the classical theorem 
on a model free from singularities. 

Part III is concerned with the “place transformations”’, 
i.e. the simultaneous consideration of several systems of 
places for the same field. The author considers more par- 
ticularly the elementary transformations, which have the 
property of never transforming a divisor of the first kind 
into one of the second kind. A set of divisors of the first kind 
(relatively to a given system of places) is called complete 
when it consists of all prime divisors of the first kind which 
may be transformed into divisors of the second kind by a 
succession of inverses of elementary transformations. He 
gives a full characterization of these complete systems. He 
proves that, if K is not the field of functions on a ruled sur- 
face, then there is a definition of places relative to which 
there are no exceptional prime divisors (in the usual sense 
of the word “exceptional curve” in algebraic geometry). 

Part IV is concerned with the theory of differentials, 
which is developped in the Picard style. The first chapter 
defines the subdivision of differentials into differentials of 
the first, second and third kind. The second part contains 
the theory of simple differentials of the second kind which 
are studied, as in Picard, by considering the algebraic surface 
as a curve over the field C(y). Chapter 3 is concerned with 
the theory of simple differentials of the third kind and of 
double differentials of the second kind. The existence of the 
number p of Picard is established and formulas are given 
for the number of double differentials of the second kind. 

Part V is concerned with the theory of algebraic equiva- 
lence of divisors and of the Picard variety. It begins with 
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an exposition of the theory of correspondences between 
algebraic curves. Then the notion of algebraic equivalence 
is defined as follows: a class of divisors A is said to be equiva- 
lent to 1 (or to be a nullclass) if the intersection number 
A-B=0 for every class B; it is shown that it is sufficient 
that A-B should be 0 for certain special classes B. An 
algebraic proof is given for the main theorem to the effect 
that the group of all nullclasses contains «©* elements, 
where q is the irregularity. This group is the Picard variety; 
it is proved that it is a variety of abelian functions of ¢ 
variables. This allows one to obtain g independent simple 
integrals of the first kind on the surface, on which any other 
is dependent. Then the relationship between algebraic 
equivalence and integrals of the third kind is exhibited, 
leading to the proof of Severi’s theorem of the base and of 
the criterion of independence of divisor classes in terms of 
intersection numbers. It is shown that the number of simple 
integrals of the second kind is equal to the irregularity. This 
part ends with a thorough discussion of some examples. The 
close connexion between the questions treated and the 
topology of the surface is never indicated. 

Part VI is concerned with the theory of punctual divisors 
and their equivalence. The author defines the notion of a 
point attached to a given place S; such a point may be 
defined by giving two power series U and V in the local 
variables at S, and it represents the type of intersection of 
U=0 and V=0 at S. Then there is defined a multiplication 
for the points belonging to one and the same place. The 
punctual divisors are the elements of the group generated 
by the points belonging to all the places and by the prime 
divisors. The author shows that his definition is in agree- 
ment with the one by Severi. Equivalence of punctual di- 
visors is defined as in Severi. To every simple differential 
there is attached a punctual divisor; it is proved that these 
divisors are all equivalent to each other (the differentials 
need not be “‘total’’). This leads to the definition of the 
Severi invariant J of the surface. The Zeuthen-Segre invari- 
ant Z is then defined by means of pencils of curves; it is 
shown to be related to J by J=Z+-4. Its relationship to the 
Euler-Poincaré characteristic of the surface is not mentioned. 

The last and seventh part is concerned with more special 
problems: a new expression for the Zeuthen-Segre invariant, 
a detailed study of fields of the form C(x, y, (W(x, y))'*), 
and the study of surfaces with a pencil of rational curves, 
leading to Enriques’ theorem. 

On the whole, the book contains a very large mass of 
information about algebraic surfaces over the field of com- 
plex numbers. One would almost call it encyclopedic on that 
subject were it not for the fact that both modern algebraic 
and topological notions are entirely ignored. As already said, 
this is not yet the book which will convince mathematicians 
at large that theorems in this branch of their science are 
really proved; its principal use will be to the specialist who 
is willing to learn the particular terminology based on the 
author’s notion of a place. One of the most attractive fea- 
tures of the book is the care with which numerous and 
nontrivial examples are discussed. C. Chevalley. 
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Kasner, Edward, and DeCicco, John. The osculating 
conics of physical systems of curves. Math. Mag. 25, 
117-124 (1952). 

The authors’ concept of a physical system of curves has 
been described in a previous review [Proc. Nat. Acad. Sci. 
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U.S. A. 34, 68-72 (1948); these Rev. 9, 375]. In the present 
paper, which is restricted to the case of curves in a plane, 
they consider the curves, belonging to a physical system or 
to a family of such systems, which pass through a given 
point in a given direction, and they study the family of 
conics which osculate these curves at the given point. Several 
simple general properties of the family of conics are found. 
L. A. MacColl (New York, N. Y.). 


Tanturri, Giuseppe. Caratterizzazione geometrica di alcuni 
sistemi «* di curve nello spazio. Univ. e Politecnico 
Torino. Rend. Sem. Mat. 10, 243-258 (1951). 

In an earlier paper [same Rend. 9, 145-172 (1950); these 
Rev. 12, 610] the author gave geometrical characterizations 
of the five-parameter families of curves defined by systems of 
differential equations of the form y’” =c(x, y, 2, y’, 2’, y’), 
2’ = K(x, y, z, y’,2’)y’”’. In the present paper he continues 
the discussion, giving further results and new characteriza- 
tions of the families of curves obtained when the tunctions 
cand K are specialized in various ways. As before, the vari- 
ables x, y, z are interpreted as inhomogeneous coordinates 
in a projective space, and the characterizations are in terms 
of projectively invariant properties. A typical procedure is 
to consider the curve elements of a prescribed order which 
osculate (at the given point) the curves passing through a 
given point tangent to a given line, and to determine condi- 
tions under which these curve elements are contained in a 
surface element of a prescribed order. The concept of a tri- 
element, due to Terracini [Univ. Nac. Tucum4n. Revista A. 
2, 245-329 (1941); these Rev. 4, 54], is used to obtain a 
constructive characterization of the family of curves in the 
case in which the function ¢ is of the form 


G(x, y, 2, 9, 2')y" +H(x, y, 8, 9’, 2’)y"”. 
In certain respects some of the results given are generaliza- 
tions and extensions of results obtained by other authors 


[for references see the first cited review ]. 
L. A. MacColl (New York, N. Y.). 


Lébell, Frank. Die Integrabilititsbedingung fiir Ortsfunk- 
tionen in der natiirlichen Flachentheorie. Math. Ann. 
124, 151-157 (1952). 

The integrability condition for a point function F on a 
surface referred to an orthogonal net is known to be 
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where s; and s, are the arc lengths and G, and G, the geodesic 
curvatures for the curves of the net [e.g. E. Cesaro, Lezioni 
di geometria intrinseca, Napoli, 1896, p. 155]. Since the 
directional derivative of F is a line element function, it is 
possible to consider its geodesic derivative in the sense 
introduced by the author [Math. Ann. 121, 427-445 (1950); 
these Rev. 11, 686]. If geodesic differentiation is denoted 
by 4/@s it is shown that the integrability condition may be 
written in the form 

O52 OS; OS, O52 
It is shown that this same condition holds for an oblique 
net. The condition is also expressed in terms of the operator 
®D defined by the equation : ‘ 

n . = — {f,— 

sin w: D i, ~ 

where #; and ¢; are the unit tangents to the net curves and 
w the angle between them. S. B. Jackson. 
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Morelli, Carlo. Formule fondamentali per una geodesia 
delle superfici isogravitazionali. Ist. Veneto Sci. Lett. 
Arti. Cl. Sci. Mat. Nat. 109, 189-208 (1951). 

The fundamental formulas for an isogravitational surface 
are computed. V. G. Grove (East Lansing, Mich.). 


Marussi, Antonio. Sul calcolo dei simboli di Christoffel per 
le proiezioni di Mercatore e di Gauss. Ist. Veneto Sci. 
Lett. Arti. Cl. Sci. Mat. Nat. 109, 11-16 (1951). 

Let surface S, be mapped conformally on surface S:, 
guj =e*G,;. The author writes down the well known relation- 
ships between the Christoffel symbols for S; and those for 
S:, and also the relationship between the Riemann-Chris- 
toffel tensors. From these formulas, in the special case where 
5S, is a surface of revolution referred to latitude and longi- 
tude parameters, he works out a relationship between the 
modulus 4 and the Gaussian curvature of S:. Lastly, the 
author presents in detail the Christoffel symbols for the 
Mercator projection of a rotation surface on a plane, and in 
case of the Gauss projection of the ellipsoid of revolution he 
outlines an approximate computation for the Christoffel 
symbols, sufficiently accurate for many applications to 
geodesy. A. Schwartz (New York, N. Y.). 


Rembs, Eduard. Reelle Biegungsflichen des abgeplatteten 
Rotationsellipsoids. Math. Nachr. 5, 237-239 (1951). 
In dieser Arbeit ist das Hauptergebnis der Dissertation 

von Johanna Rembsfolgendermassen erganzt worden: “Jedes 

Rotationsellipsoid, gleichviel ob verlangert oder abgeplattet, 

lasst sich als Ganzes so verbiegen, dass es regular bleibt 

auf ein Bogenstiick des Aquators, das zu einer geraden Linie 
gestreckt wird und bei der Verbiegung stetig von Null so 
lange anwachsen kann, wie es kiirzeste Verbindung der 

Endpunkte auf dem Ellipsoid ist.” [Vergl. Johanna Rembs, 

Math. Nachr. 3, 152-175 (1950); diese Rev. 12, 281.] 

V. G. Grove (East Lansing, Mich.). 


Kurita, Minoru. On a certain motion in the Euclidean 

space. T6hoku Math. J. (2) 2, 275-285 (1951). 

The author considers the motion of a simplex of dimension 
r in the n-dimensional space. When x; (¢=0, ---, 7) are its 
vertices, any point of the simplex can be expressed as 
x= Dod (DAs=1, 4:0). If L; and L are the arc lengths 
of x; and x it can be shown that L=>-A,L,. The equality 
holds good when and only when the velocities of x; at any 
instant are positive multiples of the same vector function: 
4;=6, where 8; are scalar functions. The author proves 
that in this case the paths of the moving points are generally 
orthogonal trajectories of the osculating planes of a certain 
curve. O. Bottema (Delft). 


Hartman, Philip. On geodesic coordinates. Amer. J. 

Math, 73, 949-954 (1951). 

In an earlier paper [same J. 72, 723-730 (1950); these 
Rev. 12, 357] the author established the possibility of 
introducing local geodesic polar coordinates of class C' on a 
surface of class C*. In the present paper, it is shown by an 
example that the transformation to these geodesic polar 
coordinates need not be of class C*. A. Fialkow. 


Hartman, Philip, and Wintner, Aurel. Gaussian curvature 
and local embedding. Amer. J. Math. 73, 876-884 
(1951). 

The authors extend earlier results on the embedding of 

surfaces in euclidean 3-space [Amer. J. Math. 72, 553-564 
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(1950); these Rev. 12, 51]. After generalizing the definition 
of the Gaussian curvature K of a surface, the following is 
proved concerning the parabolic case K=0; If a positive 
definite line element ds*=g,du‘dui (u?=u, u*=v) of class 
C’ possesses a curvature K =0 on a simply connected domain 
R, then there exist functions x =x(u, 0), y=y(u, v) of class 
C? on R such that ds*=dx*+dy*. An analogous result is 
established for the elliptic case K>0. The proof for the 
hyperbolic case K <0 is incorrect (see the following review). 
A. Fialkow (Brooklyn, N. Y.). 


Hartman, Philip, and Wintner, Aurel. On the embedding 
of hyperbolic line elements; a correction. Amer. J. 
Math. 74, 264 (1952). 

The authors state that their proofs concerning the hyper- 
bolic case K <0 in the preceding paper as well as in an earlier 
one [Amer. J. Math. 72, 553-564 (1950); these Rev. 12, 51] 
are in error. This case cannot be treated by the methods 
used in the parabolic and elliptic cases. A. Fialkow. 


Myller, A. Remarkable curves traced on a surface in a 
polar geometry. Acad. Repub. Pop. Romane. Bul. Sti. 
A. 1, 655-660 (1949). (Romanian. Russian and French 
summaries) 

This paper is concerned with curves on a surface, the 
characteristic properties of the curves depending on the 
surface and on a point P considered as invariably related to 
the surface. P is called the pole. In particular, curves are 
studied whose tangents make equal angles with the radius 
vectors to the points of contact. Also discussed are curves 
whose points, or for which the tangent planes to the sus- 
taining surface at those points, are at a constant distance 
from the pole. A theorem is proved concerning the invariance 
of the angle determined by the radius vector and the surface 
normal under the polar transformation. V. G. Grove. 


Myller, A. Developable surfaces of which the generators 
are in tangent planes to a given developable surface and 
meet a given curve. Acad. Repub. Pop. Romane. Bul. 
Sti. Ser. Mat. Fiz. Chim. 2, 91-99 (1950). (Romanian. 
Russian and French summaries) 

Let I’ be the edge of regression of a developable surface 
D, and x the tangent plane to D at a point P of D. Let C be 
any curve through P. It is proved that there exists an in- 
finity of developable surfaces d, the generator g of each 
surface d passing through P and lying in « for each point 
P of C. Any four surfaces d; are such that their generators 
g: form a constant cross ratio in each plane x. Monge proved 
that if C is an orthogonal trajectory of the planes 7, the 
generators of any two of the developables d form a constant 
angle along C. It is proved that there is a larger class of 
curves C, than the orthogonal trajectories for which Monge’s 
theorem holds. These curves C, form a family depending 
linearly on one parameter. V. G. Grove. 


Bhattacharya, P. B. Curves on the surface of reference 
whose normal plane at any point contains the ray of the 
congruence through that point. Ganita 1, 23-29 (1950). 
The author obtains the differential equation of the family 

of «1 curves referred to in the title. By straightforward 

methods, the curvature, torsion, union curvature and union 
torsion of a curve of the family are calculated. 
A. Fialkow (Brooklyn, N. Y.). 


684 MATHEMATICAL REVIEWS 


Srinivasiengar, C. N. A property of scrolls. Math. Stu- 

dent 19, 44-46 (1951). 

Pour une surface réglée quelconque R |’auteur établit la 
proposition suivante: La courbure géodésique 1/7 d'une 
trajectoire orthogonale quelconque des génératrices rec- 
tilignes en l'un quelconque P de ses points, est égale au 
produit de la torsion asymptotique en P par la tangente de 
l'angle que font les plans tangents 4 R en P et au point 
central de la génératrice correspondante. I] montre que, 
sur une génératrice, 1/y est extrémum en deux points 
(pdles) symétriques par rapport au point central et distants 
de p (paramétre de distribution), et que sa valeur aux pdles 
est égale a la torsion asymptotique en ces points. Pour une 
surface quelconque (non nécessairement réglée) rapportée a 
une famille de géodésiques et leurs trajectoires orthogonales, 
il est établi que le long d’une géodésique de la famille con- 
sidérée, les extrémums de la courbure géodésique des tra- 
jectoires orthogonales sont égaux a la torsion asymptotique 
aux points correspondants. 

P. Vincensini (Marseille). 


Goldsmith, N. A. Differential invariants of ruled surfaces 
belonging to one special linear complex. Duke Math. J. 
18, 831-836 (1951). 

Given a ruled surface S, its corresponding Frenet formulae 
may be expressed by means of six linear complexes and three 
curvatures K,, K,, K; [V. Hlavaty, Differentielle Linienge- 
ometrie, Noordhoff, Groningen, 1945, pp. 65-100; these Rev. 
8, 346]. These curvatures master the theory of ruled sur- 
faces and (roughly speaking) the annihilation of one, two or 
of all three of them is a necessary and sufficient condition 
for S to belong to a linear complex, to a linear congruence, 
or to be a regulus. However, the Frenet formulae and the 
corresponding geometrical interpretations have been derived 
by the reviewer under the assumption that S does not belong 
to a special linear complex. The author of the present paper 
extends these results also for this case. His method is based 
on a detailed investigation of the matrix M used by the 
reviewer. This enables him also to describe S (by means of 
the curvatures and the aforementioned linear complexes) 
in the case of S belonging to a parabolic linear congruence 
(K,=K,=0, K:#0). This result is especially important 
because it constitutes a complete analogy to the degenerate 
case K,=0, K,+0 for a solid curve in three space which is 
usually overlooked in textbooks on classical differential 
geometry (so that the famous Enneper theorem leads 
seemingly to a contradiction). V. Hlavat. 


Decuyper, Marcel. Sur une propriété de la suite de Laplace 
périodique, de période 4. C. R. Acad. Sci. Paris 234, 
697-699 (1952). 

Let there be given a conjugate net M,(u, v). Let a; be the 
axis of M;, and r; its ray. The purpose of this paper is to 
find a second net M;(u, v) whose axis a; and ray r; coincide 
respectively with a, and r; at each of the points of M,; and 
M,,. Let r; intersect the tangents to the curves u=const., 
v=const. on the sustaining surface of M, in the respective 
points Mo, M;. The net M, generates a periodic sequence of 
Laplace of period four, Mo, Mi, M2, M; being the nets of the 
sequence. Such a configuration depends upon six functions of 
a single variable. The axis a» and the ray ry of Mo are respec- 
tively the ray r; and axis a; of M;. The congruences gener- 
ated by each of these lines are W congruences. 

V. E. Grove (East Lansing, Mich.). 





Gheorghiev, Gh. On the study of nets on a surface. 
Acad. Repub. Pop. Romfne. Bul. Sti. A. 1, 189-196 
(1949). (Romanian. Russian and French summaries) 
A study of nets on a surface is made using the geodesic 

curvatures of the curves of a net, the normal curvatures of 

the sustaining surface in the directions of the tangents to 
the curves, the angle between the tangents and a so called 
angle of parallelism due to Mayer [C. R. Acad. Sci. Paris 

178, 1954-1956 (1924) ]. V. G. Grove. 


Gheorghiev, Gh. On Dini nets. Acad. Repub. Pop. 
Romane. Bul. Sti. Ser. Mat. Fiz. Chim. 2, 17-20 (1950). 
(Romanian. Russian and French summaries) 

This paper considers on a surface S$ a net D such that the 
components of the metric tensor are g11 = ¢/f, £12 = — Gue/f’, 
&22= ¢,/f, wherein f= f(U+V), U and V being respectively 
functions of u and » alone. Among these nets appear the 
nets of Tchebycheff, and others as well as isothermic nets. 
The following theorem is demonstrated. Let C, and C; be 
two curves on S and D,, D; the developables enveloped by 
the tangent planes to S along Ci, C2 respectively. Let C,’, 
C,’ be the locus of the adjoint points which correspond to 
the family of curves C; along C,, and to the curves C, along 
C; respectively. This system C,, C2, Ci’, C2’ of four curves 
completely determines the net D. V. G. Grove. 


Gheorghiev, Gh. On congruences of spheres. I. The 
correspondence of nets on the surface of centers and the 
nappes of the envelope. Acad. Repub. Pop. Romane. 
Bul. Sti. Ser. Mat. Fiz. Chim. 2, 33-42 (1950). (Ro- 
manian. Russian and French summaries) 

General formulas for the study of congruences of spheres 
are developed. These formulas establish the correspondence 
between the intrinsic elements of the nets on the locus S of 
the centers of the spheres of the congruence, and those on 
the focal sheets S,, S:. These formulas are shown to remain 
valid for the general case of the correspondence between 
surfaces having intersecting normals, S being replaced by 
the locus of this point of intersection. In particular there are 
studied congruences for which the nets on S;, S; have inter- 
secting corresponding tangents. In this case the correspond- 
ing tangents are respectively orthogonal to the tangential 
components of the instantaneous axis of rotation of the 
trihedrons associated with the curves of the corresponding 
net on S. In particular, if such nets on S;, S; have curves 
along whose tangents their normal curvatures are equal to 
—1/R, R being the radius of the spheres of the congruence, 
then on S the corresponding net is the asymptotic net. 

V. G. Grove (East Lansing, Mich.). 


Marcus, F. On the transformation 7 of congruences. 

Ann. of Math. (2) 54, 552-553 (1951). 

It is proved that the so called asymptotic type of the 
transformation T of congruences described by the reviewer 
[same Ann. 43, 623-633 (1942); these Rev. 4, 53] does not 
exist. The strong restrictions imposed on the congruence 
imply that the focal surfaces degenerate into curves. 

V. G. Grove (East Lansing, Mich.). 


Marcus, F. Sur les couples de surfaces transformées par 
congruences et projectivement applicables. Acad. Re- 
pub. Pop. Rom&ne. Bul. Sti. A. 1, 555-568 (1949). 
(Romanian, Russian, and French) 

A study is made of congruences of lines whose focal sur- 
faces are projectively applicable. The notations used are 
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those of Fubini [Ann. of Math. (2) 41, 356-364 (1940); 
these Rev. 1, 271]. It is found that the focal surfaces are 
necessarily R surfaces, and the congruences sought are 
necessarily W. Finally assuming one focal surface is an R 
surface, a set of equations for finding the second is derived. 
Solutions are exhibited for these equations, proving the 
existence of congruences of the type sought. 
V. G. Grove (East Lansing, Mich.). 


Rozet, O. Sur les congruences non W de droites. Col- 
loque de Géométrie Différentielle, Louvain, 1951, pp. 
205-215. Georges Thone, Liége; Masson & Cie., Paris, 
1951. 350 Belgian francs; 2450 French francs. 

A study is made of non-W-congruences by means of the 
image J of the generator 7 on the hyperquadric of Klein 
in Ss. One of the focal surfaces S of the congruence is re- 
ferred to its asymptotic curves (u, v). On a surface in hyper- 
space two one-parameter families of curves are said to form 
a conjugate net of the second kind if the osculating planes 
to the curves of one of the families at their intersection with 
a fixed curve of the other family touch a curve. On the 
surface (J) generated by J, the curves u=const., »=const. 
form a conjugate net of the second kind in both senses. 
These curves are said to form a hyperbolic grill. Analogous 
to the first and minus first Laplace transforms of a conjugate 
net there exists first Laplace and minus first Laplace trans- 
forms J;, J, of J. The point J; is defined as the limit of 
the intersection of the osculating planes to the curve 
u=const. on (J) at J and at a point J’ as J’ approaches 
J along that curve. J_,; is described similarly using the 
curve v=const. Conditions are found for which the variety 
(J,) described by J; reduces to a curve and that the hyper- 
bolic grill degenerate on (J) and correspond to an ordi- 
nary conjugate net on (J). A study is made of the trans- 
versal surfaces of the two-parameter family of tangents to 
the curve v=const. on (J). Conditions that such a trans- 
versal surface sustain a conjugate net composed of the 
curves “=const, v=const are found. In this case the 
asymptotic curves on the given focal surface S of the con- 
gruence correspond to a conjugate net on (J,). If the trans- 
versal surface does not sustain a conjugate net, conditions 
that the curves u=const. v=const. form a conjugate net of 
the second kind are found. Special cases are considered. In 
particular, if the given focal surface S is a ruled non- 
quadric surface then one of the surfaces described by J:, J_; 
sustains a conjugate net corresponding to the asymptotics 
of S, and the other sustains a conjugate net whose curves 
do not correspond to the asymptotic curves on S. If Sis a 
quadric, then the locus of J; and J_, sustains conjugate nets 
corresponding to the asymptotic curves on S. 

V. G. Grove (East Lansing, Mich.). 


Vincensini, Paul. Sur les réseaux et les congruences (w). 
Colloque de Géométrie Différentielle, Louvain, 1951, pp. 
71-89. Georges Thone, Liége; Masson & Cie, Paris, 
1951. 350 Belgian francs; 2450 French francs. 

An (w) net is a conjugate net the tangents to whose curves 
at all points of the sustaining surface form a constant angle 
w. Congruences are said to be (w) congruences if the focal 
planes through each of its generators form a constant angle 
w. The purpose of this paper is to study such (w) congruences 
in more detail, the study having been begun in an earlier 
paper by the author [Acta Math. 71, 145-174 (1939); these 
Rev. 1, 173]. A brief summary of the six sections of the 
paper is as follows. 
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1. Law of parallelism and orthogonality: (w) nets. The 
notion of these laws is due to Guichard. Let M be a con- 
jugate net defined by an equation EZ of Laplace. A net N 
is said to be parallel to M, if the tangents to the curves of N 
are parallel to the corresponding curves of M. The nets NV 
parallel to M can be formed by solving the adjoint of Z. 
Two congruences are said to be parallel if they are in one-to- 
one line correspondence, corresponding lines being parallel, 
the developable of each corresponding to those of the other. 
The focal nets of such parallel congruences are parallel. It is 
said that a congruence and a conjugate net are orthogonal 
if they correspond so that to a line of the congruence corre- 
sponds the tangent plane of the sustaining surface of the 
net such that the generator of the congruence is orthogonal 
to the corresponding plane. It follows that all nets parallel 
to an (w) net are (w) nets, and all congruences parallel to an 
(w) congruence are (w) congruences, and that any congruence 
orthogonal to an (w) net is an (w) congruence. Every surface 
S sustains two (w) nets. The tangents to one of these nets 
are symmetric to those of the other with respect to the 
principal tangents of S. The lines of curvature therefore 
appear as a double (w) net. 

2. Congruences with (w) focal nets. This section derives 
the formulas necessary for the study of such congruences. 
The surface of reference for the congruence is the middle 
surface of the congruence. 

3. Properties of congruences with (w) focal nets. Such 
congruences are congruences of Ribaucour, that is the 
developables of such a congruence intersect the middle 
surface in a conjugate net with equal point invariants. If 
w=2/2, such congruences are congruences of Guichard. 
Thus there is placed in evidence a reason why congruences 
of Guichard are congruences of Ribaucour. In a generating 
surface of a congruence having (w) focal nets, a curve along 
which the total curvature of the sustaining surface is con- 
stant is one of the lines of curvature, and except for non- 
pseudo-spheres, is only one of the lines of curvature. 

4. Generalizations of nets of Voss. On one, but not both, 
of the focal nets of a congruence orthogonal to a congruence 
with (w) focal nets, the normal curvature of the surface in 
the direction of a tangent to the curves of that focal net is 
proportional to the geodesic curvature of the curve, the 
factor of proportionality being tan w. A surface of Voss is 
exhibited therefore as the special case in which w=-2/2, 
that is a surface sustaining a conjugate net formed of 
geodesics. 

5. A generalization of congruences of Ribaucour with (w) 
focal nets. Congruences are now considered for which the 
angles between the curves of the focal nets at those focal 
points are equal but not necessarily constants. 

6. General considerations concerning the application of 
Guichard’s method. The method essentially is the deter- 
mination of congruences defined in some geometrical 
manner—in consequence the Gauss equation, the Laplace 
equation and any equation resulting from the geometrical 
conditions imposed. Application is made to congruences of 
Ribaucour, the angle between whose focal planes is constant. 
Such congruences are found to be those parallel to congru- 
ences with plane mean surface, having for generating sur- 
faces W surfaces for which the ratio of their principal radii 
of normal curvature is a negative constant. 

V. G. Grove (East Lansing, Mich.). 





Vincensini, Paul. Sur les congruences de sphéres de 
Ribaucour arbitrairement déformables. C.R. Acad. Sci. 
Paris 234, 503-505 (1952). 

Let (c) be a congruence of spheres ¢. Let S be the locus 
of the center P of co, R be the radius of o and rm, r2 and 
r;', rz! the principal radii of normal curvature of the focal 
sheets = and =! of the envelope of « at corresponding points 
M, M'. The congruence (¢) is deformed by deforming S in 
the sense of Gauss. Then R and ¢@ as well as two functions 
A and B (which are functions of R, r;, r2, 71’, r2') remain the 
same functions of u and »v, the parameters to which ¢@ is 
referred. Ricci has shown that congruences of spheres of 
Ribaucour (those for which the lines of curvature on 2 and 
=' correspond) remain congruences of Ribaucour if there 
exists a relation f(r, re, r:', r2', u, 0) =O which is invariant 
under the deformation, and wherein f is not uniquely a 
function of A, B, u, v. It is the purpose of this paper to 
give a precise explicit form of the function f whose existence 
is affirmed by the theorem of Ricci. V. G. Grove. 


Haimovici, Adolf. On Finikov’s conformal geometry of 
nets. Acad. Repub. Pop. Rom4ne. Bul. Sti. Ser. Mat. 
Fiz. Chim. 2, 417-424 (1950). (Romanian. Russian 
and French summaries) 

Properties of the two sheets of the envelope of a congru- 
ence of spheres from the conformal point of view are deduced 
from a paper of Finikov. [Mat. Sbornik 2(44), 627-663 
(1937) ]. Let M and M’ be the points of contact of a gener- 
ating sphere of the congruence, and S and S’ the surfaces 
generated by them. Let F be the correspondence between M 
and M’. Then F transforms curves C,, C: of a net N of S into 
curves C,’, C2’ of a net N’ of S’. There is ordinarily a unique 
net N (and hence a unique N’) for which the tangents to 
corresponding curves under F intersect. These nets N and N’ 
are conjugate and are preserved under F. If, however, the 
spheres of the congruence are orthogonal to a sphere So, 
then S and S’ are inverses with respect to So, and N and N’ 
are indeterminate. If it be required that there exist cor- 
responding curves I;, I's, T';’, T':’, such that the tangents to 
r,, Ps’, and to Ts, T';’, intersect then the congruence depends 
on six arbitrary functions of a single variable, there being 
an infinity of such curves T;, I; but a single invariant 
net N(N’) described above. 

V. G. Grove (East Lansing, Mich.). 


Geidel’man, R.M. On the conformal differential theory of 
congruences of circles. Mat. Sbornik N.S. 29(71), 313- 
348 (1951). (Russian) 

The study of congruences of circles was initiated by 
Ribaucour and Darboux, but it became quiescent until 
Cartan’s ideas and methods of studying geometry furnished 
a means for further progress. The author of the present 
paper has made a number of significant contributions to 
the subject and the present paper contains some previously 
known as well as new results [Doklady Akad. Nauk SSSR 
66, 145-147 (1949); 70, 369-372 (1950); these Rev. 11, 53, 
540]. Pentaspherical coordinates are used throughout so 
that A; being a point and a; a sphere, the point is on the 
sphere if a,A;=0 (¢=0, 1, 2, 3, 4). Acircle is then determined 
by two spheres a and 4 and is then described by its Pliicker 
homogeneous coordinates cu =a,4,—a,4,;. If these coordi- 
nates are functions of one parameter, they determine a cyclic 
surface (cm are not independent, satisfying five Pliicker 
relations). If all the circles are tangent to a curve, the 
surface is said to be developable, the curve being the edge 








686 MATHEMATICAL REVIEWS 


of regression. If cy are functions of two parameters u ‘and », 
they form a cyclic congruence. An equation of the form 
dvu/du= (u,v) and v=) for “= 1%» determines a cyclic sur- 
face of the congruence. For any congruence there are four 
determinations of ¢ for which the cyclic surfaces are de- 
velopable and therefore four focal surfaces. It is the nature 
of these focal surfaces that characterizes the various con- 
gruences. The author associates with each circle a repére 
consisting of three mutually orthogonal unit spheres and 
two points A, A,normalized so that AA,=1. A displacement 
of such a repére is defined by a pfaffian matrix so that (chang- 
ing the author’s notation slightly) dS, = wa’ Ss (a, 8 =0, - - -,4) 
(So=A, Ss=As) we’ =4,/du+b6,'dv. It is then shown that 
the forms w,;’ and w, are independent and therefore 
Wa’ =2_°w;? +b.%w*. Thus the problem of classification of 
cyclic congruences reduces to the study of the matrices 
a,’ and 6,°. A congruence K, whose family of developable 
surfaces has its edge of regression in the focal surface (A). 
A congruence R, which is a K, with a,;*=0; its focal surface 
is orthogonal to the surfaces A and A, (this condition is 
necessary and sufficient). A congruence B, is an R, whose 
family of edges of regression are lines of curvature (wo? =0). 
It has a double family of canal surfaces. A congruence K 
whose focal surfaces (A) and (A,4) are distinct canal surfaces 
and a congruence R which is the cyclic congruence of 
Ribaucour. The last congruence considered, I’, is one whose 
circles are tangent to a family of lines of curvature of the 
focal surface (A). M.S. Knebelman (Pullman, Wash.). 


(Backés,F. La méthode du pentasphére oblique mobile et 

ses applications. Colloque de Géométrie Différentielle, 

Louvain, 1951, pp. 183-190. Georges Thone, Liége; 

Masson & Cie., Paris, 1951. 350 Belgian francs; 2450 

4 French francs. 

Backés, F. La méthode du pentasphére oblique mobile 
et quelques-unes de ses applications. Acad. Roy. 
Belgique. Cl. Sci. Mém. Coll. in 8°. (2) 26, no. 1613, 

| 87 pp. (1951). 

The first of these papers appears in more detail in the 
second. The latter is composed of three parts. The first part 
is concerned with an exposition of oblique pentaspherical 
coordinates, the surfaces of reference being five spheres not 
necessarily orthogonal instead of three oblique or mutually 
orthogonal planes. The formulas developed in the first part 
are used in the second which is devoted to oblique moving 
pentaspherical coordinate systems. Such systems received 
some attention from Demoulin [Mém. Soc. Roy. Sci. Liége 
(3) 11, no. 1 (1921) ]. The formulas for the oblique case are 
not quite as simple as in the orthogonal case; in particular, 
the matrix of rotations is skew symmetric in the case of 
Demoulin, but not in the system under discussion. In the 
third part of the paper certain applications are made. 
Among these is a generalization of the notion of cyclic con- 
gruences of spheres. Cycles of four and five spheres are 
considered. Another application is to families of circles 
possessing spheres as focal surfaces. Some of the results 
have been published in articles in C. R. Acad. Sci. Paris 
230, 1252-1253, 1569-1571; 231, 106-108 [these Rev. 11, 
687; 12, 130, 51] as well as the first of the papers under 
review. V. G. Grove (East Lansing, Mich.). 





Blaschke, Wilhelm. Sulla geometria dei tessuti. Mate- 
matiche, Catania 6, 56-66 (1951). 
Lecture given at the University of Catania in April, 1951. 
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Simonart, Fernand. Le théoréme fondamental de la 
géométrie textile. Colloque de Géométrie Différentielle, 
Louvain, 1951, pp. 167-174. Georges Thone, Liége; 
Masson & Cie., Paris, 1951. 350 Belgian francs; 2450 
French francs. 

This paper deals with the principal theorem on hexagonal 
webs [cf. Blaschke and Bol, Geometrie der Gewebe . . . , 
Springer, Berlin, 1938, p. 10]. Its first half is expository. 
The second half contains modifications of Thomsen’s 
original proof. They make it possible to weaken his differ- 
entiability assumptions. As the author points out himself, 
Blaschke’s proof needs no differentiability assumptions 
whatsoever. P. Scherk (Saskatoon, Sask.). 


Tuganov,N.G. Onsome triple systems of surfaces. Dok- 
lady Akad. Nauk SSSR (N.S.) 81, 745-748 (1951). 
(Russian) 

In a number of previous papers the author studied affine 
basic lines on surfaces [same Doklady 57, 327-330; 58, 
1911-1914 (1947); these Rev. 9, 201, 378]; in this note he 
considers the problem of triple systems of surfaces inter- 
secting in affine basic lines. It is shown that there are two 
types of such surfaces: one arising from a triply orthogonal 
system, the other whose intersections are the so-called 
umbral lines. The determination of each type of system 
depends on nine functions of two parameters. 

M. S. Knebelman (Pullman, Wash.). 


Blank, Ya. P. Affine-parallel surfaces (a remark on the 
paper of D. Z. Gordevskii). Zapiski Nautno-Issled. Inst. 
Mat. Meh. Har’kov. Mat. Ob&é. (4) 19, 151-152 (1948). 
(Russian) 

A brief and simple derivation of two fundamental rela- 
tions for affine parallel surfaces which were obtained 
earlier with considerable labor [same Zapiski 19, 121-140 
(1948); these Rev. 12, 357]. M. S. Knebelman. 


Hlavatf, Vaclav. Spinor space and line geometry. I. 

Canadian J. Math. 3, 442-459 (1951). 

Veblen and others have shown that ordinary spinor space 
may be looked upon from the point of view of projective 
three-dimensional geometry. This paper deals with the same 
subject. The most important paper of Veblen was unknown 
to the author [Proc. Nat. Acad. Sci. U. S. A. 19, 503-517 
(1933) }. J. A. Schouten (Epe). 


Brauner, Heinrich. Orthogonalsysteme von Riemannschen 
Hyperflachen der Klasse 1. Anz. Oster. Akad. Wiss. 
Math.-Nat. KI]. 1951, 29-36 (1951). 

This paper considers properties of a set of »+1 mutually 
orthogonal hypersurfaces imbedded in a Euclidean Ray4:. 
Among the results proved are: A hypersurface can be im- 
bedded in an orthogonal system if its first and second funda- 
mental forms can be simultaneously reduced to sums of 
squares on the whole surface. Such a surface is called a 
“normal” hypersurface. Every hypersurface of constant 
curvature is normal. Other than spaces of constant curva- 
ture no Einstein space is normal. Every surface of revolution 
and every tube is normal. C. B. Allendoerfer. 


Sorace, Orzaio. Trasporti rigidi su di una varieta rie- 
manniana tridimensionale. Atti Accad. Gioenia Catania 
(6) 7, 55-73 (1951). 

Pia Nalli [Rend. Circolo Mat. Palermo 61, 314-338 

(1937) ] found necessary and sufficient conditions that a rigid 

motion be of a particular type which is the most general on 
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a surface. These conditions have been expressed by means 
of an equation E relating some determinants. The author of 
this paper finds by means of a straightforward computation 
eighty necessary and sufficient conditions so that the equa- 
tion E hold for any line whatsoever along which the motion 


takes place. V. Hlavat$ (Bloomington, Ind.). 
Muté, Yosio. Some properties of a Riemannian space 
admitting a simply transitive group of translations. 


Téhoku Math. J. (2) 2, 205-213 (1951). 

Given an n-dimensional manifold in which a simply transi- 
tive group of point transformations is defined, the author 
seeks the Riemannian metrics (tacitly assumed to be defi- 
nite) with respect to which the group is a group of transla- 
tions (=motions with geodesic trajectories). The points 
considered are: existence of a metric, its uniqueness, de- 
composability of the space, existence of larger groups of 
motions. By identifying the manifold with group-space, the 
author could have simplified the problem to the equivalent 
question, which group-spaces have a Riemannian geometry. 
Most of the theorems are then well-known properties of 
group-space, or can easily be derived from them. For in- 
stance, the group of translations is then the first parameter- 
group, and the larger group of motions found by the author 
is generated by the first and second parameter-group. 

A. Nijenhuis (Amsterdam). 


Kawaguchi, Michiaki. On the theory of conformal trans- 
formations between two rheonomic spaces. Proc. Japan 
Acad. 25, no. 7, 11-18 (1949). 

A rheonomic space of coordinates x‘ was defined by the 
reviewer [Prace Mat.-Fiz. 40, 97-142 (1932)] as having a 
ds? = a,,dx*dxi+2a dx‘dt+-Adt with coefficients depending 
on x, t. Tensors are strong if covariant under transformations 
xix = fi(x, t). ixt=dx'—aidt, du* =du* +I" ;u‘dxi+T Pu‘dt 
([™,; are Christoffel symbols, 20° a=0a%+0,0,.—a,), 
2Wi;=80i;—Vjai—Via; are strong tensors. If Wi;;=0, the 
space does not stretch; if, moreover, A —a,ja‘'=0, the space 
is scleronomic (the dependence on ¢ is spurious). There is a 
curvature tensor consisting of a space part Ras and a space- 
time part Ragi. 

The author generalizes these and other concepts for con- 
formal transformations ds—d8 = eds where ¢ is a function of 
x, t. For instance, the tensor W;; becomes 


24 = (Wi —n- ay W)/(A — axa’) 


and its vanishing means now that the space undergoes a 
locally isotropic expansion. He then shows that 


and calls the case R.s;=0 subrheonomic (no “time curva- 
ture’”’), while the case VsW,.=0 is quasirheonomic. Then 
conformal generalizations of Ragi;, Rasi and VsWi. are de- 
rived, and their vanishing provides the necessary and suffi- 
cient conditions for conformally flat, subrheonomic, and 
quasirheonomic spaces. The induction of the corresponding 
tensors in subspaces is briefly discussed in the well familiar 
vein. A. W. Wundheiler (Chicago, IIl.). 


Ichinohe, Akira. Sur la possibilité de plonger un espace a 
connexion conforme donné dans un espace conforme. 
Téhoku Math. J. (2) 2, 193-204 (1951). 

Generalizing the classical problem of local isometric im- 
bedding of a Riemann space into an Euclidean space, the 
author studies two problems on the imbedding of a space 
E, of dimension n with a conformal connection into a 
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conformal space Cy of dimension N: (1) Imbedding of a 
general conformal connection; (2) imbedding of a normal 
conformal connection associated to a given equation of 
Monge. He proves that the first problem has a solution only 
if the torsion tensor is zero and that, if the latter condition 
is satisfied, it suffices to take N=4n(n+1)+-4m for n even 
and N=4n(n+1)+4(n—1) for n odd. Also, the second 
problem has a solution for NS4n(n+1)—1. SS. Chern. 


Levine, Jack. Motions in linearly connected two-dimen- 
sional spaces. Proc. Amer. Math. Soc. 2, 932-941 
(1951). 

In a previous paper [Ann. of Math. 52, 465-477 (1950); 
these Rev. 12, 130], the author determined all two-dimen- 
sional spaces with symmetric affine connection I‘, ad- 
mitting real continuous groups of affine collineations. These 
have been obtained by solving 
(*) XT SE eT Se, of — Pe jak oP Tad pT Siok? = 0 
for I‘, where the comma denotes partial differentiation 
with respect to the coordinates, the £* being obtained from 
Lie’s classification which gives all real continuous groups 
in two variables. 

In the paper under review, the author determines all two- 
dimensional spaces with asymmetric affine connection L‘,, 
admitting complete groups of affine motions. These are 
obtained by solving XL‘; =0 for L‘;, or what amounts to 
the same, by solving (*) and 

XD jg SD jx, ok? — 2 jnk* oD ark*, ; +2 jot" =O 

for '*, and Q*,, where I‘, and Q‘, are symmetric and skew- 

symmetric parts respectively of L‘,. The author shows that 

there are 8 possible types of the spaces admitting groups of 

affine motions, the maximum number of parameters being 4. 

He considers also the special case of spaces of absolute 

parallelism and determines all such spaces which admit 

groups of affine motions. He shows that there are 7 types of 
affine motions for a two-dimensional space with absolute 


parallelism. K. Yano (Tokyo). 

Bompiani, Enrico. Significato del tensore di torsione di una 
connessione affine. Boll. Un. Mat. Ital. (3) 6, 273-276 
(1951). 


The skew part S‘, of a general linear connection 
Lin =T +S‘ is a tensor, which the present paper uses to 
define a central affine transformation v’‘ = (6;'+ S‘,dx*)v’. 
Displacement of a vector with respect to asymmetric L can 
thus be interpreted as a central affine transformation with 
respect to S followed by parallel displacement with respect 
to symmetric I. In particular, Schouten’s semi-symmetric 
connection can be simply characterized in this manner. 


J. M. Thomas (Durham, N. C.). 


Vagner, V. V. Ternary algebraic operations in the theory 
of coordinate structures. Doklady Akad. Nauk SSSR 
(N.S.) 81, 981-984 (1951). (Russian) 

On dira que sur un ensemble A, il y a une structure 
coordonnée & l'aide de l'ensemble B, lorsqu’on s'est donné 
un sous ensemble K de l'ensemble I2t(A XB) de toutes les 
relations biunivoques entre éléments de A et éléments de B 
tel que 


U«(A)=B. 


«ek 


Ux (B) =A, 
«ex 


(Cette définition généralise évidemment la notion classique 
d’espace a m dimensions en géométrie différentielle: A a 
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alors la puissance du continu et B est un ouvert de R*.) 
Sur l'ensemble $(A X B) des relations linéaires entre éléments 
de A et éléments de B, on peut définir l’opération ternaire 
qui a ¢1, ¢2, gse(A XB) fait correspondre 


(vse2¢1) = ¢s92¢:e8(A XB). 


Cette opération ternaire posséde des propriétés intéressantes 
en soi [cf. aussi Riguet, C. R. Acad. Sci. Paris 231, 936-937 
(1950) ; ces Rev. 12, 472]. Si K est multiplicativement fermé 
pour cette opération, l’espace A est d’un type intéressant 
comprenant les espaces de Veblen-Whitehead et les espaces 
de Klein simples. Si K n’est pas multiplicativement fermé 
pour cette opération on est amené 4 definir une multiplica- 
tion ternaire multiforme permettant de définir des espaces 
de Klein non simples. J. Riguet (Paris). 


Lichnerowicz, A. Généralisations de la géométrie kihléri- 
enne globale. Colloque de Géométrie Différentielle, 
Louvain, 1951, pp. 99-122. Georges Thone, Liége; 
Masson & Cie, Paris, 1951. 350 Belgian francs; 2450 
French francs. 

Let V,, be an orientable compact Riemannian manifold 
of dimension m and of class C’ (r=3). The author supposes 
that on V,, there exists an exterior differential form F of 
degree k whose covariant derivation vanishes. To the form 
F there is then associated for each h, O=hSk, an operator 
M, which maps forms of degree p into forms of degree 
p+k—2h and which is defined by contraction of F and ¢ 
followed by skew-symmetrization. The form F generalizes 
the fundamental form of degree 2 belonging to a Kahler 
manifold, and the corresponding M; is in this case the 
Hodge-Weil operator A. 

If k=2(21+-1) and if the form F has maximal rank (that 
is, if its coefficients form a non-vanishing determinant), 
then the dimension m is even, m = 2n, and the Betti number 
of dimension 2/+1 is even. If V,, possesses g independent 
vector fields with vanishing covariant derivatives, the 
Poincaré polynomial p(t) is divisible by (¢+1)* and the 
coefficients of the quotient are equal to the numbers of the 
harmonic forms of different degrees which may be expressed 
locally in terms of m—g of the coordinates arising from a 
local reduction of the metric. More generally, if V,, is 


locally reducible the metric can be decomnc ~ such that 
ds* = gj, ;,dx"dx"+ gj, ;,dx*dx* 

(4, ji=1, +++, k; e+1, ---,h), 
and a form is said to be pure and of we , with respect 
to this decomposition if its terms are allc “he same degree 


q in dx', dx*, ---, dx*. It is then shown that every harmonic 
form is a direct sum of pure harmonic forms. 

Finally, if V,, possesses a form F of degree 2 which has 
maximal rank and vanishing covariant derivative, the au- 
thor calls V,, locally Kahler. In the terminology of Hodge, a 
form ¢ is said to be effective if Mzg=Ag=0. It is shown that 
the Hodge decomposition in terms of effective forms is valid 
for a locally Kahler manifold and therefore, in particular, 
by»), (pSn= 4m) where 5, is Betti number of dimension 
p. Furthermore, the Betti numbers of odd dimension are 
even. 

The author has pointed out that a real-analytic locally 
Kahler manifold is Kahler, and E. Calabi later observed 
that this statement is true if the manifold is not real- 
analytic. The proof is based on a result of Calabi and the 
reviewer (not yet published) concerning the integrability of 
almost complex manifolds. D. C. Spencer. 
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Yano, Kentaro. On harmonic and Killing vector fields. 

Ann. of Math. (2) 55, 38-45 (1952). 

Sur une variété riemannienne compacte orientable V,, 
l’auteur compare, par des méthodes voisines de celles de 
Bochner, de Rham et du rapporteur, certaines propriétés 
des 1-formes harmoniques et des vecteurs engendrant un 
groupe 4 1 dimension de mouvements de V, (vecteurs de 
Killing). Le résultat le plus intéressant du papier est le 
suivant: Sur V, tout groupe a 1 dimension de collinéations 
affines est nécessairement un groupe de mouvements. Dans 
une premiére partie, l’auteur établie pour tout champ de 
vecteurs ¢ la formule générale 


(*) f (Rift +V Vt! — (VE) ]dr =0 


ot R;; désigne le tenseur de Ricci. Il retrouve a partir de 
(*) les résultats de Bochner [Bull. Amer. Math. Soc. 52, 
776-797 (1946); ces Rev. 8, 230] et étudie en outre les 
groupes a 1 dimension de transformations conformes de Vp. 
Dans une seconde partie il établit que la dérivée de Lie de 
toute forme harmonique par un vecteur de Killing est nulle, 
résultat qui est en liaison avec certains résultats du rap- 
porteur [voir l’oeuvre analysé ci-dessus, pp. 109-114; C. R. 
Acad. Sci. Paris 232, 1634-1636 (1951); ces Rev. 12, 858]. 
En cherchant pour les vecteurs de Killing une caractérisa- 
tion symétrique de celle donnée par de Rham pour les 
1-formes harmoniques, il aboutit au résultat cité en téte 
de l’analyse. A. Lichnerowicz (Paris). 


Dolbeault, Pierre. Sur les formes différentielles méro- 
morphes A parties singuliéres données. C. R. Acad. Sci. 
Paris 233, 220-222 (1951). 

Let M be a compact Kahler manifold of class C*, and let 
Il,,- signify projection onto the space of forms of type (9, ¢). 
Write 
6 = Il,, +141, ra 
8=T1,_1 dll, -. 


re] = T,+1, aii, ral 
d=TI1,, .-,5II,,., 


In terms of these operators (not used by the author), 
Problem I formulated by him can be stated as follows: 
given an epidermis {U;} and in U;m U; a form F;; of type 
(p, c) satisfying AF;;=0, AdF,;=0,dF,,;=0, Pit Fat Fi:=0, 
to find in U; a form F; of type (p, ¢) satisfying AF;=0, 
A@F;=0, 6F;=0, F;—F;=Fi;. Here A is the well-known 
Hodge-Weil operator. The assumptions concerning the F;; 
imply that AF,;=0 for 0=(Ad—aA) = — V—10F;; and there- 
fore AF,;=2(86+68)F,;=0. This observation is not men- 
tioned, but the reviewer remarks that the author’s Theorem 








I follows readily from it. In fact, by a remark of A. Weil 
there exist y; of type (p, ¢) defined respectively in the U; 
such that ¥;—y,;= F,;; in Us U; and, by a decomposition 
of Hodge, we may assume that Ay;=0. Let Q be the form 
on M which is equal to Ay; in U;, and let G;=~;—GQ where 
G is the de Rham Green's operator. Then G; is of type 
(p, ¢), AG;=0, G;—G;= Fi; in Us U;, and AG; is harmonic. 
Let A be the form on M of type (p, ¢+1) which is equal 
to dG; in U;. By the same Hodge decomposition we have 
8G;=w A0+7; where w is the 2-form of type (1,1) whose 
closure expresses the Kahler property and where @ is of 
type (p,¢—1), 7; of type (p+1,¢), Ars=0. Therefore 
dG;=+0 Aoe+7; in which each of the three terms is har- 
monic, as stated by the author. 

Now assume that ¢=0, in which case the F,; and F; are 
holomorphic. Since @=0, Problem I is solvable if and only 
if \=0 (Theorem I). The data define a principal fiber 
bundle E whose base consists of the holomorphic p-vectors 
tangent to M and whose fiber is the additive group of com- 
plex numbers. Problem I is equivalent to the determination 
of a holomorphic cross-section which is linear with respect 
to the p-vectors at each point, and it is stated that two 
bundles E associated with the same form \ are isomorphic. 

The harmonic form A of type (p, «) being given, the author 
asserts that there exists a form ©; in U; of type (p, ) such 
that d@;=d| U;. If the Kahler metric is real analytic, this 
result can be derived from local power series considerations; 
if the metric is only of class C*, the existence of a @,, 
satisfying these conditions would be a result of considerable 
interest. (Since the author nowhere states the assumption 
concerning the Kahler metric, the reviewer is unable to 
decide the significance of this result.) On the basis of these 
considerations, the author is led to the following theorem 
(Theorem 2) : there exists a one-one correspondence between 
the harmonic forms \ of M and the classes of principal fiber 
bundles Z and in each class there exists an E defined by 
closed F;;. 

Problem II: given in Uj; U; a closed holomorphic p-form 
wij, Wy+wpn+orn=0, to find in U; a closed holomorphic 
p-form w; such that w;—;=,;. Since Ui U; is a cell, there 
exists a holomorphic (p—1)-form fi; such that dfjj=wi,j. 
Then Cie = fis+fia+Sfei is a closed holomorphic (p—1)-form 
which defines a 2-cocycle of the nerve of {U;} relative to 
the “faisceau”’ F of the closed holomorphic (p—1)-forms. 
This cocycle defines a cohomology class c of M relative to F 
and (Theorem 3) Problem II is soluble if and only if c=0. 

Applications to meromorphic differential forms of the 
second kind are stated. D. C. Spencer. 


NUMERICAL AND GRAPHICAL METHODS 


¥=*Circular and hyperbolic functions. Exponential and sine 
and cosine integrals. Factorial function and allied func- 
tions. Hermitian probability functions. British Asso- 
ciation for the Advancement of Science. Mathematical 
Tables, vol. I. Prepared by the Committee for the 
Calculation of Mathematical Tables. 3d ed. Cam- 
bridge, at the University Press, 1951. xl+72pp. $3.50. 
“The tables are printed, without alteration, from the 
stereotype plates that were used for the second edition” 
[1946; cf. these Rev. 7, 337]. “With regard to the prelimi- 
nary matter, the introduction to the first edition, 1931, 
which was omitted from the second edition is now restored 
with minor alterations; . . . a few constants and the first 
twelve Bernoullian numbers have been added.” 
From the preface. 








*Dolanskf, Ladislav, and Dolansky, Marie P. Table of 


' 1 
Og:—, 
*p 





i 1 

“| Neg and +] e—t+ 1-— - loge . 
ple. plogs ++ (1 —P) logs 

Research Laboratory of Electronics, Massachusetts Insti- 

tute of Technology, Tech. Rep. No. 227, i+23 pp. (1 

plate). (1952). 

These functions are tabulated to 6D for p =001(.001).999. 
The symbols denote logarithms to the base 2. Apparently 
the table was constructed using the 8D tables of natural 
logarithms of integers of H. G. Kéhler [Logarithmisch- 
trigonometrisches Handbuch, Tauchnitz, Leipzig, 1855] 
(using a wrongly rounded value of log, 2). The values ob- 
tained were not rounded. The functions tabulated occur in 
information theory and thermodynamics. J. Todd. 
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Ling, Chih-Bing. Tables of values of the integrals 


f ginh? x” and f cok? a” 


J. Math. Physics 31, 58-62 (1952). 
Let k=k(m, p) =2-°p™*"/(m!). Let 





I=I(m, p)=rf x™ cosech? xdx. 
0 


Let J=J(m, p) =kfo"x™ sech? xdx. Values of I to 5D are 
given for m=1(1)8, p=1(1)m and for m=9(1)15, p=1(1)8. 
Values of J to about 5D are given for m=0(1)15, p=1(1)8. 
Values of k— to 6S are given for m=0(1)15, p=1(1)8. The 
computation of J and J was based on their expression in 
terms of certain sums of inverse powers of integers, the 
values of which have been tabulated by J. W. L. Glaisher 
[Quart. J. Pure Appl. Math. 45, 141-158 (1914); Messenger 
of Math. 42, 35-49 (1912) ]. Recurrence relations satisfied 


by J and J are given; they were used in part of the computa- 


tion. These integrals arise in certain plane problems in 
elasticity. J. Todd (Washington, D. C.). 


Diemer, G., and Dijkgraaf, H. Langmuir’s ¢, 7 tables for 
the exponential region of the /,—V, characteristic. 
Philips Research Rep. 7, 45-53 (1952). 

This is an extension of the tabulation of fy"[_f(x) +7*]}-"""dx 
where f(x) =e*(1+erf x”) —(14+22-*x""), 0OS7°310* and 
10-*==60, the intervals vary and there are gaps in the 
tables. Previously Freeman [J. Research Nat. Bur. Stand- 
ards 42, 75-88 (1949)] tabulated the same function for 
y°=20 and 7=20. The two tables overlap and there are 
discrepancies in the overlapping parts. A. Erdélyi. 


Hagen, G. B. Wher iterierte Integration von Bessel- 
Funktionen. Z. Angew. Math. Mech. 32, 27-30 (1952). 
The author describes the recursive computation of re- 

peated integrals of Jo(x), J,(x), x*Ji(x), and gives a short 

table (for x =0(.2)15(1)24; 4D) of fo7Jo(t)de. 
A. Erdélyi (Pasadena, Calif.). 


Hammersley, J. M. On a certain type of integral associ- 
ated with circular cylinders. Proc. Roy. Soc. London. 
Ser. A. 210, 98-110 (1951). 

If a source of radiation is uniformly distributed through- 
out a cylindrical rod or disk, the total amount absorbed by 
the rod or disk itself is expressible as an integral of the form 
JS f(s)o(s)ds, where s is the distance between two variable 
points, f(s) is a distribution function which expresses the 
frequency with which two points in the cylinder occur at 
distance s apart, and ¢(s) represents the empirical law of 
absorption. The frequency function f(s) can be found in 
terms of the geometry alone and is independent of $(s). The 
author gives various properties of f(s). In particular, if 
the cylinder has unit diameter and length c>1, then 
f(s) =c"g(s)+c*h(s), where g(s) and h(s) are expressible in 
terms of elliptic integrals and elementary functions. Tables 
of g(s) and A(s) are given for s=0.00(.01)2.00(.05)3.00 
(.25)10.00. P. W. Ketchum (Urbana, IIl.). 


Bilharz, Herbert. Uber die Gausssche Methode zur an- 
geniherten Berechnung bestimmter Integrale. Math. 
Nachr. 6, 171-192 (1951). 

The author studies the remainder term R,, of the me- 
chanical quadrature formula of Gauss: 


f fladx=SDefle,)+Re 
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where x, are the roots of the Legendre polynomial of degree 
m (adjusted to the interval 0,1) and g, the associated 
Christoffel numbers. Two representations of R,, are obtained 
involving higher derivatives of f(x) of order =2m. The first 
formula has the following character: 


r—l 


Em, m+2p Om, m+2r 

= —_—_—__—__P f (2m+29) ——— Y(n). 
= = mt? Geta 
Here Vf(x)=4[f(x)+/f(x+1)] and the numbers ¢,,, are 
defined by means of the Euler polynomials; 0<7<1. 
Another formula of similar structure involves certain num- 
bers },,, related to the Bernoulli polynomials. Numerous 
relations for the numbers é,,, and b,,, are discussed. Nu- 
merical tables are also given. G. Szegé. 


Bellman, Richard. On approximate expressions for the 
exponential integral and the error function. J. Math. 
Physics 30, 226-231 (1952). 

La formule asymptotique 


£9) = fO)y7 +f" O)y*+- 
+f-Oy*+y> f “ef (x)de 


peut étre remplacée par une formule meilleure obtenu en 
conduisant autrement les intégrations par parties. L’auteur 
se limite pratiquement a fy*e~*¥(1+x)—dx et obtient 


“cw R,(y) n! 
f =e) < 

o 1+x Qa(y)| ~ 22m thyntt 
Les expressions de R,(y) et Q,(y) sont données explicite- 
ment. , J. Kuntzmann (Grenoble). 








Kantorovité, L. V. On special methods of numerical inte- 
gration of even and odd functions. Trudy Mat. Inst. 
Steklov. 28, 3-25 (1949). (Russian) 

By using the Gauss quadrature formula for the interval 
—1 to 1, the integral of an even (odd) function for the inter- 
val 0 to 1 is expressed as a sum of m weighted ordinates 
which is exact for even (odd) polynomials of degree 
=4n—2 (=4n—1). The Cotes formula is treated similarly. 
The Gauss formula thus modified and applied to the integral 
from 0 to x of an odd function of period 2x gives a series of 
n abscissas and corresponding weights which is exact for 
odd trigonometric polynomials of degree =2n. It is shown 
that the trapezoidal rule for the interval 0 to x with n+1 
ordinates is exact for even trigonometric polynomials of 
period 2r and degree =2m—1. Tables and examples are 
given, and the error term discussed. Application is made to 
(1) the elliptic integral of the third kind, (2) multiple inte- 
grals of an arbitrary position function over the unit circle 
or unit sphere, and (3) integral equations with kernel satis- 
fying various parity conditions. R. Church. 


Godwin, H. J. A method for the evaluation of 


f “(cm f "exp (—4)ar) "ae, 


Quart. J. Mech. Appl. Math. 5, 109-115 (1952). 
L'intégrale du titre est evaluée par développement en 
série (avec terme complémentaire). Valeurs numériques 
pour »=1(1)20, m=0, 1(10D); m=2(9D). Coefficients per- 
mettant de poursuivre le calcul des J,., J:,2, et Ian. 
J. Kuntsmann (Grenoble). 
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Hartley, H. O. The fitting of polynomials to equidistant 
data ore missing values. Biometrika 38, 410-413 
(1951). 

The usual orthogonal polynomial tables can be used for 
equally spaced observations even when some observations 
are missing. The author derives an iterative procedure and 
illustrates it for »=9 with two missing observations. Un- 
fortunately he does not furnish a method of obtaining the 
standard errors of the estimated regression coefficients. 

R. L. Anderson (Raleigh, N. C.). 


Kosambi, D. D., and Raghavachari,S. Seasonal variation 
in the Indian birth-rate. Ann. Eugenics 16, 165-192 
(1951). 

Pages 184-187 discuss functions which are orthonormal 
over a discrete set of points and their use in curve-fitting, 
with particular reference to trigonometric functions and the 
problem of fitting data composed of a periodic and a secular 
component. [Functions orthonormal over a discrete set of 
points are orthonormal with respect to a step function, and 
are discussed e.g. in Szegé, Orthogonal polynomials, Amer. 
Math. Soc. Colloquium Publ., vol. 23, New York, 1939; 
these Rev. 1, 14. However, the facts about interpolating 
functions which follow from this approach, while known, are 
not well known even among mathematicians. ] 

R. P. Boas, Jr. (Evanston, Ill.). 


Karamata, Jovan. Sur interprétation géométrique de M. 
Milankovié relative aux séries géométriques. Srpska 
Akad. Nauka. Zbornik Radova, Knj. 7, Matematitki 
Institut, Knj. 1, 125-134 (1951). (Serbo-Croatian. 
French summary) 

M. Milankovitch [Z. Math. Naturwiss. Unterricht 40, 
329 (1909)] gave a graphical representation of geometric 
series illustrating the divergence or convergence of the series 
and, in the latter case, exhibiting the sum of the series. The 
author modifies and generalizes this representation. In 
simple cases his picture yields also some information on the 
rate of convergence. A. Dvoretzky (Jerusalem). 


Peltier, Jean. Résolution numérique compléte d’une équa- 
tion algébrique quelconque. C. R. Acad. Sci. Paris 234, 
399-401 (1952). 

In this paper a method for the solution of the equation 
(1) f(x) => t-oax*-*=0 is given. The method depends on 
the expression of (1) in the form []J.1.(x*—Sj«+P,;) =0, 
where, if m is odd, one replaces (1) by xf(x) =0. 

E. Frank (Chicago, IIl.). 


Brooker, R. A. The solution of algebraic equations on the 
EDSAC. Proc. Cambridge Philos. Soc. 48, 255-270 
(1952). 

In this report the author describes the experiences of the 
EDSAC group with the Bernoulli, root-squaring, and 
Newton-Raphson methods. Their conclusion is that for the 
EDSAC the Newton-Raphson method has proved the most 
useful. The bases for this conclusion are carefully given. 

R. Hamming (Murray Hill, N. J.). 


Bonneau, E., et Janin,R. Calcul des racines complexes des 
équations algébriques de degré élevé a coefficients réels 
ou complexes. Mécanisation de la méthode sur ma- 
chines 4 cartes perforées. Recherche Aéronautique no. 
25, 39-54 (1952). 

In this joint paper Bonneau describes a modification of 

Graeffe’s root-squaring method which gives both the modulus 
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and the real parts of the roots. The convergence is also 
discussed carefully. Janin describes how such calculations 
were carried out on punched card equipment and gives 
estimates of the time required to get the solutions for various 
cases. R. Hamming (Murray Hill, N. J.). 


*Semendiaev, K. A. The determination of latent roots 
and invariant manifolds of matrices by means of itera- 
tions. U.S. Department of Commerce, National Bureau 
of Standards, Washington, D. C., NBS Rep. 1402. 
i+59 pp. (1952). 

Translated from Akad. Nauk SSSR. Prikl. Mat. Meh. 7, 

193-222 (1943); these Rev. 6, 51. 


Temple, G. The accuracy of Rayleigh’s method of calcu- 

lating the natural frequencies of vibrating 

Proc. Roy. Soc. London. Ser. A. 211, 204-224 (1952). 

This paper considers the computation of the eigenvalues 
of finite-dimensional real symmetric matrices to determine 
the oscillation frequencies of generalized dynamical systems. 
The technique developed here is an extension of that of T. 
Kato [J. Phys. Soc. Japan 4, 334-339 (1949); these Rev. 
12, 447]. Kato’s basic inequality is (Tu—au, Tu—fu)=0, 
which is obvious from the spectral theorem if T is a self- 
adjoint operator on a Hilbert space X, ueX, such that no 
of a<A<6 is in the spectrum of 7. The author is not 
properly precise in his last paragraph in discussing the 
transition from the finite-dimensional situation he has con- 
sidered throughout the bulk of the paper to the infinite- 
dimensional Hilbert space situation. F. H. Brownell. 


Roma, Maria Sofia. Sulla risoluzione numerica dei sistemi 
di equazioni algebriche lineari col metodo della orto- 
gonalizzazione. Ricerca Sci. 20, 1288-1290=Consiglio 
Naz. Ricerche. Pubbl. Ist. Appl. Calcolo no. 283 (1950). 
The author’s method of orthogonalization [same Pubbl. 

no. 189 (1947); these Rev. 10, 574] is the following 

(the notation is the reviewer's, not the author's) : For solving 

Ax =b, she finds a unit upper triangular matrix U such that 

U(C, d) =(A, 6) and the rows of C are mutually orthogonal. 

Hence CC? = D is diagonal and x = C’D~'d is readily formed. 

The present paper gives a computational layout (but the 

description of the formation of D~'d is incomplete). 

A. S. Householder (Oak Ridge, Tenn.). 


Matthieu, P. Uber die Fehlerabschitzung beim Extra- 
polationsverfahren von Adams. I. Gleichungen 1. Ord- 
nung. Z. Angew. Math. Mech. 31, 356-370 (1951). 
(German. Russian summary) 

In recent years there have appeared numerous articles 
dealing with Adams’ method for the numerical solution of 
differential equations and especially concerning the error of 
the process. The present contribution is notable in that the 
author recognizes the importance, not merely of furnishing 
a theoretical discussion of the error, but also of expressing 
the error in terms of quantities available in the course of the 
numerical computation, so that the computer can actually 
use the error estimate. This paper describes Adams’ method 
as formulated in terms of differences, and develops an error 
estimate by means of a dominating equation which requires 
no excessive additional calculation. W. E. Milne. 


Papoulis, A. On the accumulation of errors in the nu- 
merical solution of differential equations. J. Appl. Phys. 
23, 173-176 (1952). 

H. Rademacher [Proceedings of a symposium on large- 
scale digital calculating machinery, pp. 176-187, Harvard 
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Univ. Press, 1948; ces Rev. 9, 468] a donné un procédé 
d’évaluation de l'erreur dans un systéme différentiel. La 
propagation de l’erreur y est étudiée au moyen du systéme 
linéaire ‘donnant les intégrales infiniment voisines d'une 
intégrale donnée. L’auteur propose de faire cette méme 
étude a partir de l'intégration du systéme proposé avec 
plusieurs conditions initiales voisines. J. Kuntamann. 


Richter, Willy. Sur l’erreur commise dans la méthode 
d’intégration de Milne. C. R. Acad. Sci. Paris 233, 
1342-1344 (1951). 

The author investigates the error in the Milne method of 
solving differential equations numerically. The first two 
steps in this method of solution differ from the regular 
routine followed in subsequent steps. Accordingly an expres- 
sion for the error is given for the first step, for the second 
step, and then a general formula is given for the mth step. 
This last formula shows the error to be less than an expres- 
sion of the type C(1+4M-+h*M*)*—Q in which h is the 
length of the step interval and C, M, and Q are properly 
chosen constants. W. E. Milne (Corvallis, Ore.). 


Rutishauser, Heinz. Uber die Instabilitit von Methoden 
zur Integration gewdhnlicher Differentialgleichungen. 
Z. Angew. Math. Physik 3, 65-74 (1952). 

The stability of some of the methods commonly used for 
integrating ordinary differential equations is studied by 
means of the corresponding variational difference equations. 
In addition, a general form of a numerical integration 
process is examined by the same method and a sufficient 
condition and a necessary condition for stability is derived. 
For instance, the application of the Simpson rule 


y(k+1) =y(k—1) + hh y'(R+1) +4y'(k) +y'(R—-1)} 


for the solution of y’ = f(x, y) appears satisfactory when f, 
(assumed constant) is non-negative (in particular for the 
quadrature case f,=0). J. Todd (Washington, D. C.). 


Fehiberg, E. Bemerkungen zur numerischen Liésung von 
Randwertaufgaben fiir nichtlineare gewéhnliche Differ- 
entialgleichungen nach der Picardschen Iterations- 
methode. Z. Angew. Math. Mech. 32, 23-26 (1952). 
Picard’s method of iteration provides an elegant theo- 

retical solution of the two point boundary problem for the 

case of differential equations of the second order, but is 
usually impractical in operation because the required 
quadratures become too difficult. This paper gives a pro- 
cedure based on Legendre’s polynomials to get around the 
difficulty. Each step of Picard’s method requires the solution 
of an equation of the type y” = f(x) together with the satis- 
faction of the boundary conditions. Assuming f(x) to be 
expressed as a series of Legendre polynomials the author 
obtains explicit expressions for the coefficients in the expan- 

sion of y as a series of Legendre polynomials. This gives a 

numerical method for performing each step of the iteration. 

Two examples of non-linear differential equations illustrate 

the process. A short-cut for getting the coefficients in the 

first step is also shown. W. E. Milne (Corvallis, Ore.). 


Zadiraka, K. V., and Pogrebis’kii, I.B. On the application 
of S. A. Caplygin’s method of approximate integration of 
ordinary differential equations to a boundary problem. 
Dopovidi Akad. Nauk Ukrain. RSR. 1950, 95-100 (1950). 
(Ukrainian. Russian summary) 

The paper applies Caplygin’s method to the solution of a 

Sturm-Liouville boundary value problem and illustrates the 

procedure by two specific examples. W. E. Milne. 
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Frankel, Stanley P. Convergence rates of iterative treat- 
ments of partial differential equations. Math. Tables 
and Other Aids to Computation 4, 65-75 (1950). 

In this paper the convergence rates of several iterative 
methods for the numerical solution of some partial differ- 
ential equations are estimated. It is found that with the 
familiar elementary iterative methods some quite simple 
problems require prohibitive computational labour. In order 
to estimate the time required for the calculation of the 
solution, when the iteration process is to be continued until 
all errors are reduced by a factor of 10-* the author con- 
siders two special problems, the solution of the Laplace 
equation and the biharmonic equation in a square region. 
These differential equations are approximated by a differ- 
ence equation, applied at the lattice points (x = jh, y=kh) 
of this region. Here j, k=1, ---, N. The mean time required 
for each arithmetic operation is denoted by r (for electro- 
mechanical computers, e.g. punched card machines, r is 
estimated quite crudely by 10-* days, and for entirely elec- 
tronic computers r~10-* days). Several known methods 
are compared. For large values of N the asymptotic forms 
for the approximate total calculating time are: 


Laplace-Richardson 11 N*r 
Laplace-Liebmann (a= }) 5.6 N‘r 
Laplace-Liebmann (optimum a) 15 N*r 
Laplace-second order Richardson 40 N®r 
Biharmonic-Richardson 14 N*r 
Biharmonic-second order Richardson 48 N‘r 
Biharmonic-Liebmann ? 


The result is summarized by the author as follows: 

“It is thus seen that with a fairly fine mesh the calculating 
time required with the slower machines is uncomfortably 
large for the Laplace equation and prohibitive for the bi- 
harmonic equation if the normal Richardson method is used. 
Even with the faster machines the time required for the 
solution of a biharmonic equation by the methods considered 
here is uncomfortably large unless the second order Richard- 
son (or probably also the extrapolated Liebmann) method is 
used. It is clear that for many problems of interest the 
simplest iterative procedures will prove impossibly tedious 
even with the fastest automatic computers.” 

S. C. van Veen (Delft). 


*Thomas, L.H. Numerical solution of partial differential 
equations of parabolic type. Proceedings, Seminar on 
Scientific Computation, November, 1949, pp. 71-78. 
International Business Machines Corp., New York, N. Y., 
1950. 

This paper contains a brief but systematic expository 
treatment of the various problems related to the numerical 
solution of partial differential equations of parabolic type 
by finite difference methods. The three major topics covered 
are, (a) stability of the finite difference representation, (b) 
truncation errors and (c) round-off errors. Methods of 
improving stability and reducing truncation errors are 
illustrated. Although the author has confined the scope of 
the present paper to a discussion of equations of the para- 
bolic type, the techniques used are likewise applicable to 
other types of initial value problems. The reader, interested 
in the numerical solution of partial differential equations, 
will find this paper an excellent introduction to this field. 

H. Polachek (White Oak, Md.). 
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*Hamming, Richard W. Some methods of solving hyper- 
bolic and parabolic partial differential equations. Pro- 
ceedings, Computation Seminar, December 1949, pp. 
14-23. International Business Machines Corp., New 
York, N. Y., 1951. 

This paper contains a heuristic and somewhat intuitive 
discussion of the stability difficulties usually encountered in 
the numerical solution of partial differential equations by 
finite difference methods. For a more sophisticated approach 
to the same problem reference is made to the paper reviewed 
above and to a paper by O’Brien, Hyman, and Kaplan 
[J. Math. Physics 29, 223-251 (1951); these Rev. 12, 751]. 

H. Polachek (White Oak, Md.). 


‘ Osida, Isao. Graphical solution of wave equations. J. 
Phys. Soc. Japan 3, 219-222 (1948). 

Osida, Isao. On the application of graphical methods to 
the problems of heat conduction. (A study on the 
graphical integration of the partial differential equations 
of diffusion type.) J. Phys. Soc. Japan 3, 223-232 
(1948). 

Osida, Isao. Graphical treatment of mechanical and 
electrical vibrations. J. Phys. Soc. Japan 3, 232-234 
(1948). 

These papers report extensive work presented to the 
Physical Society of Japan on seven different occasions be- 
tween 1942 and 1946. In the first the finite difference equa- 
tions corresponding to the one-dimensional wave equation, 
the telegraphic equation and the two-dimensional wave 
equation are interpreted geometrically to yield practical but 
increasingly complex constructions for successively drawing 
solution curves. Ernst Schmidt’s graphic construction for 
approximate solution curves of the one-dimensional heat 
equation is given in the second paper and it is shown that in 
applying it with many steps errors do not tend to accumu- 
late. This method is extended to the one-dimensional heat 
equation with variable coefficients and to the ordinary two- 
dimensional heat equation. Finding the steady state for the 
latter is offered as a method of graphically solving Laplace’s 
equation. In the third paper a graphic construction is given 
to determine x(2r) from x(0) and x(r) for the finite difference 
equation corresponding to the one-dimensional vibration 
equation with damping and forcing. If necessary x(r) is to 
be determined from x(0) and 2(0) by a preliminary con- 
struction that is also given. Examples are shown throughout 
and in several cases comparison is made with the calculated 
solution of the corresponding differential equation. 

R. Church (Monterey, Calif.). 


Collatz, L. Zur Stabilitiit des Differenzenverfahrens bei 
der Stabschwingungsgleichung. Z. Angew. Math. Mech. 
31, 392-393 (1951). 

The numerical stability of the finite difference equation 
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(used to represent the differential equation 
Ou /dx*+ kd*u/dy* =0) 


is determined on the basis of the von Neumann method. 
[Cf. O’Brien, Hyman and Kaplan, J. Math. Physics 29, 
223-251 (1951); these Rev. 12, 751]. It is found that the 
solution is stable provided that z=}, where z=P/kh*. 

H. Polachek (White Oak, Md.). 
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Citrini, Duilio. Un’esperienza di calcolo numerico: Lo 
stramazzo a pianta circolare. Rend. Sem. Mat. Fis. 
Milano 21 (1950), 125-147 (1951). 

The “relaxation method”, suggested by Southwell for the 
approximate solution of Laplace’s and Poisson's equations 
is briefly outlined. This method has been applied to the solu- 
tion of the rather complicated problem of the flow over a 
sharp-crested weir, circular in plan. Account of this experi- 
ence of numerical calculus is given and practical conclusions 
are drawn. Author's summary. 


Thompson, A. S. Numerical computation of neutron dis- 
tribution and critical size. J. Appl. Phys. 22, 1223-1235 
(1951). 

The critical size of a nuclear reactor is calculated on the 
basis of diffusion theory. The governing system of partial 
differential equations is converted into a system of ordinary 
differential equations (by replacing some of the derivatives 
by their finite difference equivalents) which in turn is solved 
by a stepwise procedure. A detailed numerical example is 
included. H. Polachek (White Oak, Md.). 


Sura-Bura, M. R. A probability estimate of the error in 
the solution on electrical networks of a finite-difference 
equation approximating the Dirichlet problem for the. 
Laplace equation. Doklady Akad. Nauk SSSR (N.S.) 
78, 21-24 (1951). (Russian) 

The dispersion of the error in potential at a node of a 
rectangular (n+1) by (m+1) resistance network, due to 
lack of equality (dispersion o*) of the resistances, is found to 
be not greater than o*K? In [2*/? max (m, m)] where K is a 
bound for the difference of potential at any two adjacent 
nodes. It is pointed out that the solution obtained by M. L. 
Byhovskil [Izvestiya Akad. Nauk SSSR. Otd. Tehn. Nauk 
1950, 489-526; these Rev. 12, 446] for the same problem 
lacks the third factor which is necessary. Noting the oc- 
currence in the argument of the finite form of Green's func- 
tion for the rectangular domain, the result is given in a form 
said to hold for arbitrary domains and any number of vari- 
ables. Combining this with a result communicated to the 
author by A. N. Kolmogorov gives 


imal (ie) +5) | 


as an asymptotic expression for the dispersion at the point 
(x, y) within an arbitrary boundary where u is the exact 
solution. R. Church (Monterey, Calif.). 


Wagner, Carl. On the numerical evaluation of Fredholm 
integral equations with the aid of the Liouville-Neumann 
series. J. Math. Physics 30, 232-234 (1952). 

L’auteur étudie la résolution approchie de 


6 
ol) = f(x) +r f K(x, 2) 9(s)ds 


par la série de Liouville-Neumann. Il propose d’ajouter 
aprés le néme terme un terme complémentaire dont il donne 
l'expression explicite. Ce terme est obtenu en supposant que 
K(x, 2) est une fonction de z ne variant pas trop. Un ex- 
emple numérique est traité, faisant apparaitre que ce terme 
donne avec moins de travail a peu prés la méme précision 
qu'un terme supplémentaire de la série. J. Kuntsmann. 
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Truckenbrodt, E. Die Berechnung der Profilform bei vor- 
gegebener Geschwindigkeitsverteilung. Ing.-Arch. 19, 
365-377 (1951). 

A numerical method is given for the determination of an 
airfoil profile for a given velocity distribution of incom- 
pressible flow along the profile. The problem is formulated 
as a non-linear integral equation with a singular kernel 
which is replaced by a system of algebraic equations whose 
solution is to be found by iteration. The method is applied 
to a number of examples for which the solution is known and 
the results of the method are compared with the exact 
solutions. C. Saltzer (Cleveland, Ohio). 


Francini, Giuseppe. Analizzatori di fenomeni aperiodici. 

Alta Frequenza 20, 247-261 (1951). 

Si esaminano le proprieta generali di alcune apparecchia- 
ture gid esistenti per l’analisi di fenomeni aperiodici. Si 
espongono i principi sui quali si pud basare una nuova 
apparecchiatura particolarmente semplice. Si deducono le 
limitazioni e le cause di errore inerenti ai vari dispositivi. 

Author's summary. 


Winkler, Ernst H. Principle and design of a new type 
Stieltjes integrator. Rev. Sci. Instruments 22, 406-410 
(1951). 

A carefully engineered and skillfully constructed mecha- 
nism, consisting essentially of three rolling carriages with 
four pulleys and a steel tape, has been so designed that when 
pointers attached to two of the carriages follow f(x) and A(x), 
as a table on which these functions are drawn moves hori- 
zontally underneath the apparatus, the tracing point of a 
planimeter attached to the third carriage is so guided that 
the recording mechanism of the planimeter evaluates the 
integral of f(x) with respect to h(x). The fact that the move- 
ment of neither tracing point influences the movement of 
the other is an advantage over previous instruments. Ex- 
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tensive tests with h(x)=kx and f(x)=[r?—x*]}” indicate 
that accuracy of at least 0.1% can be expected when the 
curves are followed exactly. Equipment for automatically 
following the curves when they are drawn with conducting 


ink is provided. R. Church (Monterey, Calif.). 
Samal, Erwin. Elektrische Rechengeriite. Z. Verein. 
Deutsch. Ingenieure 93, 457-463 (1951). 


Macnee, A. B. Some limitations on the accuracy of elec- 
tronic differential analyzers. Proc. 1.R.E. 40, 303-308 
(1952). 


Luk’yanov, A. V. On electrolytic modelling of three- 
dimensional problems. Doklady Akad. Nauk SSSR 
(N.S.) 75, 613-615 (1950). (Russian) 

The equation div [R(x, y,z)-gradu]=0 is physically 
realized for k(x, y, z) =X, in T, and k(x, y, s) =z in T; with 
Aidu,/dn=)2du2/dn on the boundary between 7; and 7; 
by immersing an agar prepared electrolyte having the shape 
of the domain 7; and conductivity A: in a potassium chloride 
solution of conductivity \, contained in a vessel having the 
shape of 7,. Diffusion is supposed to have ceased before the 
potential distribution corresponding to the boundary con- 
ditions is applied. This is found to impose the limits 
1<),/A2<30. For the case of a sphere placed between two 
widely separated parallel planes of different potentials two 
plane sections with the equipotential surfaces are shown; 
experimental determination and calculated values are in 
close agreement. R. Church (Monterey, Calif.). 


Redshaw, S. C. A three dimensional electrical potential 
analyser. British J. Appl. Physics 2, 291-295 (1951). 


Persico, E. A new resistor network for the integration of 
Laplace’s equation. Nuovo Cimento (9) 9, 74—-89 (1952). 


RELATIVITY 


¥Jankovité, Ziatko. Prilog izgradnji mehanike (odnos 

klasitne mehanike i specijalne teorije relativnosti). [A 

Contribution to the Development of Mechanics (The 

Relation Between the Classical Mechanics and the 

Special Theory of Relativity)]. Thesis, University of 

Zagreb, 1950. 63 pp. (Serbo-Croatian. English sum- 

mary) 

The author goes back to the three original laws of motion 
in Newton's Principia and finds that, as formulated, they 
admit of a more general interpretation than Newton himself 
meant them to have. Although Newton always considered 
the mass of a body independent of its velocity, the author 
points out that an independent formulation of laws I and II 
leads to a concept of mass invariable in time, but variable 
with velocity. One could, conceivably, suppose the mass m 
to be a function of the spatial coordinates (x, y, z), of the 
velocity v, of time t, and of the direction of motion (a, 8, 7). 
The last three parameters (a, 8, y) are knocked out by law 
II which presupposes spatial isotropy, so for a mass con- 
stant with time we must have 


dt ox oy oz ov 
For this relation to be identically satisfied, it is necessary 
that 


dm Om Am Im 


— = — = —_ = — = 0), 


Ox Oy a2 at 





Since, however, in the absence of external forces #=0, we 
may conceivably have dm/dv+0 and still be in agreement 
with Newton’s Principia. From here to relativity the step is 
short. The Lorentz-Einstein transformations are shown to be 
consistent with Newton’s re-interpreted laws and the only 
extra postulate we need is the principle of relativity itself. 
We thus end with a hybrid system, in which classical 
mechanics and special relativity become two special cases 
and which, it is claimed, may have some didactic value. 

L. Jacchia (Cambridge, Mass.). 


Majorana, Quirino. Considerazioni conclusive sulla rela- 
tivita speciale. Atti Accad. Naz. Lincei. Rend. Cl. Sci. 
Fis. Mat. Nat. (8) 11, 144-150 (1951). 


Majorana, Quirino. Sulla “Trasformazione di Einstein,” 
detta di “Lorentz.” Atti Accad. Naz. Lincei. Rend. Cl. 
Sci. Fis. Mat. Nat. (8) 11, 241-246 (1951). 


Ingraham, R. L. Conformal relativity. Nederl. Akad. 
Wetensch. Proc. Ser. A. 54= Indagationes Math. 13, 315- 
317 (1951). 

This paper contains a brief outline of a variational method 
for determining a set of conformally invariant field equa- 
tions, over a four-dimensional manifold in six-dimensional 
conformal spaces. The author promises to discuss elsewhere 
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the significance of the field equations for the unitary field 
theory of gravitation, electromagnetism and the meson. 
A. H. Taub (Urbana, IIl.). 


Hill, E.L. The definition of moving coordinate systems in 
relativistic theories. Physical Rev. (2) 84, 1165-1168 
(1951). 

In relativistic theory a particle can be brought to rest 
instantaneously by a Lorentz transformation. Haantjes 
[Nederl. Akad. Wetensch., Proc. 43, 1288-1299 (1940); 
these Rev. 2, 265] and independently Hill [same Rev. 67, 


358-363 (1945); these Rev. 7, 88] proved that its accelera- . 


tion can be reduced to zero instantaneously by a conformal 
transformation. The problem is set whether this method can 
be extended to the reduction of the kinematic derivatives 
of higher order. Only one-dimensional motions are con- 
sidered. It results that the conformal group is the only group 
that can be used for uniformly accelerated motions. But the 
direct extension to motions of higher order seems to be 
impossible. Though the methods used are not sufficiently 
powerful to provide a comprehensive theory of the em- 
bedding of the conformal group in more extended groups, 
they do raise a serious question about the nature and feasi- 
bility of the process. Further progress will require a more 
detailed knowledge of the general theory of the embedding 
of the Lorentz group within larger transformation groups. 
J. A. Schouten (Epe). 


Papapetrou, A. Equations of motion in general relativity. 
Il. The coordinate condition. Proc. Phys. Soc. Sect. A. 
64, 302-310 (1951). 

[For part I see same vol., 57-75 (1951); these Rev. 12, 
546. ] In the calculation of the equations of motion from the 
field equations a coordinate condition is usually introduced 
which usually simplifies the field equations. The author, in 
the present paper, treats in some detail this coordinate con- 
dition and shows that its importance lies in the second and 
higher approximations of the field equations. Two proofs 
are given that the equations of motion to the first approxi- 
mation lead to the Newtonian equations of motion without 
making use of the coordinate condition. The remainder of 
the paper deals with the higher approximations and the role 
the coordinate condition plays at this stage. 

M. Wyman (Edmonton, Alberta). 


Papapetrou, A. Spinning test-particles in general rela- 
tivity. I. Proc. Roy. Soc. London. Ser. A. 209, 248-258 
(1951). 

This paper presents a method of obtaining equations of 
motion in general relativity theory of particles of different 
structure. The essential equations used are the conservation 
laws T,,=0. In the case of a single pole a particle moves 
along a geodetic line. In the case of a spinning particle the 
equations of motion are much more complicated. The trans- 
formation properties of the equations are discussed and their 
covariant form given. L. Infeld (Warsaw). 


Corinaldesi, E.,and Papapetrou, A. Spinning test-particles 
in general relativity. II. Proc. Roy. Soc. London. Ser. 
A. 209, 259-268 (1951). 

As an application of the equations of motion of a spinning 
particle in an external field, the authors discuss motion of 
such particles in a Schwarzschild field. To make the problem 
solvable they assume that three components of a skew- 
symmetric world tensor vanish. As a result the authors 
obtain conservation laws and discuss the significance of spin 
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for the motion of planets and deflection of light rays. So far 
as the perihelion motion and bending of light rays are con- 
cerned, the taking into account of spin gives results too 
small to be verifiable. L. Infeld (Warsaw). 


Gamba, Augusto. Una strana conseguenza delle equazioni 
della nuova teoria unitaria di Einstein. Atti Accad. Naz. 
Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (8) 10, 472-474 
(1951). 

In a letter to Nature [167, 648-649 (1951) ], G. Bandyo- 
padhyay sought to show that, in the new unified field-theory 
of Einstein, the existence of an isolated charged mass is 
impossible: only a chargeless mass or a massless charge can 
exist. The present author, remarking that Bandyopadhyay’s 
identification of the skew part of the fundamental tensor 
with the electromagnetic tensor is mistaken, takes instead 
the dual of the skew part. With this identification he finds 
that the field equations for the spherically symmetric static 
case are compatible only if the charge is zero, the solution 
then being the well-known Schwarzschild solution. Thus the 
difficulty revealed by Bandyopadhyay remains, but only in 
regard to the charge. H. S. Ruse (Leeds). 


Kursunoglu, Behram. On Einstein’s unified field theory. 
Physical Rev. (2) 82, 289-290 (1951). 
The author describes, without proof, some of the results 
he has obtained by forming approximations to Einstein's 
latest unified field theory. M. Wyman. 


Bonnor, W. B. Static spherically symmetric solutions in 
Einstein’s unified field theory. Proc. Roy. Soc. London. 
Ser. A. 209, 353-368 (1951). 

The author derives a new spherically symmetric solution 
of Einstein's unified field equations in which the components 
of the field tensor are allowed to be complex quantities. A 
discussion of the physical meaning of the various known 
solutions is also given. M. Wyman (Edmonton, Alberta). 


Bonnor, W. B. The general static spherically symmetric 
solution in Einstein’s unified field theory. Proc. Roy. 
Soc. London. Ser. A. 210, 427-434 (1952). 

The author determines the most general static spherically 
symmetric solutions of Einstein’s latest unified field equa- 
tions. By introducing appropriate boundary conditions these 
solutions are physically interpreted. The only solutions 
which seem to have physical importance are those arising 
from an electric field. M. Wyman (Edmonton, Alberta). 


Galli, M. Ottica relativistica generalizzata. Ottica (N.S.) 

5, 49-62 (1951). 

The author is concerned with the logical structure of the 
theory of the propagation of light in a vacuum, regarded 
as a dispersive medium [cf. R. W. Ditchburn, Rev. Optique 
27, 4-14 (1948); these Rev. 9, 539]. There is no question 
here of Maxwell’s equations, but only of a scalar disturbance 
given by = exp t(wt—kx); w=frequency, k= wave num- 
ber, b=w/k=phase velocity, U=dw/dk=group velocity. 
He considers three postulates: I. The principle of relativity, 
which for the purposes of this paper means invariance under 
transformations of the form 


x = (x’ +00") /(1—av*)"?, yxy’, ga’, t= (t'+a0x’)/(1—av*)"”, 
where » is the relative velocity of the reference systems and 
@ a universal constant, which may be zero (Galileo-Newton), 


positive (Lorentz), or negative (unnamed transformation). 
II. Invariance of a quadratic form ds*—c*df, where c is a 
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universal constant, not connected a priori with the velocity 
of light. III. Invariance of the functions b(w), U(w) (ex- 
pressing the dispersive character of the vacuum) with re- 
spect to motions of the luminous source. Application of these 
postulates leads to the expressions 


(*) b(w) =c(1-a?/w*)-*, U(w) =c(1ta*/w*)'”, 


and hence to the de Broglie relationship }U = c*. Here a is a 
universal constant; a=0 gives the optics of Einstein with 
no dispersion. It is noted that w has a lower bound if —a? 
occurs in (*); if +a? occurs, U exceeds c. The author dis- 
cusses the possibility of deducing Postulate III from the 
relationship bU =c*, and also the possibility of deducing the 
Lorentz transformation from Postulate III. [It appears to 
the reviewer that the argument leading to (*) could be 
shortened, because w!—kx is assumed to be an invariant 
under Lorentz transformation; hence @k?—w*=-+ta?, an 
invariant, and so b=w/k=c(1+a*/w*)"'", and U also 
follows. ] J. L. Synge (Dublin). 


Bondi, H., Gold, T., and Dirac, P. A. M. 
Aether? Nature 169, 146 (1952). 


Is there an 


Pierucci, Mariano. Eliminazione di un apparente dis- 
accordo nella determinazione del raggio dell’Universo. 
Atti Sem. Mat. Fis. Univ. Modena 4, 26-29 (1950). 


Garcia, Godofredo. Deflection of light rays—curvature of 
light in the new theory of relativity. Actas Acad. Ci. 
Lima 14, 3-6 (1951). (Spanish) 


Garcia, Godofredo. The ballistic problem in the new 
theory of relativity. Actas Acad. Ci. Lima 14, 9-14 
(1951). (Spanish) 


Garcia, Godofredo. Equation of the gravitational field in 
the new alternative theory of general relativity. Actas 
Acad. Ci. Lima 14, 15-19 (1951). (Spanish) 
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Consiglio, Alfonso. Sul moto di un corpuscolo elettrizzato 
di massa variabile con legge relativistica in un campo 
elettrico ed in un campo magnetico sovrapposti. Atti 
Accad. Gioenia Catania (6) 7, 220-234 (1951). 

The author considers the equations 


d 
ao) =e(E+vaH) [m=m//(1—v/c)], 


which define the motion of a charged particle of relativ- 
istically variable mass in an electromagnetic field (E, H), in 
the case when the electric and magnetic fields are both 
conservative (E=grad U, H=grad ¢), the magnetic field 
being superposed on the electric. He supposes that the field is 
axially symmetric [U = U(p, ), 6=$(p, 2), p= | »/(x*+y*) | }. 
Thus specialized, the equations admit an integral of areas, 
and the 3-dimensional problem reduces to a plane problem 
with forces derived from a potential, an integral of energy 
being thereby obtainable. If, further, the field (E, H) is 
symmetric about the plane z=0, motion in that plane is 
possible and is obtainable by a quadrature. Finally, the 
author obtains the complete solution of the equations of 
motion for the spherically symmetric case in which the 
potentials U, @ are both Newtonian (proportional to 1/r). 
H. S. Ruse (Leeds). 


Pignedoli, Antonio. Sul moto di un elettrone veloce in un 
campo elettrico e in un campo magnetico sovrapposti. 
Ist. Veneto Sci. Lett. Arti. Cl. Sci. Mat. Nat. 109, 59-73 
(1951). 

The author gives a complete solution of the differential 
equations of motion of an electrified particle moving, in 
accordance with the laws of special relativistic dynamics, 
in a static electromagnetic field where the electric and mag- 
netic vectors, E and H, are arbitrary constant vectors. A 
few geometrical properties of the trajectories are discussed. 

L. A. MacColl (New York, N. Y.). 


MECHANICS 


ReSetov, L. N. Friction in teeth with involute profiles. 
Akad. Nauk SSSR. Trudy Sem. Teorii MaSin i Mehaniz- 
mov 1, 70-80 (1947). (Russian) 

The “pressure pole” is the intersection of the line of 
centers with a line inclined at the friction angle to the 
common normal at the point of contact. The pressure pole 
always moves towards the pitch point. If two pairs of teeth 
are in contact, the resultant of the two reactions involved is 
determined and its intersection with the center line is the 
pressure pole. The author determines the average displace- 
ment of the center of pressure in terms of the distances 
along the path of contact covered during single-contact 
and double-contact periods, in approach and recess. The 
coefficient of efficiency is shown to be a function of this 
displacement. A. W. Wundheiler (Chicago, Ill.). 


Skuridin, M. A. The dynamics of lower pairs and the 
kinetostatics of two-link members, considering friction. 
Akad. Nauk SSSR. Trudy Sem. Teorii Ma3in i Mehaniz- 
mov 2, 55-100 (1947). (Russian) 

The systems considered are: (1) a rectangular slider 
between rectilinear guides; (2) a turning pair; (3) two rigid 
bars connected with each other and with the rest of the 
mechanism by means of three turning or sliding pairs. Play 
is assumed throughout. 





As is well known, in dry friction problems a number of 
cases must be examined if there is no initial slipping at 
some contact points; impossibility of the initial conditions, 
or indeterminacy may occur. With play present, the number 
of cases increases because various combinations of contact 
points are possible. The paper determines the cases possible 
for the three systems, and shows how to define them in terms 
of the existence of intersections of certain lines in certain 
regions. It is, unfortunately, impossible here to state any 
specific results because of their complexity and need for 
diagrams. Their general nature resembles that of the familiar 
problem of a ladder leaning against a rough wall and a rough 
floor. Cases of impossibility arise often; and the author 
favors their interpretation by Prandtl (occurrence of 
shocks). A. W. Wundheiler (Chicago, IIl.). 


Artobolevskii, I. I., Kosticin, V. T., and Raevskii,N.P. On 
a certain state of a shaft rotating in a bearing without 
lubrication and with play. Akad. Nauk SSSR. Trudy 
Sem. Teorii Ma%in i Mehanizmov 5, no. 19, 5-21 (1948). 
(Russian) 

The elementary (plane) probiem of the motion of a dry 
journal bearing is solved, taking into account sliding and 
rolling friction. The condition for purely rolling motion is 
derived. This motion was analyzed experimentally by 
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(oscillographically) recording the horizontal and vertical dis- 
placements of the shaft axis. In a certain rpm range the 
axis was found to engage in steady motion on the surface 
of a cylinder coaxial with the bearing, travelling around the 
cylinder r/(R—r) times per shaft revolution (R, r being the 
bearing and shaft radii). During this steady motion the 
shaft was purely rolling in the bearing. Outside of this range 
the axis had a wobbling motion. The range observed agrees 
fairly well with the pure rolling range computed. 
A. W. Wundheiler (Chicago, Ill.). 


Kobrinskil, A. E. On the kinetostatic calculation of 
mechanisms with passive constraints and with play. 
Akad. Nauk SSSR. Trudy Sem. Teorii Magin i Me- 
hanizmov 5, no. 20, 5-33 (1948). (Russian) 

If there is play in its kinematic pairs, a mechanism with 
passive constraints will be statically determinate. The 
author considers a double parallelogram linkage and an 
ellipsograph whose connecting rod is driven at its center by 
a crank. Because of backlash, the pair in which driving 
occurs will change, and such changes are accompanied by 
shocks. Using approximations of the first order in the 
clearances, the author determines the maximum reactions 
in the driving pairs and the velocities of the backlash mo- 
tions during the change for several relations between the 
clearances. There is also some discussion of accelerations. 
The mathematics is simple and economical. 

A. W. Wundheiler (Chicago, Ill.). 


Zinov’ev, V.A. Design of four-bar linkages for given posi- 
tions of crank and lever. Akad. Nauk SSSR. Trudy 
Sem. Teorii MaSin i Mehanizmov 7, no. 25, 69-84 (1949). 
(Russian) 

The author introduces a very minor simplification in the 
direct and exact solution of the (indeterminate) problems: 
Find four-bar linkages given (1) two pairs of simultaneous 
positions of crank and lever, (2) one position and the 
corresponding velocity of the lever. A. W. Wundheiler. 


Egorov, V.V. A graphical method for the determination of 
the positions of spatial mechanisms. Akad. Nauk SSSR. 
Trudy Sem. Teorii MaSin i Mehanizmov 7, no. 25, 5-68 
(1949). (Russian) 

The author undertakes a fundamental classification of 
spatial (lower-pair) linkages, and begins, in Assur’s tradi- 
tion, with the classification of “‘dyads”’ (two-bars, joined by 
a lower (“‘inner’’) pair, whose loose ends carry one (‘‘outer’’) 
element of a pair each). If the dyad becomes rigid when the 
loose ends are attached to fixed mating elements, it is an 
“Assur dyad” (of order zero). Because of the profusion of 
types of lower pairs (the author limits himself to eight) and 
obtains 27 Assur dyads. There are more if “floating’’ links 
(free to rotate about their own axis) are allowed. A code of 
designation is proposed. There is a tentative catalog of the 
important singular cases in which there is more freedom 
than the Griibler formula allows (e.g., three parallel sliding 
pairs), and their occurrence in mechanisms is exemplified. 

If the positions of the two outer pair-elements are given, 
the position of the inner pair is determined as the inter- 
section of two loci. This is the method of the paper. Pro- 
cedures of descriptive geometry are used without any refine- 
ment. In view of the powerful method of dual numbers [see 
F. M. Dimentberg, The determination of positions of spatial 
mechanisms, Izdat. Akad. Nauk SSSR, Moscow, 1950; 
these Rev. 12, 867], the interest in graphical methods is on 
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the wane (the author makes no mention of Dimentberg’s 
work). Questions of assembly and crank existence are dis- 


cussed in rather general terms. A. W. Wundheiler. 
Zinov’ev, V. A. Kinematic analysis of spatial four-bar 
mechanisms. Akad. Nauk SSSR. Trudy Sem. Teorii 
Ma&in i Mehanizmov 7, no. 28, 74-98 (1949). (Russian) 
The author reviews the elementary formulas of spatial 
point kinematics in spherical coordinates, and proceeds to 
apply the purely geometric ones to a linkage with two (ad- 
jacent) turning and two spherical pairs. Closure of the 
vector polygon of the links is the source of the equations. 
The method is straight-forward, pedestrian, and nonspecific. 
Later one turning pair is replaced by a helical one. The 
analysis is laborious, and no notice is taken of Dimentberg’s 
work [reference in preceding review ]. 
A. W. Wundheiler (Chicago, Ill.). 


Moroékin, Yu. F. The determination of configurations of 
mechanisms. Doklady Akad. Nauk SSSR (N.S.) 82, 
533-536 (1952). (Russian) 

A needlessly involved discussion of the trivial fact that 
the equations defining the relative positions of the members 
of a linkage can be stated in terms of the relative directional 
cosines of coordinate frames connected rigidly with the 
members. The advantages, if any, of this unfastidious ap- 
proach are not mentioned. A. W. Wundheiler. 


Tolle, O. Neue Konstruktion der Wirkungslinie des re- 
sultierenden Massenwiderstandes eines eben bewegten 
Getriebegliedes. Ing.-Arch. 19, 355-356 (1951). 
Making use of the acceleration plane [M. Tolle, Z. Verein. 

Deutsch. Ingenieure 76, 799-800 (1932) ] and the center of 

inertia, the line of application of the applied force is deter- 

mined by elementary graphical constructions. Variants of 
these constructions are shown for cases in which components 
of the accelerations of an arbitrary point and the center of 

gravity are given. M. Goldberg (Washington, D. C.). 


Tolle, O. Massenreduktion und Massendruckdrehkraft 
fiir die Schubstange eines Kurbelgetriebes. Ing.-Arch. 
19, 357-364 (1951). 

The velocities and forces of various designs of crosshead 
mechanisms are discussed. To simplify the equations, the 
reduced mass of the connecting-rod (the mass possessing the 
same kinetic energy with respect to an arbitrary point) is 
used [see M. Tolle, Regelung der Kraftmaschinen .. . , 
3rd ed., Springer, Berlin, 1921, pp. 107-119]. Various 
lengths of the connecting-rod .and the distribution of their 
masses are considered and their effects on the amplitudes of 
the harmonic components of the forces are determined alge- 
braically and graphically. M. Goldberg. 


Manarini, Mario. Sopra una omografia vettoriale che si 
presenta utile nelle applicazioni. Rend. Sem. Fac. Sci. 

Univ. Cagliari 20 (1950), 151-154 (1951). 

The author applies the linear vector function A(a, b), 


which he calls the vector dyad, defined by 
A(a, bju=(aau) ab, 


to express the moment of inertia, momentum and kinetic 
energy of a system of particles in terms of A(P—O, P—O). 
The results differ only in the notation from those expressed 
by the moment of inertia tensor. 

L. M. Milne-Thomson (Greenwich). 
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Coffman, Moody L. Velocity-dependent potentials for 
particles moving in given orbits. Amer. J. Phys. 20, 195- 
199 (1952). 


Goldoni, Gino. Sulle curve naturali di una superficie e le 
brachistocrone di una sfera e di una superficie di rota- 
zione. Atti Sem. Mat. Fis. Univ. Modena 4, 88-96 
(1950). 

A brachistochrone for a particle moving on a surface 
under a force which is derived from a potential point func- 
tion is defined in the expected way, i.e. as a curve such that 
the time required for the particle to traverse any arc is sta- 
tionary with respect to infinitesimal variations of the arc 
which leave the end points fixed. When one of the coordi- 
nates on the surface is ignorable in the dynamical sense, the 
brachistochrones can be found by quadratures. In this note 
the author assumes that the force is due to gravity, and he 
determines the brachistochrones explicitly for the cases in 
which the surface is a sphere, a right circular cone, and an 
ellipsoid of revolution. L. A. MacColl. 


Haacke, Wolfhart. Bemerkungen zur Stabilitit eines 
physikalischen Pendels. IJ. Z. Angew. Math. Mech. 
31, 333-338 (1951). (German. Russian summary) 
This is a continuation of an earlier paper [same Z. 31, 161- 

169 (1951); these Rev. 13, 80]. The author now considers a 

physical pendulum with its point of support forced to per- 

form a prescribed small periodic motion in the plane of the 
pendulum. The known theories of the Mathieu and Hill 
differential equations are used to investigate the stability 
of the system, under various particular assumptions con- 
cerning the motion of the point of support. 

L. A. MacColl (New York, N. Y.). 


Kucharski, W. Zur Veranschaulichung und Erweiterung 
der Theorie des Pendels mit oszillierendem Drehpunkt. 
Ing.-Arch, 19, 388-399 (1951). 

The dynamical system considered consists of a body which 
may rotate about an axis, the axis being forced to perform 
a sinusoidal motion, of high frequency and small amplitude, 
in a fixed direction perpendicular to the axis. In some of the 
special cases discussed the system is supposed to be subject 
to applied forces, such as gravity. Using rather elementary 
mathematical methods and numerous physical approxima- 
tions, the author discusses various properties of the mo- 
tions of the system in great detail. In particular, certain 
mean motions and stability properties are treated ex- 
tensively. Although the results do not seem to possess much 
general interest, they may be useful in some engineering 
work. L. A. MacColl (New York, N. Y.). 


Agostinelli, Cataldo. Sul problema dei tre corpi. Rend. 

Sem. Mat. Fis. Milano 21 (1950), 165-195 (1951). 

A condensed general exposition is given of the most salient 
results reached in the study of the three-bodies-problem 
through nearly two centuries, starting from Newton. Par- 
ticular attention is devoted to the note of Lagrange, to the 
questions concerning reduction of the equations of motion 
and their regularization, to the analytical solution of 
Sundman, to the restricted three-bodies-problem and to 
Hill’s researches, and, finally, to the work of Poincaré con- 
cerning the periodical solutions of the problem. 

Author's summary. 
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Hydrodynamics, Aerodynamics, Acoustics 
Thiruvenkatachar, V. R. Some potential problems with 


axial symmetry. I. Half-Yearly J. Mysore Univ. Sect. 

B., N.S. 4, 153-160 (1944). 

The explicit solution of several axially symmetric poten- 
tial problems involving finite or semi-infinite cylinders by 
means of standard superposition procedures. 

D. Gilbarg (Bloomington, Ind.). 


Thiruvenkatachar, V. R. On the motion of a variable 
sphere or cylinder in a liquid. Half-Yearly J. Mysore 
Univ. Sect. B., N.S. 5, 27-29 (1944). 

For horizontal motion of a sphere and cylinder of varying 
radius in an ideal incompressible fluid, the author finds 
expressions for the drag force in terms of the radius and its 
first two time derivatives. D. Gilbarg. 


Madhava Rao, B. S., and Thiruvenkatachar, V. R. Some 
examples of radial fluid motion. Half-Yearly J. Mysore 
Univ. Sect. B., N.S. 5, 21-26 (1944). 

For several physical situations the authors derive formulas 
for the radial motion of an incompressible ideal fluid, basing 
their method on the form of the velocity potential g= R*R/r, 
where R= R(t) is the radius of a bounding surface of the 
fluid, and r is the distance of a point in the fluid from the 
center of symmetry. As the authors point out, these and 
similar problems appear as exercises in standard textbooks 
on hydrodynamics. D. Gilbarg (Bloomington, Ind.). 


Gilbarg, David. Unsteady flows with free boundaries. 

Z. Angew. Math. Physik 3, 34-42 (1952). 

Les sillages symétriques plans créés par un segment recti- 
ligne normal au courant sont étudiés en régime non perma- 
nent. L’hypothése que les lignes libres peuvent @tre as- 
similées 4 des lignes de courant permet de ramener I’étude 
de ces mouvements 4 la résolution d’un probléme mixte 
harmonique qui différe du probléme de Helmholtz par la 
forme de la condition 4 la ligne libre et par I’introduction 
d'une fonction inconnue supplémentaire du temps. Les solu- 
tions peuvent alors étre explicitées; elles fournissent des 
écoulements avec des sillages finis qui présentent un point 
de rebroussement 4 I’arriére. Parmi ces solutions figurent les 
cavitations de forme permanente et en particulier le schéma 
de von K4rmén. La méthode de résolution du probléme 
envisagé est indiquée pour le cas des obstacles polygonaux 
et symétriques. R. Gerber (Grenoble). 


Davies, T. V. Gravity waves of finite amplitude. MII. 
Steady, symmetrical, periodic waves in a channel of 
finite depth. Quart. Appl. Math. 10, 57-67 (1952). 

In part I [Proc. Roy. Soc. London. Ser. A. 208, 475-486 
(1951); these Rev. 13, 396] the author treated two-dimen- 
sional gravity waves in water of infinite depth by altering 
the free surface boundary condition to one for which a 
necessary conformal mapping could be carried out explicitly 
but which still gave a fair approximation to the original 
problem and also reproduced the qualitative behavior of 
waves from infinitesimal to breaking waves. In this paper 
he carries through the same procedure for water of finite 
depth, giving the solution in terms of Jacobian elliptic 
functions. By appropriate choice of limiting values for the 
parameters he is able to obtain the results of part I [loc. cit. ] 
and of part II [not yet published] for solitary waves. As 
the author points out, he has not proved the uniqueness of 
his solution to the altered problem. J. V. Wehausen. 
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Jeffreys, Harold. On the highest gravity waves on deep 
water. Quart. J. Mech. Appl. Math. 4, 385-387 (1951). 
The author points out that what appears to be an in- 

consistency in numerical results obtained by Michell and 

Havelock in determining the ratio, height to wave-length, 

for the highest progressive gravity waves can be attributed 

to the slowness of convergence of one of the series involved 
in the computations. J. V. Wehausen. 


Lighthill, M. J. A new approach to thin aerofoil theory. 

Aeronaut. Quart. 3, 193-210 (1951). 

The author’s technique for rendering approximate solu- 
tions to physical problems uniformly valid [Philos. Mag. 
(7) 40, 1179-1201 (1949) ; these Rev. 11, 518] is here applied 
to the problem of a thin two-dimensional airfoil having a 
blunt leading edge, in incompressible flow. The intention is 
to illustrate the use of his method in this type of problem, 
with the idea of extending it to three-dimensional and com- 
pressible flow problems. For airfoils of this category the 
familiar ‘‘thin-airfoil theory’’ of Glauert and others is not 
uniformly valid near the leading edge. 

The technique of straining the coordinate system pro- 
gressively at each step of a successive-approximation pro- 
cedure, so as to eliminate singular behavior, here reduces, 
in the first approximation, to a pure translation through a 
distance equal to half the leading-edge radius. Thus the 
singularity that appears at the leading edge in the usual 
Glauert approximation is shifted inside the contour where 
it represents a real feature of the analytically continued flow 
pattern. The technique was previously applied to some prob- 
lems of hyperbolic nature [ibid. 40, 1202-1223 (1949) ; these 
Rev. 11, 625]. W. R. Sears (Ithaca, N. Y.). 


Funaioli, Ettore. Sul calcolo pratico di schiere di profili 

curvi sottili. Aerotecnica 31, 276-287 (1951). 

The author’s earlier paper [Pont. Acad. Sci. Acta 14(1950), 
45-55 (1951); these Rev. 13, 504] on the calculation of flow 
through cascades of thin aerofoils, of which each has a 
centre line differing only slightly from an arc of a circle, is 
amplified to show the practical computational methods 
which are required. As an application, the characteristics of 
two particular cascades are evaluated. M. J. Lighthill. 


Goldstein, S. Notes on the design of converging channels. 
Ministry of Supply [London], Aeronaut. Res. Council, 
Rep. and Memoranda no. 2643 (8495), 14 pp. (1951). 

In designing the contraction section of a wind tunnel so 
as to have a constantly increasing speed or, at least, a 
minimum adverse gradient along the wall, the present au- 
thor prefers an analysis of a two-dimensional potential flow 
rather than the more complicated axially symmetric case 
recently studied by other writers. After a preliminary con- 
formal map of the section in the physical z-plane onto the 
interior of the unit circle in a ¢-plane, the flow is studied in 
the plane Z = the logarithm of the complex velocity, suitably 
normalized, as a function of ¢. This function Z({) is to some 
extent at the designer’s disposal; the problem is to choose 
this function, and hence a channel shape, so as to give a 
balance between adverse gradients and length of channel. 
General asymptotic expressions are obtained for the rate of 
approach of the channel width to its limiting upstream and 
downstream values for any Z({). It is found that the only 
way to increase the order of this rate of approach is to allow 
an adverse gradient at the beginning of the channel. Nu- 
merical results are given for the “‘length’’ of channel (i.e. 
the length before the slopes of the walls become numerically 
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less than some arbitrary value which is considered to be 
negligible) for certain choices of Z(¢), both with and without 
the initial adverse gradient. Detailed consideration is re- 
stricted to channels whose length is theoretically infinite, 
but an indication is given for extending the method to 
channels of finite length. P. W. Ketchum (Urbana, IIl.). 


Stanitz, John D. Design of two-dimensional channels with 
prescribed velocity distributions along the channel walls. 

I. Relaxation solutions. Tech. Notes Nat. Adv. Comm. 

Aeronaut., no. 2593. 69 pp. (1952). 

A method is given for the design of two-dimensional un- 
branched channels with the velocity distribution along the 
walls prescribed as a function of arc length. The method is 
similar to that of Mangler for aerofoils, but the difficulties 
of making the aerofoil “close-up” are absent. The equation 
(1) d*(log @) , H(log Q _ 0 

ae (OW 
has to be solved in an infinite strip with g given as a function 
of @ on the two boundaries y=constant. In the present 
paper this is achieved by the relaxation technique. Three 
numerical examples are given. 

The modifications required to treat the compressible case, 
on the Karman-Tsien approximation (y= -—1), are easily 
made, and the third of the numerical examples mentioned 
is worked out again for compressible flow at a maximum 
Mach number of about 0.8. Finally the equation analogous 
to (1) in compressible flow with y= 1.4 is solved by relaxa- 
tion with the same prescribed velocity distribution. The 
compressibility makes a considerable difference to the shape 
of the elbow having the given velocity distribution, but the 
Karman-Tsien approximation does not greatly alter the 
shape from that found with y =1.4. M. J. Lighthiill. 





Stanitz, John D. Design of two-dimensional channels with 
prescribed velocity distributions along the channel walls. 
Il. Solution by Green’s function. Tech. Notes Nat. 
Adv. Comm. Aeronaut., no. 2595, 35 pp. (1952). 

The boundary value problem of the preceding paper for 
incompressible flow or compressible flow with y=—1, is 
solved analytically. One example is given. The numerical 
work is stated to be shorter than when the relaxation 
method is used. M. J. Lighthill (Manchester). 


Tomotika, S., and Aoi, T. An expansion formula for the 
drag on a circular cylinder moving through a viscous fluid 
at small Reynolds numbers. Quart. J. Mech. Appl. 
Math. 4, 401-406 (1951). 

The authors use their solutions of Oseen’s equations for 
viscous flow past a circular cylinder [same J. 3, 140-161 
(1950); Mem. Coll. Sci. Univ. Kyoto. Ser. A. 26, 9-19 
(1950) ; these Rev. 12, 59; 13, 397] to obtain an approximate 
formula for the drag coefficient which is accurate for 
Reynolds numbers somewhat less than 4. 

J. V. Wehausen (Providence, R. I.). 


Ballabh, R. On a fluid motion with a spherical boundary. 

Proc. Nat. Inst. Sci. India 17, 123-126 (1951). 

In an earlier work [Proc. Benares Math. Soc. 2, 69-79 
(1940) ; these Rev. 3, 283] the author has stated conditions 
for two flows of an incompressible viscous fluid to be super- 
posable in the sense that the vector sum of the two velocities 
be again the velocity vector of a flow. He applies these con- 
ditions to study flows superposable on a uniform flow and 
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having a spherical stream surface as boundary. He derives 
in this way an exact solution of the Navier-Stokes equations 
valid within and without a spherical stream surface, except 
for a singularity at the center. The flow in the exterior is not 
uniform at infinity. D. Gilbarg (Bloomington, Ind.). 


Barenblatt, G. I. On some unsteady motions of a liquid 
and gas in a porous medium. Akad. Nauk SSSR. Prikl. 
Mat. Meh. 16, 67—78 (1952). (Russian) 

This paper gives exact solutions of differential equations 
which arise in the theory of moving gas under various 
boundary conditions which, according to the author, are of 
practical interest. H. P. Thielman (Ames, Iowa). 


Kotina, I. N., and Polubarinova-Kotina, P. Ya. On the 
application of smooth contours to the foundations of 
hydraulic structures. Akad. Nauk SSSR. Prikl. Mat. 
Meh. 16, 57-66 (1952). (Russian) 

In investigations of the speed of the flow of water through 

a porous medium along the contours of the foundations of 

hydraulic structures whose cross-sections consist of straight 

line segments, it is found that at the corners there can exist 
very large velocities of flow. Such high velocities at any 
part of the foundation imbedded and floating on a porous 
medium are very undesirable since their presence can cause 
deformations in the supporting medium and thus endanger 
the stability of the structure. When the supporting porous 
medium is assumed to be of infinite depth, then it had been 
previously shown that a contour for the cross-section of the 
support in the form of a semicircle was the best shape in so 
far as the distribution of the speeds of flow of the water 
along the support is concerned, for along it the speed 
is constant. In the present paper there is considered the 
problem of determining the most desirable smooth contours 
for the supports of hydraulic structures floating in a porous 
medium of finite depth. The most desirable contours are 
here taken as those along which the rate of flow is constant. 

The distributions of velocities along supports whose cross- 

sections are rectangles with rounded corners and certain 

other cases are also considered. H. P. Thielman. 


Okabe, Jun-ichi. Approximate calculations of laminar jets. 
I, 0. Rep. Res. Inst. Fluid Eng. Kyushu Univ. 5, no. 1, 
1-13, 15-22 (1948). 

In an earlier paper [Rep. Res. Inst. Fluid Eng. Kyushu 
Univ. 4, no. 1, 1-13 (1947) ] the author and Yamada devised 
a new method for calculating the flow in a laminar boundary 
layer. In paper I the author applies this method to deter- 
mine the flow in a laminar jet issuing into still fluid from an 
orifice. He compares his results with those of Bickley [Philos. 
Mag. (7) 23, 727-731 (1937) ] for plane jetsand of Schlichting 
[Z. Angew. Math. Mech. 13, 260-263 (1933) ] for plane and 
axially symmetric jets. The author’s method differs from 
these in that it converges at the orifice and satisfies the 
initial conditions whereas the calculations of the others 
diverge and cease to be valid near the opening. Tables and 
graphs show close agreement elsewhere. In paper II the 
author performs calculations on the same flow problem based 
on a modification of the K4rm4n-Pohlhausen method which 
permits application of the method in the entire jet up to the 
orifice. He compares results obtained in this way with those 
of paper I, and states that the labour of calculation is con- 
siderably reduced while the approximation is at least as 
good D. Gilbarg (Bloomington, Ind.). 





Schlichting, H. Der Wirmeiibergang an einer lingsanges- 
trémten ebenen Platte mit veriinderlicher Wandtempera- 


tur. Forschung Gebiete Ingenieurwesens. Ausg. A. 17, 

1-8 (1951). 

The heat transfer through the laminar boundary layer 
from a flat plate with variable surface temperature is calcu- 
lated by using the usual boundary layer theory. Effects of 
compressibility and variation of viscosity coefficient with 
temperature are not considered. The rate of heat transfer is 
found to depend very much on the gradient of temperature 
along the wall. When the wall temperature is partly higher 
and partly lower than the free-stream temperature, there 
are points on the body where the heat flows into the body 
and yet the body temperature is higher than the stream 
temperature sufficiently far away from the wall. 

C. C. Lin (Cambridge, Mass.). 


Kampé de Fériet, J., and Betchov, R. Theoretical and 
experimental averages of turbulent functions. Nederl. 
Akad. Wetensch. Proc. Ser. B. 54, 389-398 (1951). 

The “turbulent velocity fluctuations” measured in vari- 
ous (idealized) experiments are analyzed. It is shown that 
Reynolds’ fundamental postulates fail to hold in every case, 
at low wave-numbers. Exact expressions are obtained for 
the energy spectra of the various relevant “‘averages” and 
“fluctuating components” measured, in terms of the input 
function f(#), using known formulas of Wiener. 

G. Birkhoff (Cambridge, Mass.). 


Miles, John W. On virtual mass and transient motion in 
subsonic compressible flow. Quart. J. Mech. Appl. 
Math. 4, 388-400 (1951). 

The transient notion of a body in a compressible fluid is 
discussed on the basis of the acoustic approximation, and 
it is shown that the concept of virtual mass is applicable only 
to steady flow. It is found that if a velocity is imparted 
suddenly to a body half the work is lost in radiation. The 
velocity and acceleration resulting from a constant force 
suddenly applied to a circular cylinder are calculated with 
the aid of the Laplace transformation, the results being 
given in the form of curves and also as expansions in ascend- 
ing and descending powers of t. The related case where a 
force is applied suddenly at ¢=0 and removed at t=4, is 
treated, and the radiation loss is calculated as a function 
of t;. Also treated is the case of a suddenly imparted velocity, 
which is an extension of the classical discussion of impulsive 
motion. It is concluded that the radiation loss due to ac- 
celeration is not likely to be important in practice, with the 
possible exceptions of airships and submarines. (From the 
author’s summary.) C. C. Chang (Baltimore, Md.). 


O’Keeffe, J. The direct use of Green’s method for super- 
sonic potentials. Quart. J. Mech. Appl. Math. 5, 82-92 
(1952). 

The method of constructing solutions to the wave equa- 
tion by the analogue of Green’s theorem is discussed and is 
applied to the case of a thin wing lying in a plane. It is 
shown that the resulting formulae are equivalent to those 
obtained by Hadamard’s method by Ward [Quart. J. 
Mech. Appl. Math. 2, 136-152 (1949); these Rev. 11, 64]. 
The methods used here exhibit certain advantages of clarity 
and brevity in comparison with the Hadamard technique, at 
least for problems in three-dimensional space. The reviewer 
notes that there are a considerable number of typographical 
errors. The author is apparently not aware of similar work 
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by Heaslet and Lomax [Tech. Notes Nat. Adv. Comm. 
Aeronaut., no. 1515 (1948); these Rev. 9, 312]. 
W. R. Sears (Ithaca, N. Y.). 


Mackie, A. G., and Pack, D.C. Transonic flow past finite 
wedges. Proc. Cambridge Philos. Soc. 48, 178-187 
(1952). 

By the method of Goldstein, Lighthill and Craggs [Quart. 

J. Mech. Appl. Math. 1, 344-357 (1948); these Rev. 10, 

641], a solution of compressible flow past finite wedges is 

constructed in the hodograph plane. It is shown that on the 

sloping edge the limiting line occurs at the sonic point. To 
avoid this undesirable singularity, the author places the 
sonic point at the corner of the wedge. As the sonic line in 
the flow field is non-singular, a limited supersonic flow can 
be obtained at certain free-stream Mach numbers. The 
author suggests, however, that the solution should terminate 
at the sonic line and will be joined by a local Meyer expan- 
sion at the corner. This latter problem is, however, not 
given. 

Y. H. Kuo (Ithaca, N. Y.). 


Tan, H.S. Strength of reflected shock in Mach reflection. 

J. Aeronaut. Sci. 18, 768-770 (1951). 

The author considers a plane shock wave incident upon 
a wedge whose upper surface makes an angle # with the 
direction of propagation of the shock. The angle # is sup- 
posed small, so that Mach reflection occurs and the reflected 
wave is curved. The author uses the first order pressure field 
calculated by Lighthill [Proc. Roy. Soc. London. Ser. A. 
198, 454-470 (1949); these Rev. 11, 478] together with the 
technique of the same writer for determining the shock 
strength in supersonic conical fields [Philos. Mag. (7) 40, 
1202-1223 (1949); these Rev. 11, 625] to obtain an expres- 
sion for the variation of shock strength along the reflected 
shock to order #*. At the triple shock intersection itself this 
expression is zero. The author concludes that the strength 
at this point is at most of order #*. M. J. Lighthiil. 


Legras, Jean. Application de la méthode de Lighthill 4 un 
écoulement plan supersonique. C. R. Acad. Sci. Paris 
233, 1005-1008 (1951). 

The technique exhibited in recent papers of the reviewer 
[Philos. Mag. (7) 40, 1202-1223 (1949); these Rev. 11, 625] 
and Whitham [Proc. Roy. Soc. London. Ser. A. 201, 89-109 
(1950) ; these Rev. 12, 298] is applied to derive the properties 
of a “simple wave’’ two-dimensional supersonic flow with 
shock waves. 

M. J. Lighthtll (Manchester). 


Legras, Jean. Ecoulement conique au voisinage d’un point 
de jonction. C. R. Acad. Sci. Paris 234, 181-183 (1952). 
In a paper by the reviewer [cited in the preceding review ], 

the form of the (nearly conical) shock at the wing-tip of a 

rectangular wing in supersonic flow was investigated, but 

the theory did not give definite results in the regions where 
the plane shock or Prandtl-Meyer expansion is joined on to 
the nearly conical one, although inferences were made from 
the theory about the nature of the junction. The author 
has reconsidered the junctions more systematically and 
obtained approximate forms of the equations of arcs of 
shock which effect the junction in question. One may hope 
that the method and the conclusions will be exhibited at 
greater length. 

M. J. Lighthill (Manchester). 





Chang, Chieh-Chien. General consideration of problems 
in compressible flow using the hodograph method. Tech. 
Notes Nat. Adv. Comm. Aeronaut., no. 2582, i+113 pp. 
(1952). 

C’est une étude de la méthode de l"hodographe dans le cas 
d’un fluide compressible. Les équations de l’hodographe sont 
tout d’abord données sous différentes formes canoniques qui 
correspondent aux divers régimes des écoulements. Les 
coefficients des équations canoniques sont des fonctions 
implicites et les solutions exactes sont difficiles 4 obtenir. 
Aussi différentes approximations sont faites pour obtenir 
des équations capables de donner des solutions explicites. 
Une étude particuliérement détaillée est faite pour la 
deuxiéme équation de Chaplygin. L’approximation du 
premier ordre est l’équation classique de Tricomi. Les ap- 
proximations du deuxiéme et du troisiéme ordre sont 
nouvelles. Elles suivent de trés prés la loi de compressibilité 
dans le voisinage de la vitesse du son. Les solutions sont 
des fonctions de Whittaker. La correspondance entre le 
plan de l’hodographe et le plan du mouvement est étudiée 
pour les différentes solutions considerées. Pour comparer les 
solutions approchées avec les solutions exactes de Chaplygin, 
l’écoulement a travers un orifice, étudié par Chaplygin et 
Lighthill, est examiné 4 nouveau. Les résultats sont tout a 
fait concordants. R. Gerber (Grenoble). 


v. Krzywoblocki, M. Z. On the transformation of Chaply- 
gin’s equation into Fuchs-Frobenius normal form. J. 
Phys. Soc. Japan 6, 452-453 (1951). 

The author writes the hodograph equation 


Peat (1+¢a*)qhet (1—Ga*) yn =0 
in the form 
4rVie + (44+2G) ry, + (1—G)vn =0; 
tT=Q'qm*, G(r) =2(y—1)r(1—1)—. 


The assumption of particular solutions of the form 
Ayr* Y,(r) exp (tk8) 


leads to the ordinary equations r°y,"+7rPy,'+Py.=0, 
P,=}(G+2k+2), P2=4k(k+1)G, which are in the normal 
form of Fuchs-Frobenius. Power series solutions for y, are 
then obtained in the usual way. P. Davis. 


Tamada, K. On the hodograph method and analytic con- 
tinuation of solution in the theory of compressible fluid 
flow. Mem. Coll. Sci. Univ. Kyoto Ser. A. 26, 21-30 
(1950). 

A method of analytically continuing solutions in the 
hodograph plane alternative to those of Cherry [Proc. Roy. 
Soc. London. Ser. A. 192, 45-79 (1947); these Rev. 9, 544] 
Lighthill [ibid. 191, 352-369 (1947); these Rev. 9, 391] and 
Goldstein, Lighthill and Craggs [Quart. J. Mech. Appl. 
Math. 1, 344-357 (1948); these Rev. 10, 641] is given, 
with particular reference to solutions which reduce to 
¥=Im (1—ge-*)* in the incompressible case. The author 
claims that his arrangement of the resulting series solutions 
is particularly good for computational purposes. 

M. J. Lighthill (Manchester). 


Ehlers, F. Edward, and Cohen, Hirsh G. An investigation 
by the hodograph method of flow through a symmetrical 
nozzle with locally supersonic regions. Tech. Notes 
Nat. Adv. Comm. Aeronaut., no. 2547, 61 pp. (1951). 

C. Loewner [same Tech. Notes, no. 2065 (1951); these 

Rev. 13, 464] has shown that the hodograph equations for 

the stream functions and the velocity potential can be 





702 


reduced by a change of speed variable to a system which 
leads to the Tricomi equation for the stream function. The 
author:then undertakes to investigate a solution of the 
Tricomi equation given by Tomotika and Tamada [Quart. 
Appl. Math. 8, 127-136 (1950); these Rev. 12, 138] and 
others, but in Loewner’s new variable. The solution, when 
transformed into the physical plane, produces symmetric 
channel type of flows. Two special cases are calculated 
numerically: both the flow patterns and the constant speed 
lines in both the hodograph and physical planes are 
presented. Y. H. Kuo (Ithaca, N. Y.). 


Craggs, J. W. The compressible flow corresponding to a 
line doublet. Quart. Appl. Math. 10, 88-93 (1952). 
A detailed calculation of limit lines and streamlines for a 
particular flow is given by one of the separable solutions of 
the hodograph equation. M. J. Lighthill (Manchester). 


Kofink, W. Uber die zwei Strémungsfelder hinter einem 

Gabelstoss. Ann. Physik. (6) 9, 401-405 (1951). 

In this note the author completes the calculation on forked 
shocks in a uniform steady supersonic stream [Ann. Physik 
(6) 9, 200-212 (1951); these Rev. 13, 296]. The quantities 
of interest here are the ratio of velocities and density across 
the layer of discontinuity after the shocks. These are ex- 
pressed in terms of non-dimensional parameters introduced 
in the previous paper. It_is shown that the velocity and 
density after main shock are lower than the velocity and 
density after the second auxiliary shock. In an appendix, 
the author shows that when ratio of specific heats c=, 
the roots of the basic 6th degree algebraic equation of the 
problem can be easily found. This indicates the expansion 
of roots in series with 2/(x+1) as parameter. H. Tsien. 


Roumieu, Charles. Recherches sur le jet critique plan. 

C. R. Acad. Sci. Paris 234, 52-54 (1952). 

A version of the numerical method of characteristics 
applicable to two-dimensional supersonic flow at constant 
entropy, up to and including the sonic line, is given. This 
uses a network of points in the hodograph plane given by 
6=mh (m an integer), 7=7., (m an integer =0), where 7», is 
defined by the recurrence relation 

h? 
at. 5 SE 


nm =0, 
1a(Mn gt "n—1) 


Matt 11> isn 

8 
Here 7 is the function of local Mach number such that the 
hodograph equation takes the form 


ef # 
oto = a(n) =0. 
On? 
Then the value of f at the point = mh, 7 = a4: is expressible 
(to a good approximation for small h) as a linear combination 
of its values at @=(m+1)h, 7=7,. This fact enables it to 
be progressively determined. Details of application are not 
given, but it seems likely that, if these were worked out, the 
method would lead to an improvement in methods of calcu- 
lation of transonic flows. 

Similarly a version of the relaxation method applicable to 
two-dimensional subsonic flow at constant entropy, up to 
and including the sonic line, is given. (The procedure is 
similar, but cannot be deduced clearly from this paper owing 
to the fact that equation (3) evidently contains misprints.) 
The author states the result of calculations based on this 
method by which he has determined the dimensions of a jet 
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of compressible fluid emerging from a slit at such a pressure 
that the sonic speed is just attained on the boundary. 
M. J. Lighthill (Manchester). 


Stone, A. H. On supersonic flow past a slightly yawing 

cone. II. J. Math. Physics 30, 200-213 (1952). 

[For part I see same J. 27, 67-81 (1948); these Rev. 9, 
544.] This paper presents the detailed calculations of the 
second-order effects already summarized and applied to 
numerical computations by Kopal and his associates [Tables 
of supersonic flow around cones of large yaw, Mass. Inst. 
of Tech., Dept. of Electrical Engineering, Center of Analysis, 
Tech. Rep. No. 5 (1949); these Rev. 11, 65]. The essential 
idea of the work and the most important conclusions were 
mentioned in the earlier review. W. R. Sears. 


Young, G. B. W., and Siska,C. P. Supersonic flow around 
cones atlarge yaw. J. Aeronaut. Sci. 19, 111-119 (1952). 
The method of Stone and Kopal for the calculation of the 

pressure distribution on a yawed cone at supersonic speeds 

is based on an expansion in terms of powers of the angle of 
yaw. The question arises how to relate the relevant quan- 
tities to either wind or body axes and more generally how to 
decide the appropriate degree of distortion of the coordi- 
nates. In this connection the present authors find it neces- 
sary to reinterpret the work of Kopal and Stone. Two 
methods are put forward. The results of one of these are 
compared with experiment and with theoretical results due 
to Ferri. Good agreement is obtained. The present paper is 
a sequel to an earlier letter [same J. 18, 355-356 (1951) ]. 
A. Robinson (Toronto, Ont.). 


Iacob, Caius. Théorie de l’aile angulaire aux vitesses 
supersoniques. An. Acad. Repub. Pop. Romane. Sect. 
Sti. Mat. Fiz. Chim. Ser. A. 3, 349-373 (1950). (Ro- 
manian. Russian and French summaries) 

The author finds the irrotational supersonic linearized 
conical flow over a yawing triangular wing with subsonic 
leading edges at incidence x, subject to the exact boundary 
conditions. His method, sketched below, is simpler than 
that used for the same problem by Laporte and Bartels 
[Engineering Research Institute, Univ. of Michigan, 
Bumblebee Report no. 75 (1948); these Rev. 9, 544; same 
Institute, Rep. no. CM 471 (1948) ]. However, he fails to 
motivate his choice of the order of the singularities at the 
leading edges as they do by requiring the lift coefficient to 
be finite. 

As is well known, the perturbation velocities are of the 
form u, v, w= Re [U(s), V(g), W(g)], where 


f=§+in=6(x+iy)/[s+(2—(x*+ *)""], 
6? = M*—1, and the analytic functions U, V, W satisfy 


dU/dt = —$8(+1)5"dW/dz, 
dV /df = hiB(S?—1)E“dW/dg, 


and are pure imaginary on the image |{| =1 of the Mach 
cone of the vertex. The wing maps onto an arc {1’f2’ of a 
circle T',; which intersects |{| =1 orthogonally at {; and {> 
Let G(t) = V cos x+W sin x. The problem is reduced to 
determining @ such that (I) Re [@(¢)]=0 on |¢| =1; (ID) 
Re [G(¢) ]= — Wo sin x on the arc f1'f:’, where 0, 0, Wo is 
the undisturbed velocity; (III) G@({)-© as (¢{—f¢,’)—” at 
the images ¢,’ (i= 1, 2) of the leading edges. The solution is 


Zz 
G2)= f Pem(Zaz, 
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where Z(f) ={1-(E—$1)/(6—$2), g(Z) = (2 —X¥)/(2—-X?), 
X:=Z(o/), P(Z) =k[(Z*—1)*M‘* sin? 2x+166*Z*], and the 
real constant k is determined by (II). Under the simplifica- 
tions sin x~x, cosx~1, and {,/=£,’ (real), the author's 
procedure yields generalizations of equations derived by 
H. J. Stewart [Quart. Appl. Math. 4, 246-254 (1946); these 
Rev. 8, 109). J. H. Giese (Havre de Grace, Md.). 


Chang, Chieh-Chien. The aerodynamic behavior of a 
harmonically oscillating finite sweptback wing in super- 
sonic flow. Tech. Notes Nat. Adv. Comm. Aeronaut., 
no. 2467, 76 pp. (1951). 

The author shows that Evvard’s method [same Tech. 
Notes, no. 1699 (1948); these Rev. 10, 78] is applicable to 
oscillating wings provided second order terms in frequency 
are neglected. [Cf. J. W. Miles, J. Aeronaut. Sci. 16, 378-379 
(1949); these Rev. 10, 755.] Application to a wing tip 
formed by the intersections of straight supersonic and sub- 
sonic leading edges leads to Fresnel integrals. Numerical 
application then is facilitated by expanding in powers of the 
frequency. In the opinion of the reviewer, the author could 
have neglected second order terms in frequency everywhere 
(at least in establishing a tip correction), in keeping of his 
initial approximation. On the other hand, an exact result 
could be obtained from the known results for the rectangular 
wing with the aid of a Lorentz transformation (of x, y) after 
the appropriate transformation (of x, ¢) of the original po- 
tential equation. J. W. Miles (Los Angeles, Calif.). 


Roy, Maurice. Structure des ondes de choc et combustion. 

C. R. Acad. Sci. Paris 234, 168-170 (1952). 

By neglecting diffusion and detailed chemical reactions, 
the general theory of steady plane shock wave, combustion 
wave and detonation wave is formulated by the author in 
the simplest terms by assuming constant specific heats with 
ratio y, constant viscosity coefficient » and constant coeffi- 
cient of heat condition. The Prandtl number is taken as 3/4. 
The calculation is further systematized by using non-dimen- 
sional variables, Y=p/p1, @=7T/Ti, X =u/us, = 3 piu /4y 
where p is the pressure, T the temperature, u the velocity, 
p the density, and x the space coordinate. The subscript 1 
denotes quantities far ahead of the wave. The chemical 
reactions are represented by a single parameter a which is 
the fraction of heat released. For shock wave, and for the 
pre-reaction zone of the combustion wave and the detona- 
tion wave, a=0. Chemical reaction is supposed to start at 
t=0 where @=0. For the combustion wave, e=}(y—1)M? 
(M,=Mach number far ahead of wave) is very small; then 
in the pre-reaction zone, <0, the author gives 


6=X>1 + (Bo— 1)ul1+e(0.— 1)(1 —u)] 


where u=exp ¢. For the detonation wave, « is very large; 
then in the pre-reaction zone, §<0, the author gives 


061+ (Oo—1)u’7, X*=1—e(0—1), e=I1/e. 


Therefore for a combustion wave the pressure is a constant 
up to second order terms in ¢, while for a detonation wave, 
the velocity is a constant up to first order terms in ¢’. The 
“thickness” of the pre-reaction zone is of the order 4n/3p1t1, 
and is thus very much thinner for the detonation wave than 
for the combustion wave. H. Tsien (Pasadena, Calif.). 


Kiveliovitch, M. Sur la composante verticale du vent. 
Ill. }. Sci. Météorologie 3, 131-136 (1951). 
This paper represents an intermediate instalment in a 
series of papers dealing with the reduction of the system of 


MATHEMATICAL REVIEWS 








703 


meteorological equations to single differential equations 
containing the pressure as only dependent variable. Starting 
from the nonlinear equations including geostrophic devia- 
tions, two equations are derived with pressure and density 
as independent variables. These are then simplified to single 
partial differential equations only for the two special cases 
of constant density and barotropic conditions. 
H. Panofsky (State College, Pa.). 





Elasticity 


Mossakovskii, V. I. On estimation of displacements in 
spatial contact problems. Akad. Nauk SSSR. Prikl. 
Mat. Meh. 15, 635-636 (1951). (Russian) 

When the distributed pressure » at a contact surface is 
known, the problem to find the deformation and the re- 
sultant force and moments is a comparatively easy problem. 
The difficulty usually lies in finding ». However, from an 
estimated or known value of the surface deformation, the 
resultant forces and moments can be obtained from the 
formulae derived in this paper. The formulae are specialized 
to a contact surface of elliptic form. The author points out 
that the same formulae were earlier obtained by L. A. Galin 
in another way. F. Niordson (Stockholm). 


Neményi, P. F., and Séenz,A.W. On the geometry of two- 
dimensional elastic stress fields. J. Rational Mech. 
Anal. 1, 73-86 (1952). 

In this paper two-dimensional stress systems which are 
first of all characterised by the existence of a body force 
potential M(x,y) such that f=VM are considered. The 
two-dimensional stress field is referred to as an M-system if 
f satisfies one of the following three sets of conditions: 


(a) The stress is plane, f is solenoidal, i.e. V?M =0; 

(b) The strain is plane, f is solenoidal, i.e. V?M=0; 

(c) The strain is plane, the material incompressible, hence 
Poisson's v= }. 


Using complex variable methods, the following theorems are 
then proved for simply connected regions. (1) Any two- 
dimensional elastic field of M-type can be obtained by 
superposition of two isometric stress systems, one of which 
is harmonic in the sense of Féppl, i.e. whose first invariant 
2S=0¢,+¢,=01+¢2 is everywhere zero, and the other har- 
monic in the sense of Pélya, i.e. systems for which each 
component of the stress tensor is harmonic. (2) Let Q2 and 
Q* defined by the equations 
Q=2f(s)+g(2)= We, O*=2f*(s)+g*(s) = Wee 

where W and W* are real, be the conjugate stress deviators 
corresponding to a pair of M-systems, and let f(z), g(z), 
f*(z), g*(z) be all identically different from zero. Then the 
stress trajectories corresponding to 2 and Q* are one 
another’s reflection across the x-axis, that is @* = —®@ only 
if both f/g and f*/g*, if substituted for u, satisfy identically 
the equation 


(q2*+ ps+y)u? — (F2*+- s+ p)u+t (as*+rz+9) =0 


where (a, 8, 7) are real and (p, g, r) complex numbers, and 
where at least one of the quantities (a,qg,r) and one of 
(y,?,q) is different from zero. (3) The knowledge of 
W(x, y) and of the stress trajectories of an M-system in a 
simply connected domain R determines the corresponding 
stress components ¢z, oy, Tz, to within a single arbitrary 
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constant. This last theorem leads to the final result: The 
family of plane elastic stress fields corresponding to a given 
set of stress trajectories is a family having between two and 
five pararneters. The complete proof of this result is reserved 
for a later paper. R. M. Morris (Cardiff). 


Gray, C.A.M. Polynomial approximations in plane elastic 
problems. Quart. J. Mech. Appl. Math. 4, 444-448 
(1951). 

The author’s summary is as follows: “A general solution 
of plane elastic problems using the complex variable has 
been developed by Mushelidvili. His solution, for simply 
connected areas, requires the determination of two analytic 
functions, given by two integral equations, in which the 
loaded area in the z-plane is transformed to a unit circle in 
the ¢-plane. The integrations involved have been carried 
out only for cases in which the mapping function is rational. 
In this paper a method of solution is derived when the 
Taylor’s series for the mapping function is known. This leads 
to solving an infinite set of simultaneous equations in which 
the unknowns are the coefficients in the Taylor’s expansion 
of the analytic functions defined by Mushelidvili. These 
equations are readily solved by an iterative process, giving 
results of any required degree of accuracy. To illustrate the 
application of the method, the problem of a square with 
equal and opposite tensions directed along a diagonal, and 
applied at the extremities of that diagonal, is given’’. 

R. M. Morris (Cardiff). 


Teissier du Cros, Francois. Sur les points d’un prisme 
élastique, of la rupture s’amorce lorsqu’il est soumis a des 
efforts croissants. C. R. Acad. Sci. Paris 234, 47-49 
(1952). 

Considering a right prism having a cross section D, sub- 
ject to an increasing lateral force F(t), the author considers 
the point and the instant of fracture for the material. The 
constraint being two-dimensional, he defines the following 
functions 

8(x, y, t) =si(x, y)—rilx,y), Sex, y) =f Lt, mx, y)} 
where r; is the radius of Mohr’s circle at the instant ?, 
m, is the mean stress, and it is assumed that the material 
has a limit of reversibility and proportionality, so that 
r,=tr;, n»=tn,. The condition of stability is secured by an 
inequality of the form r;<L(m,), and in terms of 6 this means 
that 6>0. The critical instant ¢, is then defined as that value 
of ¢ such that if ¢>¢, then 4 reduces to zero in some part of D. 
The critical domain ¢ is the point or points where 6=0. It is 
then shown that ¢ has no point in it or its neighbourhood 
where r,(x, y) is subharmonic, and that if F(#) produces a 
central state in the prism, then ¢ belongs entirely to the 
boundary. Further, any state of equilibrium being the super- 
position of two central states having centres a, b, then, pro- 
vided a certain relationship is satisfied, it can again be 
shown that ¢ belongs entirely to the boundary. 

R. M. Morris (Cardiff). 


Teissier du Cros, Francois. Sur la rupture d’un prisme 
fragile, suivant un plan de symétrie longitudinal. C. R. 
Acad. Sci. Paris 234, 296-297 (1952). 

Continuing with the ideas of a previous note [see the 
preceding review ] the author considers the special case of a 
prism having a plane of longitudinal symmetry Oxz, and in 
which the applied forces are symmetrical with respect to 
this plane. The section xOy of the prism perpendicular to 
this plane and the deformation in the plane xOy are then 





symmetrical with respect to Ox. The radius of Mohr’s circle 
relative to xOy has a maximum value equal to the radius of 
the minimum curvature of the intrinsic curve of the section, 
and the greatest principal tension is directed along Oy. The 
author then determines a holomorphic function which under 
certain conditions will determine the applied forces at any 
instant including the critical instant, and which is such that 
the critical domain is along Ox. R. M. Morris. 


Wang, Chi-Teh. Principle and application of complemen- 
tary energy method for thin homogeneous and sandwich 
plates and shells with finite deflections. Tech. Notes 
Nat. Adv. Comm. Aeronaut., no. 2620, 33 pp. (1952). 
The principle of minimum complementary energy, estab- 

lished for systems with small displacements, is extended to 

apply to thin plates and shells with large deflections. The 
extended definition of complementary energy is used to 
derive by the methods of the calculus of variations the 
stress-displacement relations for homogeneous and sand- 
wich plates and shells with large deflections. 

H. W. March (Madison, Wis.). 


Munakata, K. On the bending of a rectangular plate with 
four clamped edges. Mem. Coll. Sci. Univ. Kyoto Ser. 
A. 26, 1-8 (1950). 

By means of a conformal mapping of the rectangle into 
the unit circle the author transforms the problem into one 
requiring the determination of two analytic functions in the 
circle. The main problem concerns the fulfillment of ap- 
propriate boundary conditions on the circumference of the 
circle. This is done by means of series developments in 
Legendre polynomials, leading to an infinite set of linear 
equations to determine the coefficients. The first four terms 
of the series are evaluated, and comparisons are made with 
results obtained by other methods. J. J. Stoker, Jr. 


Duncan, W.J. Acritical examination of the representation 
of massive and elastic bodies by systems of rigid masses 
elastically connected. Quart. J. Mech. Appl. Math. 5, 
97-108 (1952). 

The author shows that error in frequency, resulting from 
the lumping of mass in determining natural modes of oscilla- 
tion, decreases as the size of the segment represented by 
the mass decreases. As a rough rule, he suggests the use of 
13 particles per complete wave length to ensure that the 
error in the frequency will not be greater than about 1 
percent. Rayleigh’s principle is used to show that for 
“linear” bodies with the lumped mass located at the mid- 
point of the segment, the error varies inversely as the square 
of the number of segments. It is shown that the error in 
mode shape also tends to ze:0 as the inverse square of the 
number of segments. The errors for some exactly soluble 
problems are presented and shown to confirm the inverse 
square law of error. S. Levy (Washington, D. C.). 


Serbin, H. The response of an aerodynamic system under 
external harmonic force. J. Appl. Phys. 22, 1307-1315 
(1951). 

The central object of this article is the response function, 
namely the response of an airplane structure, subject to 
inertia, elastic and aerodynamic forces, under external har- 
monic loads. The vibrating aeroelastic system is considered 
as a system with a finite number of degrees of freedom and 
the response function is calculated with matrices. After 
some remarks about the application of perturbation theory 
in the case of small changes in the elastic or inertia param- 
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eters, the author turns to an application of the response 
function to the problem of adding a degree of freedom to a 
completely solved system. Under certain conditions the 
influence of the additional degree of freedom can be treated 
as external harmonic loads in the original system. The 
response function gives the variables of the base system in 
terms of the added variable. From the condition that the 
extended system vibrates under the inertia, elastic and 
aerodynamic forces alone, without external driving force, 
an equation for the flutter frequencies of the news ystem 
is found. W. H. Muller (Amsterdam). 


Pignedoli, Antonio. Sulla determinazione effettiva delle fre- 
quenze di vibrazione di una piastra omogenea, a contorno 
epicicloidale incastrato. Atti Sem. Mat. Fis. Univ. 
Modena 4, 30-44 (1950). 

In order to calculate the eigenvalues of a clamped plate 
whose boundary is an epicycloid the author makes use of 
the explicitly known conformal mapping that transforms 
the epicycloid into a circle. The solutions of the differential 
equation can then be expanded into Fourier series whose 
coefficients are infinite series involving Bessel functions and 
infinitely many constants. These constants have to be 
chosen so as to satisfy the prescribed boundary conditions. 
This leads to an infinite system of linear equations with 
coefficients that are functions of \. By a suitable normalizing 
change of variables this system takes on a form in which its 
determinant converges uniformly and absolutely. The eigen- 
values \ are then the solution of the equation obtained by 
setting the infinite determinant equal to zero. The author 
does not indicate whether he believes this method to be 
practical for numerical calculations. W. R. Wasow. 


Heilig, R. Torsions- und Biegeschwingungen von diinn- 
wandigen Triigern mit beliebiger offener Profilform mit 
Vorlasten. Ing.-Arch. 19, 231-254 (1951). 

Vibrations of beams of arbitrary open section are con- 
sidered. The equations of equilibrium for arbitrary end and 
distributed forces and moments are developed in terms of 
coordinates both fixed in space and fixed in the body. The 
equations for the deformation are developed. Equations of 
motion are deduced from these and also as a check by means 
of Hamilton's Principle. Geometrical coupling of bending 
and torsional motion due to the separation of centre of shear 
and centre of mass is considered and demonstrated for a 
cantilever beam. Mechanical coupling due to external forces 
and masses causing twisting moments in spatial bending is 
also considered. Examples are given with curves showing 
the variation of the natural frequencies with varying ex- 
ternal loads and masses. EE. H. Lee (Providence, R. I.). 


Goodier, J. N., and Bishop, R. E. D. A note on critical 
reflections of elastic waves at free surfaces. J. Appl. 
Phys. 23, 124-126 (1952). 

Les auteurs cherchent ce que deviennent pour I’incidence 
rasante les formules de la réflexion des ondes planes, sans 
discuter leur sens physique. J. Coulomb (Paris). 


Moisil, Gr.C. On the decomposition of seismic waves into 
waves of condensation and transversal waves. Acad. 
Repub. Pop. Romfne. Bul. Sti. Ser. Mat. Fiz. Chim. 2, 
235-240 (1950). (Romanian. Russian and French sum- 
maries) 

Analyzing the propagation of waves in an elastic, iso- 
tropic, solid body, Wiechert and Zoeppritz had found in 

1907 that the dynamic equations are satisfied by two 





undulatory motions which propagate independently of each 
other, inasmuch as each displacement (u, 9, w) results from 
the superimposition of two displacements (u, 1, w,) and 
(2, ¥2, Wa), which can easily be shown to satisfy the equa- 
tions of condensation waves and transversal waves, respec- 
tively. The author generalizes this theory and shows that 
any integral of the fundamental system is a sum 


U=Uptuit+us, V=%+%1+02, W=wWotwi+wWe, 


where (to, ¥o, Wo) are the components of the displacement 
in a uniform motion, (%, 9:,@;) those in an irrotational 
motion and (12, v2, 2) those of a motion in an incompressible 
medium. The components (wu, 01, w:) satisfy the equation 
of longitudinal waves, while (2, v2, w2) satisfy the equation 
of transversal waves. L. Jacchia (Cambridge, Mass.). 


Sat6, Yasuo. Study on surface waves. I. Velocity of 
Love-waves. Bull. Earthquake Res. Inst. Tokyo 29, 
1-11 (1951). (English. Japanese summary) 

Tables étendues de la vitesse des ondes de Love, sans 
nouveautés théoriques. J. Coulomb (Paris). 


Sat6, Yasuo. Study on surface waves. II. Velocity of 
surface waves propagated upon elastic plates. Bull. 
Earthquake Res. Inst. Tokyo 29, 223-261 (1951). (Eng- 
lish. Japanese summary) 

Propagation des ondes élastiques dans des plaques in- 
définies, soit avec deux surfaces libres, soit avec une surface 
libre et une surface de contact avec un liquide (cas de la 
glace sur un lac ou sur la mer). L’auteur retrouve les solu- 
tions connues, puis il obtient les premiers termes de leurs 
développements en fonction du rapport de I’épaisseur de la 
plaque a la longueur d’onde. II donne les valeurs de la 
vitesse de phase, de la vitesse de groupe et des amplitudes 
en fonction de la longueur d’onde dans divers cas nu- 
mériques. J. Coulomb (Paris). 


Sat6, Yasuo. Mathematical study of the propagation of 
waves upon stratified medium. II. Bull. Earthquake 
Res. Inst. Tokyo 29, 21-38 (1951). (English. Japanese 
summary) 

[Pour la premiére partie voir le méme Bull. 26, 1-4 
(1948); ces Rev. 13, 184.] Le probléme de propagation 
finalement traité est le probléme suivant, 4 deux dimensions: 
Une ligne de sources horizontale émet des ondes de compres- 
sion sinusoidales au sein de la crofite terrestre, assimilée A 
une plaque plane homogéne recouvrant un milieu élastique 
infini; trouver la partie principale des ondes recues sur la 
surface a grande distance des sources. La mise en équations 
est analogue a celle du mémoire célébre de Lamb [Philos. 
Trans. Roy. Soc. London. Ser. A. 203, 1-42 (1904) ] mais 
l’auteur remplace le calcul des résidus par des procédés 
approximatifs dépourvus de rigueur. Une troisiéme partie 
contiendra des applications numériques des formules 
obtenues. J. Coulomb (Paris). 


Kanai, Kiyoshi. On the M;-waves (Sezawa-waves). Bull. 
Earthquake Res. Inst. Tokyo 29, 39-48 (1951). (Eng- 
lish. Japanese summary) 

Résultats numériques précisant le domaine d’existence et 
les propriétés des “‘ondes de Sezawa”’ (correspondant a une 
branche de la courbe de dispersion des ondes de Rayleigh 
dans un milieu surmonté d’une couche). J. Coulomb. 








706 MATHEMATICAL REVIEWS 


Kanai, Kiyoshi. On the group velocity of dispersive surface 
waves. Bull. Earthquake Res. Inst. Tokyo 29, 49-60 
(1951). (English. Japanese summary) 

Résultats numériques relatifs aux courbes de dispersion 
des ondes séismiques superficielles et en particulier aux 
ondes qui correspondent 4 un minimum de la vitesse de 
groupe. J. Coulomb (Paris). 


Leibfried, Giinther, und Dietze, Horst-Dietrich. Ver- 
setzungsstrukturen in kubisch-flichenzentrierten Kris- 
tallen. I. Z. Physik 131, 113-129 (1951). 

Zur mathematischen Beschreibung von bei Versetzungen 
auftretenden Verhdltnissen hat R. Peierls [Proc. Phys. Soc. 
52, 34-37 (1940) ] einen Ansatz beziiglich der zwischen den 
beiden entlang der Gleitebene benachbarten Netzebenen 
auftretenden Kraft gemacht, die entsprechend ihrer Her- 
leitung jedoch nur fiir konstante Verschiebungen giiltig und 
nur auf Netzebenen quadratischer Struktur [(010)-Ebene 
in kubisch-flachenzentrierten Kristallen ] anwendbar ist. In 
der vorliegenden Arbeit begriinden die Verfasser den Peierls- 
schen Ansatz aus der Gittertheorie, was mit dem Vorteil 
verbunden ist, dass man dann erstens den Ansatz auch fiir 
veranderliche Verschiebungen rechtfertigen kann und eben 
das wird zur Beschreibung einer Versetzung benédtigt und 
zweitens dass man den auch auf die (111)-Ebenen eines 
kubisch-flachenzentrierten Kristalles (die eben die bevorzug- 
ten Gleitebenen sind) und analog auf die Basisflache einer 
hexagonal dichtesten Kugelpackung anwenden kann. 

Der Peierlssche Ansatz liefert die Wechselwirkungsenergie 
Exp zwischen den beiden erwahnten benachbarten Netze- 
benen. Aus der Elastizitatstheorie folgen die elastischen 
Energien E, und Ez, der zwei Kristallhalften. Durch Varia- 
tion der Verschiebungen der Gitterpunkte in den Summen 
dieser Energien folgt die Peierlssche Integralgleichung, 
deren Lésungen in den erwahnten Fallen angegeben werden. 

T. Neugebauer (Budapest). 





Dietze, Horst-Dietrich. V in kubisch- 
flichenzentrierten Kristallen. II. Z. Physik 131, 156- 
169 (1952). 

In der oben referierten Arbeit wurden die bei kubisch 
flachenzentrierte Kristalle auftretende verschiedene Ver- 
setzungstypen nach dem Peierlsschen Ansatz berechnet. 
Nach diesem Ansatz wirken zwischen den Grenzebenen einer 
Versetzung nur Tangentialkrafte, die nicht mehr der Elasti- 
zitatstheorie geniigen. Dazu nimmt man an, dass zwischen 
zwei Atomen der fraglichen Ebenen nur Zentralkrafte von 
geringer Reichweite wirken. Die Atome werden dabei als 
punktférmig angenommen. Ersetzt man dann die Summen 
durch Integrale, so wird die atomistische Struktur voll- 
standig verschmiert. In der vorliegenden Arbeit werden 
deshalb die Atome durch eine Gewichtsfunktion g(z, x) 
beschrieben, die ein scharfes Maximum an der Stelle 
s=x=0 besitzt und ausserdem der Bedingung 


+00 
J fee. x)dedx =1 


geniigt. Da die x-Richtung die Gleitrichtung ist, so wird 
g(z, x) nach dz integriert und dabei eine neue Funktion 


. f a 2)d= Jie) 


eingefiihrt, fiir die dann die Gausssche Verteilungsfunktion 
beniitzt, also 


f(x) Le 
s/n 
gesetzt wird. 5 ist die kleinste Entfernung von zwei Gitter- 
punkten und s ein Mass der “‘ Verschmierung”’. Mit Hilfe 
dieses Ansatzes werden die elastischen Grenzen fiir die 
verschiedenen Gleitebenen berechnet und mit der Erfahrung 
verglichen. T. Neugebauer (Budapest). 


MATHEMATICAL PHYSICS 


Optics, Electromagnetic Theory 


Synge, John L. Hamilton’s method in geometrical optics. 
The Institute for Fluid Dynamics and Applied Mathe- 
matics, University of Maryland, College Park, Md., 1951. 
ii+64 pp. $1.70. 

These lectures present an introduction to the application 
of Hamilton's ideas to different problems of mathematics 
and physics. The first lecture gives basically the applica- 
tions to geometrical optics. The point characteristic and the 
angle characteristic are derived and applied to the basic 
theorems of optics. The author develops the angle character- 
istic for a system of revolution up to the fourth order, which 
is equivalent to Seidel’s theory. The second lecture treats 
the application of Hamilton’s method to anisotropic and 
inhomogeneous media, and draws special attention to the 
parallelism between wave-optics and ray-optics as stated by 
Hamilton. Application to waves of sound and elasticity 
theory, though only touched, shows the power of the 
method. 

In the third lecture the author draws attention to the fact 
that the extremals of a variation problem can be considered 
as straight lines in a Finsler geometry, with the variation 
integral as the measure of length and the wave surfaces 
coming from a point as the spheres. As an example, the 





author applies Hamilton’s method to the investigation of 
the two-body problem, obtaining a result which slightly 
differs from the Newtonian solution and the relativistic 
attempts at solution. M. Herzberger (Rochester, N. Y.). 


Gharib,M. A new exact method of designing the aspheric 
profile of the correcting plate used in the classical 
Schmidt-camera. Proc. Math. Phys. Soc. Egypt 4, no. 3, 
41-56 (1951). (English. Arabic summary) 

Calculation of the Schmidt correcting plate of a spherical 
mirror and analysis of the correcting curve. The nearly com- 
plete literary index omits the book by C. Caratheodory 
[Elementare Theorie des Spiegelteleskops von B. Schmidt, 
Hamburger Math. Einselschr. 28 (1940); these Rev. 2, 138]. 

M. Herzberger (Rochester, N. Y.). 


Marx, Helmut. Durchrechnungs- und Rekursionsformeln 
fiir die Bildfehlerkoeffizienten beliebiger Ordnung bei 
optischen Systemen aus Kugel- und Planfliichen. Z. 
Physik 131, 408-419 (1952). 

The paper contains an ingenious formalism to bring the 
approximate calculation of optical systems to a simple form, 
with the special aim of computing the general image error 
of a composed system from the image errors of its parts. 

M. Herszberger (Rochester, N. Y.). 
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. A remark on the theory of optical images. 
Norske Vid. Selsk. Forh., Trondheim 23, 113-115 (1951). 
This note discusses the action of an optical system from 

the point of view that the system converts the diffraction 

system at the object into a diffraction system at the image. 
E. W. Marchand (Rochester, N. Y.). 


Holtsmark, J. On the calculation of optical images. 
Norske Vid. Selsk. Forh., Trondheim 23, 116-121 (1951). 
It is shown how to calculate the image of an optical 

system by first calculating the diffraction pattern at the 

lens system and then, by Kirchhoff’s formula, calculating 
the wave function at the image plane. E. W. Marchand. 


Artmann, Kurt. Brechung und Reflexion einer seitlich 
begrenzten (Licht-) Welle an der ebenen Trennfliche 
zweier Medien in Nahe des Grenzwinkels der Total- 
reflexion. Ann. Physik (6) 8, 270-284 (1951). 

The author investigates refraction and reflection of a 
wave with finite bounds for angles which are near the critical 
angle of reflection and proves that the refracted and re- 
flected waves can be considered as originating from the 
superposition of plane waves. He investigates as a special 
case the experiments of Goos and Haenchen, discussing the 
case in which the reflected wave has sustained a large num- 
ber of total reflections. M. Hersberger. 


Artmann, Kurt. Zur Reflexion einer seitlich begrenzten 
Lichtwelle am diinneren Medium in einigem Abstand vom 
Grenzwinkel der Totalreflexion. Ann. Physik (6) 8, 285— 
290 (1951). 

The author investigates the reflection of a wave with 
finite bounds at a plane separating two media. He claims 
that the amplitude cannot be real, as previous workers 
assumed (Cl. Schaefer, Pich, v. Fragstein) and investigates 
the conclusions following from the above assumptions. 

M. Herzberger (Rochester, N. Y.). 


Franz, Walter. Einfache Herleitung der allgemeinen 
Kirchhoffschen Beugungsformel und ihres elektromag- 
netischen Analogons. Z. Angew. Math. Mech. 32, 26-27 
(1952). 

The author of this note asserts that in Baker and Copson’s 
monograph, “‘The Mathematical Theory of Huygens’ Prin- 
ciple” [Oxford Univ. Press, 1939 (2nd ed., 1950); these Rev. 
1, 315 ] “die allgemeine Kirchhoffsche Beugungsformel sehr 
umstindlich und uniibersichtlich hergeleitet ist.’ After 
reading the author’s very elegant and simple proof of the 
formula in question, the reviewer agrees. The new proof 
depends on the identities (in the reviewer's notation) 


ff fxterea mav 

~erad f f fxmcruv+ f fxmcrinas, 
fff tiie oper! 

~aiv f J fxotexv+ f fxmter-nas, 


where S is a closed surface bounding the volume V, N the 
outward normal to S, r the distance from a point outside S 
to the integration point, and [F] or [G] denotes the usual 





retarded value of a scalar F(x, y, 2, t) or a vector G(x, y, 2, é). 
These identities are immediate consequences of Green's 
Theorem. The method is extended to electromagnetic waves 
satisfying Maxwell's equations. E. T. Copson. 


da Silveira, Anténio. Sur |’expression analytique du prin- 
cipe de Huyghens pour les ondes électromagnétiques. 

C. R. Acad. Sci. Paris 233, 1269-1272 (1951). 

Some remarks on the direct integration of the Maxwell 
equations [cf. Stratton, Electromagnetic theory, McGraw- 
Hill, New York, 1941, pp. 460-470, and Baker and Copson, 
The mathematical theory of Huygens’ principle, Oxford, 
1939, chap. III; these Rev. 1, 315]. A. E. Heins. 


Jones, D. S. Diffraction by a wave-guide of finite length. 

Proc. Cambridge Philos. Soc. 48, 118-134 (1952). 

A plane wave is incident upon two parallel planes of finite 
length and infinite width. These planes are perfect conduc- 
tors of zero thickness. The electric vector is taken parallel 
to the infinite direction. In this case we have a truncated 
version of a structure considered by the reviewer [Quart. 
Appl. Math. 6, 157-166 (1948); these Rev. 10, 89], and 
L. A. Vain&tein [Izvestiya Akad. Nauk SSSR. Ser. Fiz. 12, 
144-165 (1948); these Rev. 10, 659]. This problem may be 
formulated as a pair of simultaneous integral equations with 
finite limits. By means of the Laplace transform, the author 
converts these into a form which may be handled by the 
methods of successive substitutions. A comparison of these 
results with the previous known cases is discussed. 

A. E. Heins (Pittsburgh, Pa.). 


Krishna Prasad, K. V. Rigorous solution for the case of 
electromagnetic wave propagation along a circular wave 
guide of finite conductivity. Indian J. Phys. 25, 417-422 
(1951). 

The author considers the field of a dipole located arbi- 
trarily inside a circular waveguide of finite conductivity. 
The spherical field of the dipole is expressed in cylindrical 
wave form, in terms of contour integrals of Sommerfeld type, 
and the evaluation of these integrals is discussed. The 
residues at the poles of the integrands lead to waves of the 
normal mode type, though these are not in general or- 
thogonal, but at the branch points, k; and k: (propagation 
constants inside guide and in guide wall), two additional 
terms which are of a space-field type are obtained. These 
terms are negligible for a guide of high conductivity but not 
for a guide of small conductivity, nor for a dielectric guide. 

M. C. Gray (Murray Hill, N. J.). 


*The theory of electromagnetic waves. A Symposium 
held under the auspices of the Washington Square 
College of Arts and Science and the Institute for Mathe- 
matics and Mechanics of New York University and the 
Geophysical Research Directorate of the Air Force Cam- 
bridge Research Laboratories, June 6-8, 1950. Inter- 
science Publishers, Inc., New York, N. Y., 1951. viii 
+393 pp. $6.50. 

With the exception of three abstracts, all the papers of 
mathematical interest in this volume have been published 
in Comm. Pure Appl. Math. 3, 355-449 (1950); 4, 33-160, 
225-378 (1951) and reviewed separately [Levine and 
Schwinger, ibid. 3, 355-391 (1950); these Rev. 13, 305; 
Magnus and Oberhettinger, ibid. 393-410 (1950); these 
Rev. 13, 188; Karp, ibid. 411-426 (1950); these Rev. 13, 
134; Langer, ibid. 427-438 (1950); these Rev. 12, 828; 
Friedrichs, ibid. 439-449 (1950); these Rev. 13, 133; 
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Poritsky, ibid. 4, 33-42 (1951); these Rev. 13, 236; Schel- 
kunoff, ibid. 43-59, 117-128 (1951); these Rev. 13, 304, 514; 
Bremmer, ibid. 61-74, 105-115 (1951); these Rev. 13, 303, 
462; Keller and Blank, ibid. 75-94 (1951); these Rev. 13, 
304; Spence and Wells, ibid. 95-104 (1951); these Rev. 13, 
514; Rydbeck, ibid. 129-160 (1951); these Rev. 13, 408; 
Kline, ibid. 225—262 (1951); these Rev. 13, 408; Marcuvitz, 
ibid. 263-315 (1951); these Rev. 13, 514; Friedman, ibid. 
317-350 (1951); these Rev. 13, 408; Rice, ibid. 351-378 
(1951); these Rev. 13, 605]. 


Lax, Melvin. Multiple scattering of waves. Rev. Modern 

Physics 23, 287-310 (1951). 

Il lavoro é diviso in due parti. La prima contiene un’estesa 
rivista delle ricerche precedenti; sono date 73 citazioni. 
Nella seconda parte l’autore porta un suo contributo origi- 
nale al problema. La costante di propagazione k’ nel mezzo 
contenente i diffusori risulta legata a quella nello spazio 
libero & dalla relazione k= k?+4ancf(a—a) dove n é la 
densita dei centri diffusori f(a<—a) é l’ampiezza complessa 
diffratta elasticamente in avanti e c é il rapporto fra il 
campo efficace (campo interno) e il campo coerente (campo 
medio). Il metodo di Foldy [Physical Rev. (2) 67, 107-119 
(1945); questi Rev. 6, 224] viene generalizzato, in modo 
da permettere la trattazione della diffusione anisotropa, 
della diffusione anelastica, della diffusione di onde quan- 
tizzate, della creazione e assorbimento di particelle, del 
moto dei diffusori, del caso di diffusori disordinati o parzial- 
mente o completamente ordinati. G. Toraldo di Francia. 


Poincelot, Paul. Sur la répartition du courant le long d’une 
antenne cylindrique. C. R. Acad. Sci. Paris 234, 513-— 
515 (1952). 

The antenna considered is a finite hollow cylinder, open 
at both ends, so that there are two current sheets, on the 
internal and external surfaces of the cylinder. The author 
first assumes that the total current distribution on an 
infinitely long cylinder is sinusoidal, determines the mag- 
netic field and thence the longitudinal electric field on the 
cylindrical surface. Then for the finite cylinder he assumes 
that the actual current can be expanded as an infinite series 
of Fourier integrals, and uses the expression for E, to obtain 
an infinite system of linear equations in the expansion 
coefficients. The solution of these equations is not discussed 
in detail, but the author states that if the antenna length is 
equal to an odd number of half-wavelengths the current 
distribution is exactly sinusoidal. M. C. Gray. 


Kaden, Heinrich. Fortschritte in der Theorie der Draht- 
wellen. Arch. Elektr. Ubertragung 5, 399-414 (1951). 
The author treats extensively the recently developed 

theory of “surface wave transmission lines’’ [G. Goubau, 

J. Appl. Phys. 21, 1119-1128 (1950)] and relates it to 

previous treatments by F. Harms [Ann. Physik (4) 23(328), 

44-60 (1907)] and Sommerfeld [(3) 67(303), 233-290 

(1899) }. 

Two special cases are treated in the appendix, the solid 
wire with thin dielectric or magnetic layer, and the helical 
wire with dielectric or magnetic core. The solution is given 
starting from Maxwell’s equations in terms of transverse 
magnetic (7M) waves and transverse electric (TE) waves. 
Approximating the Hankel functions, simple explanations 
are obtained for impedance and damping per unit length for 
both cases, and they are compared with standard solutions 
for the coaxial cable. It is demonstrated that the single wire 





transmission, with dielectric layer, is more efficient than 
the coaxial transmission line for wave lengths of less than 
one meter; for wave lengths larger than one meter, it is 
necessary to apply a magnetic layer, e.g., ferrite in order to 
make the single wire transmission more efficient than the 
coaxial transmission. 

The problem of interference between parallel single wire 
transmission systems is also examined as well as the method 
of feeding over a coaxial system to a single wire transmission 
line. Considerable numerical material underlines practical 
usefulness of this paper. E. Weber (Booklyn, N. Y.). 


Hristov, Hr. Ya. On the passage of Réntgen rays through 
a plane-parallel crystal plate. Doklady Akad. Nauk 
SSSR (N.S.) 81, 799-802 (1951). (Russian) 

In a previous paper [same Doklady 81, 553-556 (1951); 
these Rev. 13, 517] the author discussed the problem of an 
electromagnetic wave falling perpendicularly on a set of 
parallel plates. The equations obtained are difficult to solve, 
in general, when the number of plates is large. He here gives 
an approximate method of finding a solution in a particular 
case of which X-rays falling on a crystal lattice is an 
instance. A. J. Coleman (Toronto, Ont.). 


Laudet, Michel. Potentiel et champ d’une distribution 
volumique de quadrupéles. C. R. Acad. Sci. Paris 233, 
1172-1174 (1951). 

The potential of a continuous volume distribution of 
quadrupoles is expressed as a volume integral of the ele- 
mentary quadrupole moment per unit volume P,,, taken as 
a tensor of rank 2. Simple transformations show that this 
potential is equal to that produced by (a) fictitious charges 
distributed through the volume and on the surface with 
densities derived from the quadrupole moment and (b) a 
distribution of fictitious dipoles over the surface of that 
volume. Different from the case of a continuous volume dis- 
tribution of dipoles, neither potential nor tangential electric 
field are continuous through the bounding surface of the 
quadrupole distribution. £. Weber (Brooklyn, N. Y.). 


Durand, Emile. Solutions générales des équations de 
Pélectrostatique et de la magnétostatique. C. R. Acad. 
Sci. Paris 233, 1008-1010 (1951). 

The author starts from the identity [similar to that given 
in Stratton, Electromagnetic theory, McGraw-Hill, New 
York, 1941, p. 250] 

(1) V(A-V&)=(A-V)V}+(VS-V)A+VxX(V XA) 

with 6=4(x,--x,’) and A(x.) where x, are the coordinates 

of the point of observation and x,’ the coordinates of the 

reference point. Integrating over a volume bounded by a 

simply closed surface S, and choosing 


b=r=[E (ee—ze), 
(1) is transformed into 
4rA(x;’, x2’, xs’) or zero 


~ffin-rass(Jo-a} 


- f | axvxay-+(a-ayv(-)+(axayxv(“) ]-as. 


This form is at once applicable to electrostatics if A=E, to 
magnetostatics if A=H, and to the vector potential A itself, 
representing each vector in terms of its values on the 
boundary surface S and its sources within r. E. Weber. 
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Diesselhorst, H. Magnetfeld und Drehmoment bei einem 
magnetischen Ellipsoid in permeablem Medium und 
Fremdfeld. Ann. Physik (6) 9, 316-324 (1951). 

For the ellipsoid with no symmetry and of magnetic 
permeability » in a uniform external field of value Ho, the 
magnetostatic potential function is computed on the basis 
of uniform magnetization within the ellipsoid. The expres- 
sion reduces to a surface integral which is shown to lead to 
identical results in the special case of rotational symmetry 
treated by A. Sommerfeld and E. Ramberg [Ann. Physik 
(6) 8, 46-54 (1950); these Rev. 13, 408] by means of prolate 
ellipsoidal coordinates. The expression for the torque on the 
ellipsoid is also derived. E. Weber (Brooklyn, N. Y.). 


Gans, Richard. Zum Problem der Maxwellschen Spann- 

ungen. Ann. Physik (6) 9, 337-340 (1951). 

Criticizing the paper by Sommerfeld and Bopp [Ann. 
Physik (6) 8, 41-45 (1950); these Rev. 13, 408], the author 
of this paper derives alternative expressions for the magneto- 
static force and the components of the stress tensor. Also 
the torque on an ellipsoid of revolution is calculated. 

C. Kikuchi (Upton, N. Y.). 


Déring, W. Uber die Kraft und das Drehmoment auf 
magnetisierte Kérper im Magnetfeld. Ann. Physik (6) 
9, 363-372 (1951). 

The author makes a contribution to a controversy as to 
the torque exerted by a magnetic field upon a magnetised 
body immersed in a fluid permeable medium; the answer 
appears to be in doubt to the extent of a factor equal to the 
relative permeability. Previously the author [Ann. Physik 
(6) 6(441), 69-88 (1949) ], also E. Hallén [Trans. Roy. Inst. 
Tech. Stockholm 1947, no. 6] and H. Diesselhorst [Ann. 
Physik (6), 3, 11-30 (1948) ] have based calculations on the 
Maxwell stress-tensor. On the other hand, Sommerfeld and 
Ramberg [ibid. (6) 8, 46-54 (1950) ] used a modified tensor; 
see also A. Sommerfeld and F. Bopp [ibid. (6) 8, 41-45 
(1950); these Rev. 13, 408]. The author now gives another 
line of reasoning supporting the former school of thought, 
using the method of equivalent current distributions, and 
not assuming any particular tensor but only that the force 
and the torque are derivable from some tensor. His method 
leads to the same result as the Maxwell tensor; he mentions 
the possibility of the modified tensor giving the same result 
if supplemented by a mechanical force. After an interpreta- 
tion in terms of magnetic charge, the author illustrates his 
formulae by calculating the torque on a uniformly mag- 
netised ellipsoid, using the known homogeneity of the field 
inside the ellipsoid [cf. J. A. Stratton, Electromagnetic 
theory, McGraw-Hill, New York, 1941, pp. 257-258]. 

F. V. Atkinson (Ibadan). 


Neugebauer, Th. Wher die Darstellung des Feldes eines 
Diracschen magnetischen Singulettpoles durch ein Vek- 
torpotential. Z. Naturforschung 7a, 154-156 (1952). 
The vector potential due to a current loop is decomposed 

into two parts which are shown to correspond to isolated 

magnetic poles of the kind suggested by Dirac [Physical 

Rev. (2) 74, 817-830 (1948); these Rev. 10, 345]. The 

resulting magnetic field of a magnetic pole is found to be 

just like a Coulomb field except that the vector potential is 
singular along a line corresponding to Dirac’s “string”’. 
K. M. Case (Ann Arbor, Mich.). 


Rikitake, Tsuneji. Electromagnetic induction within the 
earth and its relation to the electrical state of the earth’s 
interior. IV. Bull. Earthquake Res. Inst. Tokyo 29, 
539-547 (1951). (English. Japanese summary) 

[Pour les trois premiéres parties voir le méme Bull. 28, 
45-100, 219-262, 263-283; 29, 61-69 (1951); ces Rev. 13, 
304.] Pour obtenir la conductibilité électrique du noyau 
terrestre en étudiant la part des courants induits dans les 
variations géomagnétiques, il serait nécessaire de considérer 
des variations de période supérieure a dix ans. 

J. Coulomb (Paris). 


Fetzer, Viktor. Die numerische Berechnung von Filter- 
schaltungen mit allgemeinen Parametern nach der 
modernen Theorie unter besonderer Beriicksichtigung 
der Cauerschen Arbeiten. Arch. Elektr. Ubertragung 5, 
499-508 (1951). 

Numerical methods for obtaining the characteristic func- 
tion of filter circuits with prescribed properties in the pass- 
band and reject band are treated. This work is based on 
methods developed by Cauer which appear partly in his 
book, Theorie der linearen Wechselstromschaltungen, Bd. I 
[Akademische Verlagsgesellschaft, Leipzig, 1941] and partly 
in unpublished notes. Both low-pass and band-pass filters 
are considered and some numerical examples are included. 

_ R. Kahal (St. Louis, Mo.). 


Ku, Y.H. Résumé of Maxwell’s and Kirchhoif’s rules for 
network analysis. J. Franklin Inst. 253, 211-224 (1952). 





Quantum Mechanics 


V*D’Abro, A. The rise of the new physics, its mathematical 
and physical theories. Dover Publications, Inc., New 
York, N. Y., 1952. Vol. I, ix+pp. 1-426+24 plates; 
Vol. II, v+pp. 427-982+-12 plates. $8.00. 
Reproduction by photo-offset of a work originally pub- 

lished under the title “The decline of mechanism . . .” 
[Van Nostrand, New York, 1939]. Corrections to the first 
edition have been made and 36 portraits of physicists and 
mathematicians added. 


Bohm, David. A suggested interpretation of the quantum 
theory in terms of “hidden” variables. I. Physical 
Rev. (2) 85, 166-179 (1952). 

Following the point of view of Einstein [Einstein, Podol- 
sky, and Rosen, same Rev. 47, 777-780 (1935); P. A. 
Schilpp, Albert Einstein: Philosopher-Scientist, Library of 
Living Philosophers, Evanston, IHinois, 1949; these Rev. 
11, 707], the author believes that the usual interpretation 
of the quantum theory, although internally consistent, is 
not a complete description of nature. He points out that its 
central probability postulate [see, for example, J. von Neu- 
mann, Mathematische Grundlagen der Quantenmechanik, 
Springer, Berlin, 1932, p. 105, Postulate (Z;) ] viz., that the 
maximal specification of a system is contained in the knowl- 
edge of its state function y¥, which in general yields only 
statistical information concerning the results of a single 
measurement, cannot be tested experimentally. He thus 
argues that the only way of determining the truth of this 
assumption is by denying it ab initio, in the sense of con- 
structing a different interpretation of quantum theory and 





of investigating its consequences. 
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The author’s objective in this preliminary paper is two- 

fold: 
I) To demonstrate the possibility of interpreting current 
quantum theory in terms of “‘hidden’’ variables, contrary to 
a celebrated theorem of von Neumann's [see von Neumann, 
loc. cit., pp. 167-173], whose implicit assumptions he 
analyzes in the paper reviewed below. He asserts that all 
the results of the usual interpretation can be obtained from 
his, provided the following three postulates are accepted: 
““(1) That the y-field satisfies Schrédinger’s equation. (2) 
That the particle momentum is restricted to p(x) = V.S(x). 
(3) That we do not predict or control the precise location 
of a particle, but have, in practice a statistical ensemble with 
probability density P(x) = |y(x)|*. The use of statistics is, 
however, not inherent in the present formalism, but merely 
a consequence of our ignorance of the precise initial condi- 
tions of the particle’. In these postulates, p is the linear mo- 
mentum at position x, and Sis the phase of ¥(x) divided by h. 
Il) To indicate how the preliminary interpretation in I) 
can be modified in a manner which leads to essentially new 
predictions in the nuclear domain. 

Among the many interesting results obtained by the 
author we will only mention the striking explanation of the 
Franck-Hertz experiment and of the tunnel effect in an 
essentially causal manner on the basis of the three postu- 
lates in I). The reviewer feels that the assumptions of this 
paper need to be reformulated in a precise and far more 
general manner, and that a deeper and more searching 
mathematical examination of their consequences than is 
presented therein is required before their true value can be 
determined. A. W. Séenz (Bloomington, Ind.). 


Bohm, David. A suggested interpretation of the quantum 
theory in terms of “hidden” variables. II. Physical 
Rev. (2) 85, 180-193 (1952). 

In this paper, which is a continuation of the one reviewed 
above, the author attacks four main problems. 

I. He shows that if the three preliminary assumptions 
stated in the previous paper are accepted, his new interpre- 
tation of quantum theory in terms of “hidden’’ variables 
leads to precisely the same results as the usual quantum- 
mechanical theory of measurement. The reason why he 
obtains this surprising result is that, according to Postulate 
(3) of his first paper, the measuring instrument disturbs the 
measured system in an ‘‘unpredictable and uncontrollable 
way’’. In this manner, he explains the uncertainty principle 
in a natural manner within the framework of his theory. 
A central idea of his theory of measurement is that the value 
obtained by measuring an “‘observable’’ Q, viz., the self- 
adjoint operator Q corresponding to a physical quantity Q 
in the current quantum-theoretical scheme, is not really a 
measurement of the value of Q in the system of interest. 
“Instead, the value of an “‘observable’’ measures only an 
incompletely predictable and controllable potentiality be- 
longing just as much to the measuring apparatus as to the 
observed system alone’’. 

II. He shows by means of a rather artificial example how 
measurements of unlimited precision could be carried out 
in principle, if the three preliminary assumptions of his first 
paper are rejected. He feels however, that even if one were 
able to measure the position and momentum of a particle 
simultaneously, one would have to deal in practice with a 
statistical ensemble at the atomic level, whose configura- 
tional probability density would be |¥|* for reasons parallel 
to those which make statistical mechanics indispensable in 





the study of molecular systems having a large number of 
degrees of freedom. The precise mathematical statement of 
these ideas presents a challenging problem. 

III. He gives a simple causal explanation of the hypo- 
thetical experiment of Einstein, Podolsky, and Rosen [same 
Rev. 47, 777-780 (1935) ]. 

IV. He shows that von Neumann’s weil known “hidden 
parameter” theorem [Mathematische Grundlagen der 
Quantenmechanik, Springer, Berlin, 1932, p. 105] is irrele- 
vant as far as his new theory is concerned. In fact, this 
theorem effectively states that no single distribution of 
“hidden” parameters in the measured system is consistent 
with the results of quantum theory, while in the author's 
scheme the result of a measurement depends on “hidden” 
parameters in the measured system as well as in the measur- 
ing apparatus, whose statistical distribution varies with 
different measuring processes. 

Two appendices discuss the photoelectric and Compton 
effects in the light of the new theory, and consider various 
objections raised against similar modifications of orthodox 
quantum theory in the past. 

The same remarks which were made regarding the au- 
thor’s first paper apply to the present one. 

A. W. Séenz (Bloomington, Ind.). 


Liiders, Gerhart. Uber die Zustandsiinderung durch den 

Messprozess. Ann. Physik (6) 8, 322-328 (1951). 

The quantum theory does not give information about the 
change of state by the process of measurements. As far as 
measurements of degenerated states are concerned, the 
author’s assumption is essentially identical with that made 
by Pauli concerning the “reduction of the wave packet” 
[ Pauli, Handbuch der Physik, v. XXIV/1, 2nd ed., Springer, 
Berlin, 1933, pp. 143-154]. At the end measurements that 
fulfil additional conditions are considered. L. Infeld. 


Shanmugadhasan, S. The quantization of the classical 
theory of spinning particles. Canadian J. Physics 29, 
593-612 (1951). 

The general classical theory of spinning charged particles 
in a Maxwell field is put into the canonical form, for rota- 
tional motions possessing more degrees of freedom than the 
relativistic generalization of a pure gyroscope motion. No 
constraint connection is assumed between the rotational 
variables and the velocity of the particle, nor is it generally 
assumed that the dipole moment six-vector is proportional 
to that of the spin moment. Without further assumptions, 
however, the motion of the particles cannot be determined, 
and two such alternative assumptions are made, yielding 
two different cases. For one of these an action principle is 
formulated in terms of quasi-coordinates. The canonical 
equations are taken over formally into quantum theory with 
indications of how the A-limiting process and the Feynman 
cut-off method may be applied, and an extension is made to 
the case of an applied vector meson field. H.C. Corben. 


Vrkijan, V.S. Die de Brogliesche Theorie der Partikeln 
mit dem maximalen Spin 3/2 und die Schrédingerschen 
Oszillationen. Anz. Oster. Akad. Wiss. Math.-Nat. KI. 
1951, 90-103 (1951). 

It is shown that particles described by the de Broglie equa- 
tions for a maximum spin 3/2 have a “Zitterbewegung”’ 
much like that of Dirac particles. K. M. Case. 
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Bogolyubov, N. N. On the fundamental equations of the 
relativistic quantum theory of fields. Doklady Akad. 
Nauk SSSR (N.S.) 81, 757-760 (1951). (Russian) 

The most general relativistic quantum theory of inter- 
acting fields may be formulated by postulating the equations 
of motion 


(1) th(d®/dr) = H(r, §)#(r, £) 
th(d®/d€_) oe (T, £)®(r, é), a=1, 2, 3, 


to hold in the interaction representation. Here #(r, £) is the 
state-function defined on the space-like hyperplane 
(2) xoto— Lixata=T 
where (£) is a time-like vector of length unity. The problem 
of constructing relativistic quantum theories is equivalent 
to the problem of finding Hermitian operators H, H, such 
that the equations (1) are simultaneously integrable. 

The author remarks that suitable operators H, H, may 
be found by writing 


(3) H=ih(aS/dr)S', H.=th(dS/dt.)S* 
where S(r, €) is a formal power-series expansion 
(4) S=>9(—t/h)*S, 

satisfying formally the unitarity conditions 

(5) DLino(—1)**S.St.4=0, n=1,2,---. 


The point is that even when the expansion (4) is divergent 
and a unitary operator S satisfying (3) does not exist, still 
the expansions obtained by substituting (4) formally in (3) 
may be convergent and the operators H, H, well-defined. 
F. J. Dyson (Ithaca, N. Y.). 


Bogolyubov, N. N. Ona class of fundamental equations of 
relativistic quantum field theory. Doklady Akad. Nauk 
SSSR (N.S.) 81, 1015-1018 (1951). (Russian) 
Illustrating a general method described in the note re- 

viewed above, the author constructs an extensive class of 

relativistic quantum field theories. He takes for his generat- 
ing operator the series expansion S= >> (—i/h)*"S,, with 


(1) Sar, )= (n> f fle—mk)flr—ak)- fle —aek)X+ °° 
XH, (x, Xa, °°", Xn) dx, - ~ dXq. 


Here f is an arbitrary function of one real variable, and the 
H, are operators satisfying appropriate conditions to make 
S formally unitary. In the special case when the H, are 
multiple chronologically ordered products constructed from 
an ordinary point-interaction operator H,(x), the formalism 
reduces to the “intermediate representation’’ formalism of 
ordinary field-theory, studied by the reviewer [Proc. Roy. 
Soc. London. Ser. A. 207, 395-401 (1951); these Rev. 13, 
608]. 

The author proposes to use for his H, the special form of 
chronological products already mentioned, but with “regu- 
lators” introduced to remove the singularities from these 
operators. In this way he hopes finally to obtain a consistent 
relativistic quantum theory freed from the divergence diffi- 
culties of the usual theory. A more detailed analysis of the 
regulation process will be necessary in order to see whether 
his method will achieve this aim. F. J. Dyson. 


Bogolyubov, N. N. Variational equations of quantum field 
theory. Doklady Akad. Nauk SSSR (N.S.) 82, 217-220 
(1952). (Russian) 

Let g(x) be a real-valued function of the space-time point 

x. Then we may set up a quantum field theory by postulat- 





ing a state-vector (g) which is a functional of the function 
g and satisfies the variational equation 


(1) ihe (g) = f Q(x, 2)de(x)dxb(¢), 


where Q is an interaction operator depending on g and x. 
The nature of the theory will depend principally on the 
class of functions g over which © is supposed to be defined. 
In particular, if discontinuous functions, defined by 


g(x)=1, x<e, 
(2) ge(x) =0, aan 


where ¢ is any space-like surface, are included in the class 
of admissible functions, then the formalism reduces to the 
Tomonaga-Schwinger theory. The author assumes that 
functions such as (2) will not be admissible; the functions 
which he wishes to consider are those which are everywhere 
continuous and take asymptotically the values (2) when x 
tends to infinity in the past and the future respectively. As a 
minimum requirement he assumes only that the class of 
admissible functions includes one continuous function g(x) 
and the functions which can be derived from it by making 
Lorentz transformations on the argument x. 

For the theory to be Lorentz-invariant, it is necessary for 
Q to have the right transformation law; namely, if under the 
Lorentz transformation x—>Lx the state-vector makes the 
unitary transformation 6—U,%, then Q must transform 
according to 


(3) Q(Lx, g)= Ux'Q(x,Lg)Uz, Le(x) =g(Lx). 

When (3) is satisfied, there exist strict conservation laws for 
the total energy, momentum and angular momentum, 

“ 8[*(g)Pa(g)b(g)]=0, 5[*(g)Map(g) (2) ]=0, 
where 


P.(g)=P.!— f (ag/axe) Q(x, g)de, 
(5) 
Mes() = Moy— f [xp(0g/ 8x0) —e(Og/A%9)1O(e, e)de 


The problem of constructing such a theory is to find a 
Hermitian operator Q satisfying (3) and also the condition 
for the integrability of (1) which is 


(6) f f [(0(y, 2)/8e()) — (60(e, e)/8e(9)) 


+ (ih) “Q(x, g), Q(y, g) J]dg(x)dg(y)dxdy = 0. 


One possible choice of Q is the following. Let H(x) be an 
ordinary point interaction operator. Let 


(7) Qn=(6/h)*LO(tn— tna) +» Ot —2) 
[H(x), A(x), grag | A(x.) ], 


(8) Q=E(n)7 facto): + eCard 


This choice of Q makes the formalism equivalent to the 
“intermediate representation” of ordinary field theory 
studied by the reviewer [see the preceding review and refer- 
ence there] with the important improvement that the 
formalism is now covariant whereas the reviewer's formalism 
was not. The author now proposes (in contrast to the paper 
just cited) to develop the formalism using the idea of re- 
normalization instead of removing the singularities by 
regularization. 
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This paper started from the physical idea of Stueckelberg 
[Physical Rev. 81, 130-133 (1951); these Rev. 13, 191] of 
calculating transition amplitudes between states defined not 
at definite times but at times defined within a finite interval 
At. In this way one hopes to arrive at a description of nature 
freed from the idealization of infinitely precise time- 
measurements. The author shows that Stueckelberg’s rules 
for calculating amplitudes are not mathematically consistent. 
The formalism of this paper embodies Stueckelberg’s idea 
in a mathematically satisfactory scheme. F. J. Dyson. 


Fedorov, F. I. Generalized relativistic wave equations. 
Doklady Akad. Nauk SSSR (N.S.) 82, 37-40 (1952). 
(Russian) 

The most general form for a set of linear relativistic wave- 
equations is 


(1) (ve(0/Axx) +ivo)¥ =0, 


where the y, for k=1, 2, 3,4, and also yo, are square ma- 
trices. When 7¢ is non-singular, then equations (1) can at 
once be reduced to the standard form in which yo is a 
multiple of the unit matrix; this case has been exhaustively 
studied [Gel’fand and Yaglom, Zurnal Eksper. Teoret. Fiz. 
18, 703-733 (1948); these Rev. 10, 583]. The author here 
considers, without giving a general analysis, what happens 
in a few special cases when 7p is singular. In such cases, some 
or all of the solutions of (1) represent particles of zero rest- 
mass. The two simplest cases reduce precisely to the wave- 
equation for a scalar field, and to the Maxwell equations, 
respectively. Another case gives the generalized electro- 
dynamics of Bopp and Podolsky [Physical Rev. 62, 68-71 
(1942); these Rev. 4, 31]. F. J. Dyson (Ithaca, N. Y.). 


Daykin, P. N. Conservation laws in Feynman’s modified 
electrodynamics. Canadian J. Physics 29, 459-462 
(1951). 

Feynman's modified electrodynamics [Physical Rev. (2) 
76, 769-789 (1949), p. 778; these Rev. 11, 765] encounters 
the difficulty that radiation resistance depends slightly on 
the cutoff whereas the radiation field at great distances is 
independent of the cutoff. This author reformulates the 
problem by noting that the divergence of the conventional 
Maxwell stress tensor formed with the modified field 
strengths does not vanish in charge-free space. A stress 
tensor which does vanish in this case is constructed. 

K. M. Case (Ann Arbor, Mich.). 


Karpman, V. I. Quantization of wave fields with a finite 
number of components. Akad. Nauk SSSR. Zurnal 
Eksper. Teoret. Fiz. 21, 1337-1349 (1951). (Russian) 
The author’s purpose is to derive the Pauli relationship 

between spin and statistics for a general quantized rela- 

tivistic field theory [Pauli and Belinfante, Physica 7, 177- 

192 (1940); these Rev. 1, 279]. He considers a general field 

with a finite number of components, satisfying a matrix 

wave-equation 


L*(8/dx*)\y+iky =0. 


He explains in detail how the general solution of the wave- 
equation can be found, he computes the total energy and 
charge in the field, and he quantizes the field in the usual 
way. The requirement that measurable quantities at two 
field-points separated by a space-like interval commute 
leads to the relation between spin and statistics. This paper 
adds nothing to the discussion given in the cited paper of 
Pauli and Belinfante. F. J. Dyson (Ithaca, N. Y.). 





MATHEMATICAL REVIEWS 





Corben, H.C. A unified field theory with varying charge 
and rest-mass. Nuovo Cimento (9) 9, 235-252 (1952). 
A classical field theory which treats neutron and proton 

as different states of one particle is described. The extra 

degree of freedom is obtained by a modification of the five- 
dimensional unified field theory of Kaluza and Klein. It is 
shown that even without the explicit introduction of meson 
potentials there exists a short range neutron-proton attrac- 
tion and a modified Coulomb interaction between protons. 

Charge exchange is also found to take place. In the limit 

when the single free parameter tends to zero classical 

electrodynamics is reached. K. M. Case. 


Rosen, Nathan, and Rosenstock, Herbert B. The force 
between particles in a non-linear field theory. Physical 
Rev. (2) 85, 257-259 (1952). 

A classical non-linear scalar field theory is discussed in 
which the non-linearity is due to a quartic term in the 
Lagrangian. It is shown that the interaction between two 
particles is described by the Yukawa potential at large 
distances. Arguments are advanced indicating the same 
would be true for a large class of similar theories. 

K. M. Case (Ann Arbor, Mich.). 


Umezawa, Hiroomi, Takahashi, Yasushi, and Kamefuchi, 
Susumu. Mesonic proper-field. Physical Rev. (2) 85, 
505-516 (1952). 

A method is presented of treating the meson cloud around 

a nucleon. The meson cloud is described in terms of field 

free operators which coincide with the usual Heisenberg 

operators on a fixed space-like surface. Applications are 
made to the multiple production of mesons and the mag- 
netic moment of a meson-nucleon system. XK. M. Case. 


Dalitz, R. H., and Ravenhall, D. G. On the Tomonaga 
method for intermediate coupling in meson field theory. 
Philos. Mag. (7) 42, 1378-1383 (1951). 

To describe the scalar meson field of an isolated nucleon 
Tomonaga [Progress Theoret. Physics 2, 6-24 (1947) ] has 
proposed a method for covering the intermediate region 
between “weak” and “strong” coupling. An iteration pro- 
cedure developed by Svartholm [Thesis, Univ. Lund, 1945] 
in treating the momentum space integral equation for the 
deuteron is used to reexamine Tomonaga’s results. It is 
found that his wave function is surprisingly good, the change 
in coupling parameter for given energy being at most 3% 
after the first iteration. E. Gora (Providence, R. I.). 


Gupta, S. A special method for solving the equation of 
meson in the field of plane electromagnetic radiation. 
Bull. Calcutta Math. Soc. 43, 8-12 (1951). 

The author obtains the exact solutions of the equations 
for a meson of spin zero or one in the presence of an external 
electromagnetic field describing a plane wave. He shows 
that these solutions may be obtained from those of the 
field-free case by a ‘‘spin” transformation depending on the 
coordinates. A corresponding result is known to hold for the 
solution of the Dirac equations. The current vector is also 
computed and is related to the current vector of the field- 
free case by a transformation which differs from that occur- 
ring in the Dirac electron theory. This result is to be ex- 
pected because the “spin” transformations for the wave 
functions of mesons differ from those for the wave functions 
in the Dirac theory. A. H. Taub (Urbana, IIl.). 
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Beard, D. B., and Bethe, H. A. Field corrections to neu- 
tron-proton scattering in a new mixed meson theory. 
Physical Rev. (2) 83, 1106-1114 (1951). 

The principal relativistic corrections to the static inter- 
action of two nucleons and to neutron-proton scattering in 
mesonic field theory (Yukawa potential) are computed to 
fourth order in g/M where g represents the four-momentum 
exchanged between the two nucleons, and M their mass. By 
using a mixture theory of pseudoscalar and pseudovector 
mesons with equal pseudovector coupling the appearance of 
divergent terms is avoided in all orders. In calculating the 
matrix elements Feynman's method of expanding the solu- 
tion in a series in powers of the coupling constant g is used. 
To improve the somewhat slow convergence of this method 
for values of g fitting the experimental cross-sections, the 
appropriate order Born approximation to the static Yukawa 
interaction, which is included in these expansion terms, is 
subtracted. The remainder, the mesonic field correction to 
neutron-proton scattering, is found to be of order u/M (u 
mesonic mass) smaller than the static Yukawa potential 
cross-section. E. Gora (Providence, R. I.). 


Brown, G. E., and Ravenhall, D.G. On the interaction of 
two electrons. Proc. Roy. Soc. London Ser. A. 208, 552- 
559 (1951). 

On the basis of the quantum-electrodynamics formalism 
of J. Schwinger [Physical Rev. (2) 74, 1439-1461 (1948); 
75, 651-679 (1949); these Rev. 10, 345, 663], the authors 
derive a relativistic wave equation for a two-electron system. 
For helium-like atoms this gives energy levels correct to 
within a? Rydberg units, where a is the fine-structure con- 
stant. The equation agrees to this accuracy with that ob- 
tained by G. Breit [ibid. (2) 34, 553-573 (1929) ; 36, 383-397 
(1930) ; 39, 616-624 (1932) ] provided that, in applying the 
latter, certain modifications are introduced to obtain physi- 
cally meaningful results, as proposed by Breit. 

N. Rosen (Chapel Hill, N. C.). 


Utiyama, Ryéy, Imamura, Tsutomu, Sunakawa, Sigenobu, 
and Dodo, Taré. Note on the longitudinal and scalar 
photons. Progress Theoret. Physics 6, 587-603 (1951). 
It is the authors’ aim to show how difficulties and am- 

biguities can be avoided which are due to the divergence of 

the norm of the state vector satisfying the Lorentz condi- 
tion. This is achieved by the introduction of an artificial 
exponential convergence factor. It is then possible to calcu- 
late without ambiguity matrix elements for transitions 
where longitudinal and scalar photons have to be taken into 
consideration. Application to the problem of the self-energy 
of the electron leads to confirmation of a well known formula 
of current theory. E. Gora (Providence, R. I.). 


Umezawa, Hiroomi, and Kamefuchi, Susumu. The vacuum 
in quantum electrodynamics. Progress Theoret. Physics 
6, 543-558 (1951). 

The authors derive a general formula for the current 
5J,(x) induced at a point x of space-time by an external 
electromagnetic potential 


A,(2)= f A,*(p) exp (ip-z)dep, 


in any quantum field theory with any number of charged 
quantized fields interacting with the Maxwell field. Let 


j(z)= f ju(k) exp (ih-x)dk 








be the Fourier expansion of the current operator of the full 
system of interacting fields in the Heisenberg representation. 
Let n be any state of the fields which has a total momentum 
given by the 3-vector (p:, p2, Ps) and a total energy ko, so 
that the operator j; (—1; —p2, — ps, —ko) will have a non- 
zero matrix element j,(m0) leading from the vacuum state 0 
to the state ». Then 


(1) 8J,(2)= DanlPA,*(x), 
mal 
where (_] is the Dalembertian operator and 
(2) a= 2a? f ” des | ju(n0) |*ko(ke—p?—p2— pe). 
0 n 


Eq. (1) is valid for a weak external field, neglecting terms 
of higher order in A,*. On the other hand the coefficients 
given by (2) are exact to all orders in the couplings between 
the various quantized fields. 

The important physical consequence of (2) is that the 
coefficients a,, are all positive. Each a, may be expanded 
as a power-series in the fine-structure constant a=1/137. 
It is known that for all systems of fields the leading term 
linear in @ in the expansion of the first coefficient a, is 
divergent [S. Kanesawa, Progress Theoret. Physics 5, 492- 
494 (1950) ; these Rev. 12, 379]. Also, the order of divergence 
of 2,41 is always two orders less than that of a,,, so that the 
a, are convergent for all m>m», where mp is a constant 
depending on the kinds of fields and interactions occurring. 
The fact that all a,, are positive implies that it is hopeless 
to attempt any complete cancellation of the divergences of 
the theory by any possible combination or mixture of fields. 
This conclusion was previously reached by D. Feldman 
[Physical Rev. 76, 1369-1375 (1949); these Rev. 12, 150] 
by a study of the terms linear in a only; it is now established 
with complete generality and without any weak-coupling 
approximations. F. J. Dyson (Ithaca, N. Y.). 





Thermodynamics, Statistical Mechanics 


Niehrs, Heinz. Analyse der Begriffe Temperatur und 
Wirmemenge. Ein Beitrag zur Axiomatik der Wirme- 
lehre. Nachr. Akad. Wiss. Géttingen. Math.-Phys. K1. 
Ila. Math.-Phys.-Chem. Abt. 1951, no. 1, 28 pp. (1951). 
Author effects various refinements in the rank-order 

method of defining temperature, and in the mixture method 
of defining quantity of heat. For example, with regard to 
philosophy he modifies Carnap’s analysis by drawing a dis- 
tinction between Grésse and Gréssenwert; and with regard 
to logic he utilizes Foradori’s ‘‘Teiltheorie”’ to give axiomatic 
definitions of body, system of bodies, isolated system, and 
contact. C. C. Torrance (Monterey, Calif.). 


Foulkes, P. On a general thermodynamic theory of the 

equation of state. Physica 17, 943-952 (1951). 

Using only general conditions for equilibrium and the 
third law, the author obtains the expressions E= npv+-g(p), 
v=(T/p)- o(p/T*")+A(p) for any fluid, where g, h, ¢ are 
undetermined functions. The reasoning emplo is in- 
genious and suggestive, but sketchy. C. C. Torrance. 


Coester, F. Principle of detailed balance. Physical Rev. 
(2) 84, 1259'(1951). 
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Draganu, Mircea. On the equations of reversible adiabatic 
transformations of a real gas. Acad. Repub. Pop. 
Roméne. Bul. Sti. Ser. Mat. Fiz. Chim. 2, 231-233 (1950). 
(Romanian. Russian and French summaries) 


Nishiyama, Toshiyuki. Note on many fermion problems. 

Progress Theoret. Physics 6, 366-378 (1951). 

The formulation of various questions of kinetic theory 
and hydrodynamics in terms of second quantization are 
briefly discussed. Tomonaga’s treatment [same journal 5, 
544-569 (1950); these Rev. 13, 414] of a one-dimensional 
gas of fermions in terms of sound quanta is generalized to 
include spin. Tentative generalizations to three-dimensional 
problems are considered. K. M. Case. 


Rhodes, P. The Bloch integral equation and electrical 
conductivity. Proc. Roy. Soc. London. Ser. A. 202, 466— 
484 (1950). 

The author considers a simplified form of the integral 
equation discussed in greater detail by Sondheimer in the 
paper reviewed below. He begins by obtaining an approxi- 
mate solution for high temperatures by retaining only the 
first term of the power-series expansion for the unknown 
function in the neighbourhood of an arbitrary point; starting 
with this solution, he then applies a process of successive 
approximation. His results for the variation of the electrical 
conductivity of a metal are broadly similar to Sondheimer’s. 
Both the present author and Sondheimer draw attention to 
an algebraical error in Kohler’s variational treatment [Z. 
Physik 125, 679-693 (1949) ]. F. Smithies. 


Sondheimer, E.H. The theory of the transport phenomena 


in metals. Proc. Roy. Soc. London. Ser. A. 203, 75-98 

(1950). 

The author considers a degenerate gas of quasi-free elec- 
trons interacting with the ionic lattice of a monovalent 
metal. He sets up a linear integral equation for a function 
c(») related with the distribution function of the conduction 
electrons. The equation is of the form 


(1) f(£)=—AE*c(n) 
6/T 
[Ee(n) —e(n+2){E+$kTs—D(T/@)*2*} J 
—0/T 
e"+1 s*dz 
et+1 [1—e|’ 


E and 9 being connected by the equation 7=(E—{£)/kT, 
¢ being the Fermi energy level, and f(£) being a known 
function. He shows that (1) is the Euler equation of a varia- 
tional problem; by applying the variational principle to an 
assumed expansion of c(m) as a power series, he obtains an 
infinite system of equations in an infinity of unknowns, and 
solves these in terms of infinite determinants. He then ex- 
presses the electrical and thermal conductivities and the 
thermo-electric power in terms of these determinants. 

His results indicate that the values of the electrical and 
thermal conductivities exceed the values given by the ap- 
proximate interpolation formulae of F. Bloch [Z. Physik 59, 
208-214 (1930) ], A. H. Wilson [Proc. Cambridge Philos. 
Soc. 33, 371-379 (1937) ] and others and, in particular, that 
the Griineisen-Bloch interpolation formula for the ideal part 
of the electrical resistance is appreciably in error near the 








Debye temperature. Also, the residual and ideal ‘parts’ a 
the resistance of an impure metal are not strictly additivy 
when the two are of the same order of magnitude. 

F. Smithies (Cambridge, England). 


Hoffmann, T. A. Some investigations in the field of the 
theory of solids. II. Linear chain of different atoms. 
Binary systems. Acta Phys. Acad. Sci. Hungaricae 1, 
175-195 (1951). (English. Russian summary) 

Using methods developed in part I [same vol., 5—35 (1951); 
these Rev. 13, 308], where the properties of a linear chain of 
like atoms were obtained by a linear combination of atomi 
orbitals method, an investigation is now (part I1) carried 
out for the general case of a binary chain or alloy with a 
definite periodicity in the atomic positions. The case with 
lack of periodicity and one atom type present only to a very 
small extent is promised in part III. Energy band structures 
are calculated together with densities of states for chains of 
A-B type with and without consideration of the overlap 
integral between atoms A and B. Chains of type A-A-B and 
A-A-A-B are also discussed together with questions of rela- 
tive stability of the various types of alloy. It is claimed 
that the treatment of the relative stability of the A-B-A-B 
chain and the A-A-B-B chain can be made the basis for sta- 
tistical treatment of structure sensitive properties of ordered 
and disordered alloys. R. Truell (Providence, R. I.). 


Halford, J.O. I. Normal frequencies of a one-dimensional 
crystal. II. An approximation to the lattice frequency 
distribution in isotropic solids. J. Chem. Phys. 19, 1375- 
1379 (1951). 

The normal frequencies for a linear crystal are obtained 
precisely by solving the determinantal equation E(u) =0 
where E(u) is the determinant with u along the diagonal 
and ones just above and just below the diagonal and zeros 
elsewhere. E(u) = Ey_;(u) has N—1 rows where N is the 
number of particles. u is linear in »’ where » is the re- 
quired frequency. The substitution «= —2 cos @ is shown to 
yield Ey_.=(—1)*—' sin N@/sin 6. The remainder of the 
paper is concerned with methods of modifying the tradi- 
tional statistical mechanical methods of obtaining thermal 
properties in order to obtain empirically acceptable results. 
The trace of the secular matrix can be used to infer the mean 
squared frequency and the maximum frequency can be 
inferred in general from the latter. The modified form of the 
frequency distribution in three dimensions is based on a 
vectorial combination with varying weights of three com- 
ponent frequencies each of which is distributed in aceord- 
ance with the previous result on the linear crystal. 

F. J. Murray (New York, N. Y.). 


Wasastjerna, Jarl A. The configurational partition func- 
tions for binary solid solutions and the equilibrium de- 
grees of local and long range order. Soc. Sci. Fenn. 
Comment. Phys.-Math. 14, no. 7, 8 pp. (1948). 

The author bases his discussion on two parameters, one, 
c, for local order and the other, s, for long range order. His 
statistical analysis of a lattice seems to be based on con- 
figurations involving just two neighboring atoms and his 
main result is that the nearest neighbors’ configurational 
energy is not such as to permit long range order. He does 
not seem to be aware of the opposite result obtained by van 
der Waerden [Z. Physik 118, 473-488 (1941) ]. 

F. J. Murray (New York, N. Y.). 








